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Abstract. The problem of the mechanical disturbances of an open-circuit 
piezo-quartz bar, the one end of which is subjected to some prescribed 
electrical and thermal excitations while the other is kept fixed, has been 
investigated in the present study. The problem involves interaction of three 
fields , viz., mechanical, electrical and thermal. The method of operational 
calculus has been utilized and the numerical results are illustrated graph
ically. For time-scale ranging from 0 to 1 s variations of mechanical dis
turbances are found to be of the order of 10-4 m. 

1. Introduction 

The mechanical disturbances of piezo-electrical material have been studied by a 
number of works [1- 4] etc. In view of various practical applicability in different 
branches of physics and technology the relevant problems are extremely important. 
Earlier works [4,5] etc. discussed the situations of two fields, mechanical and elec
trical , and certainly the studies would be more interesting if the above interaction 
is coupled with a thermal field . The present study is an attempt to this and is a 
follow-up of the papers [5- 8]. 

As the problem involves the interaction of three fields, viz., electrical, mechanical 
and thermal, the equation of Maxwell, the equation of elasticity and the heat-flow 
equation have been used and the solution is obtained with the aid of operational 
calculus. The variations of the mechanical disturbances with time are found to be 
parabolic in nature and of the order of 10-4 m. 
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2. Formulation of the Problem, Fundamental Equations 
and Boundary Conditions 

We consider here an open-circuit piezo-quartz bar the one end of which is kept 
fixed and the other is subjected to some time-dependent electrical and thermal 
excitations. Our object is to obtain the mechanical response exhibited by the bar. 

Since the problem involves the interaction of three fields, viz., mechanical, elec
trical and thermal, we must have an equation involving them. To derive such an 
equation, we take the relevant piezoelectric equations, as in Mason [1] 

aw 
T = c- - hD - >..B 

ox 
aw 

E = -h- +{JD - v() 
ox 

(1) 

(2) 

where T, W, () are the stress, mechanical disturbance and temperature in the x
direction, c is the elastic stress coefficient, h - the piezoelectric stress constant, /3 
- the electromechanical coupling factor, >. - the thermo-elastic compliance, v -
the thermo-piezoelectric moduli, D and E are the electric displacement and electric 
intensity respectively. 

The equation of motion in the x-direction is given by 

a2 w ar 
p 8t 2 = ox 

where p is the density of the piezo-electrical material. 
Also the electric displacement D satisfies the equation 

div D = 0. 

(3) 

(4) 

To obtain the equation for the displacement of W, we have to make some sim
plifying assumptions, viz. 

i) The X-Z faces of the bar are covered with conducting electrodes so that 
8E/ex = O; 

ii) The dimension X of the bar is several times larger than those of Y or Z; 
iii) The X-Z faces of the bar are thermally insulated so that 80/ox = O; 
iv) The end at x = X is rigidly fixed. 
Now from Eq. (3) with the aid of Eqs (1) and (2) and the assumptions 8E/8x = 0 
and ao /ax = o , we obtain the wave equation 

(5) 

where 
{Jc - h2 

o:= 
{Jp 

Now for this problem, the fundamental Eqs (1), (2) and (5) are to be solved being 
subject to the following boundary conditions at x = 0 and x = X. 

i) The displacement is continuous, i.e. ('1>-)o = ('11 i )o; 

On a P 

ii) The force is continuous, 
iii) At x = X the displacem 
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ii) The force is continuous, i.e . (F)o = (Fi)o; 
iii) At x = X the displacement is zero, i . e. (iii")x = 0 together with 

V = V0 e-bt sin hwt 

<P = ¢0e-bt sin hwt 

• 
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(7) 

where V, <P and w represent the electrical voltages, heat influx and angular frequency 
respectively and Vo , <Po are constant. 

3. Method of Solution 

Applying Laplace transform to Eqs (5) and (7) we get 

d2 iii" p2 

dx 2 a 2 (8) 

and 

- w 
V =Vo ( b)2 2 p+ -w 
- w 

<P = <Po (p + b )2 - w2 

(9) 

where pis the Laplace transform parameter. 
The solution of Eq. (8) is given by 

iii"(x,p) = A(p)e-pX/a + B(p)ePX/<> (10) 

where A(p) and B(p) are functions of p to be determined from the boundary con
ditions of Eq. (6). 

We may mention here that a wave equation of the form of Eq. (5) is satisfied 
even if the material is non-piezoelectric but with a different wave velocity. Therefore, 
we assume, after Redwood (4], that two mechanical systems labelled 1 and 2 are 
attached to the two extremities of the bar x = 0 and x = X. The displacements in 
those materials will be similar to those in Eq. (10) with different values of A and 
B, say Ai, B 1 and A2 , B2 in material 1 and 2 respectively. 

To develop the relation between electrical, mechanical and thermal quantities , 
we put as in Paria (5] 

F = TYZ, V+EY, <P = !{() 
y 

where F, V , <P represent the mechanical force, electrical voltage and heat influx 
respectively and /{ denotes the constant of diffusion. With these substitutions we 
obtain the required relation from Eqs (1) and (2) as 

- 2 - hZ - hv Y Z -
( 

px px ) 2 

F=paYZp -Ae a +Bea - 7 v-(>.+tf)--x-<P· (11) 



• 

48 T. I<. Munshi, I<. ](. Kundit , R. ](. Mahalanabis 

From Eqs (6), (9), (10) and (11) we obtain the following relations: 

B1 =A+ B (12) 

2 hZ w 
pcx Y Zp(-A + B) - 7f Vo (p + b) 2 _ w 2 

(
>. hv) Y

2 
Z <Pow 

- + 73 K (P + &)2 - w2 

(13) 

Ae-pX/a + BepX/a = 0. (14) 

Solving Eqs (12), (13) and (14) we get the values of A and B and putting these 
values into Eq. (10) we get 

- µw 1 1 - e- 2pX/a 
('11).o = -----------~ 

c1p p [(p + b) 2 - w 2] (1 - c0e-2pX/ a ) 

hZ ( hv) Y
2
Z whereµ= If Vo+ >. + 73 K<Po 

d - C2 - cxiY1Z1 - cx 2YZ 
an co - ~ - cxiY1Z1 + cx 2Y Z · 

The inverse transform of Eq. (15) after simplification becomes 

µw 2X bt . 
('11)0 ~ - --(1- co)e- smhwt 

C1P CY. 

+co---x e- 1 coshwt--e- tsmhwt µw 4X
2 

[ b b b . ] 

c1p cx 2 w 

(15) 

(16) 

The Eq. (16) gives out the mechanical disturbance of a piezo-quartz bar under 
time-dependent input signal. 

For numerical computations, the standard values of the material constants have 
been taken from [3, 9- 12] w bile values like Y, Z, X, w, Vo, <Po, b have been chosen 
suitably to facilitate the numerical computations as follows: 

Vo= 300 V 

<Po= 1.0 Kcal 

w = 1.5 rad/s 

X = 0.1 m 

Y = Z = 0.01 m 

b = 1.5. 

The mechanical disturbances of a piezo-quartz bar under time-dependent input 
signal corresponding to t = 0 and to t = 1 s have been shown in Table 1. 

Table 1. Numerical values of the mechanical disturbances of piezo-quartz bar (\!!)o vs. time 
t 

t (s) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

(lllo) x 10-4 (rn) 0 0.58 1.03 1.34 1.57 1.75 1.88 1.98 2.05 2.10 2.14 
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4. Discussions 

The response given out by the piezo-quartz bar is illustrated in Fig. l. It is observed 
that for thermal and electrical input signals which vary with time the variation of 
the mechanical disturbances with time is found to be parabolic in nature and is of 
the order of 10-4 m. 
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Fig. 1. The mechanical response of piezo-quartz bar time
dependent electrical and thermal excitations 
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