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Abstract . For the case of identical and equidistantly distributed com
pound resonance some useful formulae for the resonance cross sections 
as periodical functions of energy are constructed. The application of these 
formulae in different averaged over resonances functionals of cross sections, 
which are of practical interest, leads to simple analytical dependencies on 
average resonance parameters. The model allows estimation of effects of 
the resonance self-shielding in reactors in the unresolved resonance region 
for nonfissionable nuclei. 

A considerable fraction of the neutron spectrum in reactors b longs to the unre
solved resonance region (1-lOOkeV for heavy elements and lOOkeV - 1 MeV for 
nuclei of construction materials) where the direct measurements of neutron cross 
sections cannot identify the individual levels because of insufficient experimental 
resolution and partial overlapping of resonances. However, the data of neutron 
transmission measurements in this region with wide energy beams (exp(-na)) as 
a function of the target thickness n exhibits a significant deviation from the expo
nential dependence exp(-n(a) ), related with the real resonance dependence of a 
cross section a(E) in the interval of averaging( ... ) [l, 2]. 

The practical importance of the neutron cross sections resonance structure for re
actor applications makes the problem of model developing in the unresolved region 
a model of high priority. A proper model will make the reproduction of differ
ent averaged over resonances cross sections functionals which are U'ied in reactor 
calculations with required precision. Some versions of such models are known as 
phenomenological , where the data of transmission measurements are used directly 
(the subgroup method [3]), and also as theoretical, which use directly the resonance 
R-matrix in the formal theory of reactions by the Monte-Carlo method [4, 5]. 

For this purpose in our work we use the approximate analytical expressions for 
resonance cross sections in the unresolved region , based on the general results of R-
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matrix theory [6, 7], choosing the simplest model for R-matrix itself. Starting with 
the known representation of the matrix elements with excluded radiation channels 
[7] 

1 r1/2r112 
R - - ""' AC AC

1 

cc' - L., r 2 E E . 7 A(J) A - - i-
2 

(1) 

Here we suppose that the resonances with fixed values of the total momentum J 
and parity are distributed equidistantly, EA= Ea+ >.D, and their widths are equal 
r Ac = r c ("identical resonances" model). Then expanding the summation over >. 
from -oo to +oo we can present the diagonal element Rec (1) as [7] 

r c oo 1 
Rec = 2 L r =Sc cot(x - iy) (2) 

A=-oo Ea - E + >.D - i-2 
2 

where Sc = 7rI'c/2D, y = 7rf7 /2D, x = 7r(Ea - E)/D. Further, if we confine 
our considerations to resonances of nonfissionable nuclei, where for the level system 
with given total momentum and parity only one neutron channel dominates (adding 
excluded radiation channels) then the corresponding collision matrix becomes the 
function connected with Rnn· 

S 
_ S _ -2iip 1 + iRnn _ _ 2iip 1 +is cot(x - iy) 
- nn - e - e 

1 - iRnn 1 - is cot(x - iy) 
(3) 

where s =Sn = 7rf n/2D, <pis the phase of the potential scattering. 
With the model collision function (3) it is easy to establish corresponding model 

expressions for a total cross section 17(x and a radiative capture cross section 177(x) 
in the form: 

where 

2 
sin 2<p tan x 

cos <p -

17(x) = 27ri\2g(J)(l - Re(S)) = 17p + 17a p 
tan2 x 

1+-p2 

2 2 1 + tan2 x 
177(x) = 47ri\ g(J)(l - ISi )) = 17a-y 2 

s + tanh y 
p= 

1 + s tanh y 

s 1- p 2 

17a = 47ri\2g(J)---2 , 
pl-s 

1 
tan x 

+-p2 

l7a . h h 17a-y = - Sill y COS y , 
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17 p = 47r i\2 g( J) Sill <p + S COS 2<p [ 
. 2 tanh y ] 

1 + s tanh y 

(4) 

(5) 
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and g( J) is a spin factor. For small p ~ 7r(f n + r -y )/2D « 1, supposing tan x ~ x 
in (3) and ( 4), we obtain the usual Breit-Wigner formulae for isolated resonances. 
The averaging over the period [-7r/2:::; x:::; 7r/2] gives the known expressions for 
mean cross sections [6, 7] 

7f /2 

(u) = ~ j u(x)dx = 47r~ 2 g(J) [sin2 'P + -
8

- cos 2ip] 
7r l+s 

(7) 

-7r/2 

2 s tanh y 
(u) - uo p- 47r~ g(J) = u0 sinhycoshy 

-Y - 'Y - s + tanh y 1 + s tanh y 
(8) 

(the last result does not account for the fluctuation factor [7]). 
The modelling of resonance cross sections by periodical functions of energy ( x) 

opens a possibility for building analytical expressions for different averaged over 
resonances functionals of cross sections used in practice , determining them as means 
over the period (-7r /2 :S x :S 7r /2]. So the cross section dispersion is 

2 2 u5p 
(u ) - (u) = 2(1 + p)2 (9) 

and it coincides at small p with the result of one-level approximation (7]. The 
correlation function is obtained as 

1 1-p 
{u-yu) - {u-y){u) = -

2 
{u-y)u0 cos 2ip--. 

l+p 
(10) 

The applications of our model for the estimation of self-shielding factors at tradi
tional many group approach in reactor calculations (3,7] makes it possible to obtain 
the simple analytical expressions depending on average resonance parameters and 
the concentration of resonance elements in media. 

Thus, the self-shielding factor of the radiative capture group cross section is 
found 

(11) 

where um = u P -uo sin2 'Pis the minimal cross section, u P also accounts for the cross 
sections of other elements in media (dilution [3]), and u M = um+ u 0 is the maximal 
cross section. Averaged over resonances functional up(l/u), which characterizes the 
self-shielding of a neutron flux, is 

I 1 ) up (pvu;;; + .J<TM) (vu;;+ p.J<TM) (12) 
Up\-;;:- = JumuM = (.ru;;;+p.J<iAf) 2 +uo(l-p2)sin2 ip. 

Rather important for estimations of the resonance self-shielding effects in reac
tors is the possibility to reproduce the transmission function (exp(-nu)) and the 
so-called self-indication cross section {u-y exp(-nu)) in the unresolved region using 
only the average resonance parameters (3]. 
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In our model, for one resonance system (but with account for the background 
cross section O'p) a simple result was obtained for the self-indication cross section 

(13) 

at nu0 » 1. 
More lengthy appears to be the transmission function expressed by the infinite 

sum or the integral 

00 

= e-n(am+ao/2) sinh a J e-x cash<> IoJ (n~o) 2 + nuox cos 2cp + x2 dx 

0 

where a= In ( 
1 + p), with asymptotic behaviour at nuo » 1 
1-p 

( 
-na) p e-nam 

e - 2 . sin cp + p2 cos2 cp ..j7rnuo 
(15) 

One of the ways to common approach in determination of various physical func
tionals of resonance cross section in statistical R-matrix theory is a search for 
a distribution function for real and imaginary parts of Rec' ( 1). A characteristic 
function of this distribution is analyzed in [8] for a similar channel problem, but 
accounting for a statistical fluctuations of resonance parameters. In our model of 
identical resonances a similar function is found by averaging over period 

F = (e'(tR-t' R•)) = (exp [lfJ ~ cot(x - lY) -18' cot(x - ly)]) (16) 

wh·ere /) = s(t - t'), I= s(t + t'). This function may be presented as (Appendix A) 

1 
Ff3(Y,TJ) = 2 [e-f3Fo(Y1,TJ)+ef3Fo(Y2,TJ)] 

where 

2 ,2 - /)2 

T) = . h2 2 , 
Slll y 

T/ 

Fo(y, TJ) = 1 - sinh 2y j du e-u cash 2Y Io( u) . 

0 

(17) 

The comparison of our results (17) with the calculations in [8] gives a possibility 
for estimating the fluctuation effects in different averaged over resonances cross sec
tion functionals which depend on the strength function s value (Table 1). In many 
practical cases this dependence is of no importace because here are no radiative 
capture cross section functionals in it. In particular, when the radiative capture 
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vanishes (y ~ 0) our function F (17) coincides with the corresponding result of [8] 
F = e-f3. This means that the identical resonances approximation gives .in this case 
the exact results for all averaged over resonances functionals. 

Table 1. Characteristic function Ff3(Y, z) 

y = 0.01 

z 0.1 0.5 1.0 l.5 2.0 

{J (17) [8] (17) [8] (17) [8] (17) [8] (17) [8] 

0.01 0.9052 0.9247 0.6032 0.6831 0.3078 0.4407 0.1285 0.2742 0.0434 0.1679 
0.10 0.8374 0.8568 0.5447 0.6321 0.2684 0.4051 0.1080 0.2512 0.0350 O.l53G 
0.50 0.5838 0.5815 0.3519 0.4323 0.1483 0.2742 0.0503 0.1691 O.Ol37 0.103l 
1.00 0.3619 0.3533 0.2076 0.3632 0.0724 0.1667 0.0198 0.1026 0.0043 0.0626 . 

y = 0.100 

z 0.1 0.5 1.0 1.5 2.0 

{J (17) [8] (17) [8] (17) [8] (17) [8] (17) [8] 

0.01 0.8804 0.9139 0.5537 0.6512 0.2717 0.4146 0.1094 0.2566 0.0356 0.1568 
0.10 0.7994 0.8371 0.4963 0.6011 0.2354 0.3806 0.0912 0.2349 0.0285 0.1434 
0.50 0.5479 0.5677 0.3118 0.4096 0.1263 0.2572 0.0413 0.1581 0.0108 0.0962 
l.00 0.3423 0.3450 0.1786 0.2492 0.0595 0.1563 0.0157 0.0959 0.0033 0.058'1 

z = ..J y2 + 2y"( + (J2 - {J - y 

For the practical application of the identical resonance model some obvious prob
lems arise. These are the temperature (Doppler) broadening of resonances, the in
fluence of resonances of other systems and the expansion of the method on two or 
many reaction channel cases (fissile nuclei). The accounting of the Doppler broad
ening is an analogy of the case of isolated resonances and it consists in averaging 
on the resonant formulae over Maxwell distribution 

00 

u(x) = j u(x')F(x - x1)dx1 (18) 

- 00 

where: F(x - x') = (7r!:i 2
)-

1! 2 exp [-(x - x') 2 
/ t:i 2

], !:i = (27r/ D)..jkTE/(A + 1) 
[7]. Moreover, here a numerical integration is necessary and a determination of the 
corresponding form functions for the symmetrical and asymmetrical parts of the 
cross section [4]. Sometimes the approximate method is convenient , which saves 
the form of expressions for cross sections (4), (5) and in the resonance part the 
parameter PT = p(l + 8) is used which depends on temperature. Formally this 
result corresponds to the equivalent Goshi distribution instead of to the Maxwell 
one (18) [9]. In this case the common presentation of our analytical results is the 
same and for appropriate choice of 8(T) provides usually an acceptable precision of 
the estimations of temperature dependence of self-shielding coefficients (11), (12). 
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The cross sections (4), (5) are written in the form: 

2 
sin 2cp tan x 

cos cp - -----

( ) T PT 
CJ' x = O'p + O'o 2 

tan x 
l+--2-

PT , 

( ) 
T 1 + tan 2 x (}' x - (}' 

"I - 0"1 tan 2 x 
1+-

p} 
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(19) 

(20) 

. T _ P( 1 + PT) T P 
where. 0'0 - O'o ( ) , O'o"I O'o"I-. The results for the average cross sec-

PT 1 + p PT 
tions (7), (8) are not changed, but in the resonance self-shielding factors (11), (12) 
and in the transmission functions (13), (14) the parameters CJ''[;, = O'p - 0'6 sin 2 cp, 
0'1 = CJ''[;, + 0'6 toge.ther with 0'6 and PT are used. Different methods to set a 
temperature dependence of PT are studied for isolated resonances and may be used 
approximately in our case. Thus in [9] the approximation is proposed 

1 
o(T) = ~(2.5 + 2~ + (1+hcos2cp)~] 

where~ = r /2D.., h = O'o/ O'p , which gives minimal deviations from the results of self
shielding factor calculation (11) in comparison with the exact Doppler functions. 

The account of different level system (or different isotopes) interference in es
timation of self-shielding factors (11), (12) is rather important for practice [10]. 
The statistical approach in the unresolved level region usually supposes that differ
ent systems do not correlate, i.e. the transmission function is a product of partial 
transmissions for different system ( l) 

In the model of identical resonances the cross section is the sum of constant O'p 

and independent periodical functions for different resonance systems 

2 
sin 2cp, tan x, 

cos cp, - -----
(}' = O'p + 2:: O'Q, 2 p, 

1 
tan x, 

+-
p~ 

(21) 

The averaged functionals of the cross section (21) are corresponding manifold 
integrals over periods -7r/2 ~ x, ~ 7r/2. 

As an example of using our model in estimation of different system interactions, 

we have considered the self-shielding factor ( 0';1
) (:;

1
) in the case of two terms in 
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the resonance part of the total cross section (1 and 2). Averaging over the resonances 
of system 1 leads to the result ( 11) where 

2 
sin 2cp2 tan x2 

cos lf'2 -
· 2 P2 er m = er p - ero1 srn lf'l + ero2 2 

1 
tan x2 

+ 2 
P2 

(22) 

erM = erm + ero1. 

So, the self-shielding factor for two systems of levels may be found by averaging 
(11) over the period -7r /2 ~ x2 ~ 7r /2. The result can be presented with the help 
of elliptical integrals (Appendix B). In particular, neglecting the interference effect 
(cp = 0), we have 

I erp ) = (1 - PD A(/3, k) - 2p2~2 K(k) 
\ .JermerM V1V2 7rV2 ~~ 

where vi = 1 - p~(l + h2), v~ = 1 + h1 - p~(l + h1 + h2), h1 = eroi/erp, h2 = 
ero2/erp, k = h1h2/(l + h1)(l + h2), sin/3 = vi(l + h 1 )/v~, K(k) is a complete 
elliptical integral of first kind, and A(/3, k) - a complete integral of third kind 
(Neuman function) [11]. Similar result has been obtained for the self- shielding 
factor of the total cross section (12) (Appendix B). These results can be used for 
the estimation of the accuracy of the approximate methods for accounting the 
influence of different system integration on self-shielding factors in the unresolved 
resonance region [7, 12]. 

The presentation of the resonance cross sections in identical levels model as 
relatively simple periodical functions (4), (5) solves the problem of the choice of 
the energy interval of averaging and allows in many cases to represent the results 
in an analytical form. The obtained dependence on parameters is in qualitative 
agreement with the known understanding [3, 7, 10] (apart from factors connected 
with the resonance parameters fluctuation) and in the limit p «:: 1 this coincides 
with the result for one-level approximation. It is of importance that the model ac
counts for the resonance interference and in principle the results do not depend on 
s = 7r I' ;-/2D (therefore practically y = 7r r -y /2D «:: 1, because this approximation 
corresponds mainly to the choice of R-matrix in form (1) [6]). The resonance pa
rameters fluctuations do not influence qualitatively the form of the dependence of 
average cross section functionals on parameters, but require numerical methods of 
calculations, optimized on the base of the characteristic function approach , e.g. [7]. 
However for unfissionable nuclei our expressions for the self-shielding factors ( 11) , 
(12) are always applicable with some corrections due to the parameter fluctuations 
in the average radiative capture cross section (8) [7]. 
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Appendix A. Characteristic function (17) 

For the two-dimensional distribution of the real and the imaginary part of a diagonal 
element of the statistical R-matrix corresponds the following characteristic function: 

(A.1) 

which is in the general case a result of averaging over the resonance parameters f>. c 

and E>. distributions and over energy (1) (8). In the model of identical resonances 
the corresponding function is 

7r/2 

( ) 
1 J ( 'Y sinh y cosh y - if3 sin x cos x) d Ff3y,/ =- exp - 2 x 
1'i cosh y - cos2 x 

(A .2) 

1r /2 

where 'Y = s(t + t'), f3 
obtained in the form: 

s(t - t'). After transformations the above integral 1s 

00 

F = sinh 2y e-h cash<> cash 2y J e- z cash 2y Io J z2 + 2zh cosh a+ h2 dz (A.3) 

0 

where h = J12 - (32 / sinh 2y, tanh a = f3/'Y. Then for Bessel function in integral 
we use the known decomposition over the products h(z)h(h) (11) and obtain: 

F = e-11coshacosh2y {Jo(7J) + ~h(7J) [e-(2y-a)k + e-(2y+a)k] } . (A.4) 

Similarly, we can write the corresponding series for a function Fa = F( a = 0) 

Fo(y, 7)) = e-11cash2y [Ia( 7J) + 2 ~ h(7J)e-2ykl 

At 2y > a the sum (A.4) can be expressed through F0(y , 7J) as 

Ff3(Y, 7J) = ~ [e-f3 Fa (y - ~, 7)) + ef3 Fa (y + ~, 7))] 
where f3 = 7) sinh a sinh 2y. For 2y < a we have 

Ff3(Y,7J) = e-f3 - ~ [e-f3Fo (~ -y,7)) +ef3Fo (~+y,7))] 
If we come back to the integral form for Fa (A.3) 

1) 

Fo(Y,7J) = l-sinh2y j e-ucosh 2YJ0 (u)du 

0 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

accounting for the possibility of the negative y, the last result coincides with (A.6). 
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Appendix B. Interaction of different resonance systems 

We can find the self-shielding factor of radiative capture cross section for system l, 
if the total cross section comprises also the resonances of system 2 noncorrelated 
with the first system 

7f /2 

Q - I <Tp )- ~ j 
- \ ../O"mO"M - 7r 

(B.1) 

-rr/2 

where O"m(x) and O" M(x) are determined by the relations (22). Ignoring for simplicity 
the interference of the resonance and the potential scattering ( <p = 0), we can 
transform (B.1) as 

dz 

cos2 z + p~ sin 2 z 

( 1 + hi + h2 cos2 z 

1 + h2 cos 2 z 
(B.2) 

where tan z = tanx2fp2, ht= O"oi/O"p, h2 = 0"02/0"p· Considering Q a::r a difference 
of two integrals Qi and Q2, we can found them separately. For the first integral Q1 

is suitable, the substitution tan v = [(1 + hi)/(1 +hi+ h2 )]11 2 tan z leads Lo the 
standard form of the elliptical integral of 3rd kind IT(n, k) [11] 

Qi_2p2 l+hi+h2 I1(nk) 
- 7rhi J(l + hi)(l + h2) ' 

(B.3) 

where k 2 = hih2/[(1 + h1)(1+h2)],n=1 - p~(l +hi+ h2)/(1 +hi). 
In a similar way the second integral can be transformed into 

(B.4) 

For 1 2: n 2: k 2
, or 1 2: p~(l + h2 ) we can use an alternative form of the elliptical 

integral 

7r 
Il(n , k) = 

2
q A((3, k) (B.5) 

where A((3, k) is a Neuman function, q2 = (1 - n)[l - (k 2 /n)], sin 2 (3 = (1 -
(k 2 /n)]/(1 - k2

) [11]. Then the expression for Q (B.2) becomes 

Q = l - p~ A((3, k) - 2P~ {it; kK(k) 
ViV2 1l"V2 v y;; (B.6) 

Analytical M 
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where 

vi= 1 - p~(l + h2), v~ = 1 + h1 - p~(l + h1 + h2) , 

· 2 vf 
sm /3 = ( 1 + hi) 2 . 

V2 

(B.7) 

The function A(/3, k) depends weakly on k (sin /3 2: A(/3/k) 2: 7r/3/2) and lhere 
exists an effective method for numerical calculations [8 , 11] . 

Also we have found the self-shielding factor for the total cross section in the case 
of two-resonances system as 

where 

(B.9) 
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