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Abstract. The momentum distributions of deuteron- and alpha-clusters obtained 
in theoretical correlation methods are fitted in calculations of the cross-sections 
of deuteron- and alpha-knockout reactions with electrons. Lt is shown that the 
predictions for the momentum distributions at low momenta (0 ::; k ::; 0.3 frn - 1

) 

are in a qualitative agreement with the cluster momentum distributions found to 
give the best fit of the experimental data for the cross-sections of the 6Li(e, e' d) 
and 6 Li ( e, e' a) reactions and with other calculations. 

1. Introduction 

Many aspects of nuclear structure and reactions suggest that nucleous can combine to 
fonn transient sub-structures or clusters, and among these the alpha-particle is the most 
likely for reasons of energy and symmetry [1]. It is important to determine the degree 
of clustering not only to facilitate an economical description of nuclear stf)..Jcture and 
reactions, but also learn more about the nucleon-nucleon con-elations in the nuclear 
interior. 

The character of clustering in atomic nuclei depends on the nuclear size. Light 
nuclei can be considered to consist of linked clusters of alpha-particles, deuterons and 
nucleons. In heavier nuclei alpha-clusters can be expected in the region of the nuclear 
surface since condensation into alpha-clusters is energetically favourable at densities 
around one-third of that in the nuclear interior [2]. Many nuclei decay spontaneously by 
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emitting alpha-clusters and heavy fragments. Fusion reactions are affected by clustering 
in intennediate states and breakup reactions provide evidence of cluster structure in the 
projectile. At higher energies some nuclear reactions preferentially proceed by cluster 
transfer or by knockput and pickup reactions. At very high energies nuclei can be 
fragmented into a wide range of clusters of nucleons. 

In the early studies of the alpha clustering in nuclei, knockout reactions such as 
(p, pa) [3, 4] and (a, 2a) [5 - 9] have been considered. The interpretation of their cross
sections is, however, complicated due to the nuclear and Coulomb distortions in the 
incident and outgoing channels. On the other hand, the use of electron beams has the 
advantage that the nuclear distortion is absent and the Coulomb distortion reduced. For 
these reasons reactions such as (e, e'd) and (e, e'a) [10- 14] are now more intensively 
used though their cross-sections are much smaller compared with those of the knockout 
reactions mentioned above. 

In the theoretical analyses of (p, pa) [3, 4] and (a, 2a ) cross-sections the plane wave 
impulse approximation (PWIA) [3, 6, 7] or the distorted wave impulse approximation 
(DWIA) [ 4, 7, 9] have been used. In the PWIA the reaction cross-section depends 
on the momentum distribution of the alpha-cluster in the target nucleus. The DWIA 
analyses give the cross-sections in tenns of the "distored momentum distribution" of the 
cluster. The DWIA calculations of (p, a) reactions at 72 MeV show that the analysing 
power in the continuum can be reproduced by the a-particle knockout mechanism but 
not by the pickup mechanism [15]. The angular distribution of the (a , a') reaction can 
also be described by taking into account the interaction of the incoming a -particle with 
preformed a-paiticles in the target nucleous [ 16]. Thus including the cluster motion in 
the target nucleous allows a better description of all these reactions. 

The importance of the a-particle momentum distribution (AMD) has been discussed 
in [17, 18]. It is an essential component of the calculations of the cross-sections and 
provides a sensitive probe of the short-range nucleon-nucleon correlations in nuclei. The 
latter are responsible for the high-momentum components of the nucleon and cluster 
momentum distributions which are obtained from the experimental data on different 
features of nuclear reactions and can be described by theoretical models going beyond 
the mean-field approximation (e.g. [18-21]). 

The aim of the present work is to test momentum distributions of deuteron and alpha
clusters obtained in theoretical con-elation methods in analyses of deuteron and alpha
knockout reactions with electrons. Though the available experimental data are quite 
limited and only the low-momentum behaviour of the cluster momentum distributions 
can be tested, we hope that sich an analysis will be a prelude to the more extensive 
studies of cluster correlations in nuclei. 

In Section 2 we present the theoretical scheme for the calculations of the cluster 
knockout reactions cross-section. Section 3 is devoted to the theoretical calculations of 
alpha- and deuteron-cluster 1nomentum distributions within some theoretical correlation 
methods. The results of the calculations and the discussion are given in Section 4. 
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2. Cross-section of Cluster-knockout Reactions with Electrons 

In this paper we discuss (e, e'x) reactions, where x is a composite particle, namely a 
deuteron or an alpha-particle. 

The cross-section for 6 Li(e, e'a) reaction is calculated and analysed in [JO]. The 
empirical data for the ( e, e' d) reaction on various nuclei are given [ 10, 22]. The light 
nucleus 6 Li has a high level of clustering. Detection of the deuteron and the a-particle 
allows a symmetric investigation of clusterization in this nucleus. 

e' 

A-x 

e 

A F'ig. 1. Kinematics of the process ( e, e' x) 

The kinematics of the (e, e'x) process is shown in Fig. 1. The basic relations are: 

To = T1 + T2 + Tr + S , 

ko = k1 + k2 + kr , 

kr = -k3, 
(1) 

q = ko - k1 

where k0 , T0 , k1, T1 and k2, T2 are the momenta and kinetic energies of the incident 
and the outgoing electron of the emitted fragment (respectively, kr is the momentum 
of the residual nucleus and S is the missing energy). 

Following [ 1 O], the cross-section of the ( e, e' a) and ( e, e' cf) reactions can be written 
in the form: 

d
3
a ( da) 2 

dT dO. dO. = C(x) dO. JG(k3)I Px 
1 1 2 1 e-x 

(2) 

where JG ( k3 ) 12 is the momentum distribution of the x-cluster and P x is the probability 
of finding it in the initial nucleus. In Eq. (2) 

C x _ To MxMA-xlk21
3 

( ) - T1 lk2J 2(Mx+ MA-x) - Mxlk2Jlqlcosx 
(3) 

where Mx and MA-x are the masses of the cluster and the residual nucleus, respectively, 
and xis the angle between the momenta q and k2 (k2q = lk2llql cosx). 

The normalization of the momentum distribution is [23] 

(4) 
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The cross-section for the electron elastic scattering on the a -paricle is given in [23]: 

( da) 2 
dfl = aMottF (q) 

1 e-a 
(5) 

where F ( q) is the fonn factor of the nucleus and a Mott is the Mott cross-section. 
The cross-section of the electron elastic scattering from deuterons is given in [24] . 

(6) 

where Go, G2 and Gm are the elastic, quadrupole and magnetic fonn factors, respec
tively, and () is the angle between the momenta k0 and k1 . 

3. Cluster Momentum Distributions 

As mentioned above, the cluster momentum distributions are important for the under
standing of the reactions with cluster knockout, such as (e, e' a), (a, 2a), (e, e' d) and 
other reactions. In this section we present briefly some methods for calculating the 
deuteron- and a -particle momentum distributions in nuclei. 

3.1. The two-nucleon momentum distribution 

The two-nucleon momentum distribution (TNMD) n(2)(6 ,6) is defined using the 
diagonal elements of the two-body density matrix [ 18]: 

p (
2

) (6, 6; 6 , (2) =~A(A - 1) L J dr3 ... dr A'l/J+(~, (2, 6, .. . ~A) 
X '1/J(6, 6, 6,. ·· ~A) 

(7) 

where 'lj; { ( ~i)} ( i = 1, ... , A) is the normalized total wave function of a system of A 
nucleons. Each coordinate ~i is a combination of a space (ri), spin (ai) and isospin 
(Ti) coordinates: ~i = (r i, Ti, ai) = (r i; 'l]i). In the momentum space (~i = (k i, Ti, ai)) 
the momentum distribution has the fonn: 

(8) 

Using the general relationship (8) one can introduce the centre-of-mass n(cm) and rela
tive n (ret) TNMD [18, 25]. These quantities have been studied by different theoretical 
methods, such as the phenomenological one of Haneishi and Fujita [25] , the ATMS 
correlation method of Akaishi [26] for the 4 He nucleus and in the coherent density 
fluctuation model (CDFM) [27, 18] and in the generator coordinate method (GCM) 
[28, 18] for the 4He, 160 and 4°Ca nuclei. 
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In the ATMS c01relation method [26] the obtained TNMD n(cm) and n,(rel) are 
parametrized by 

n,Ccm)(rel) = N [exp(-;:)+ s. exp (-::t)] (9) 

with { a(fin- 2), s, t} = {0.42 x 3, 0.Ql, 8} for n,(cm) and {0.42/4, 0.015 , 6} for n,(rel) . 

It is pointed out that the TNMD have prominent high-momentum components which 
reflect the role of the nucleon-nucleon correlations. 

The coherent density fluctuation model (CDFM) [18, 19, 21] has been extended in 
[27] to calculate the TNMD n<cm) and n<rel). The wave function 'l/J is considered in the 
form: 

'l/Jt6, ... , ~A)= j f(x)ip(x; 6, .. ., ~A)dx (10) 

where the generating function <p(x; 6, ... , ~A) describes the state .of A-nucleons in a 
sphere with radius x. In the case of nuclei with Z = N = A/2 the p-n centre-of mass 
and relative motion TNMD nomalized to A /4 have the fonn [27, 18]: 

00 

n(cm)(p) =Ajdxlf(x)l2D(x) [1 -~ + 2_Jif__] 
np 4kp(x) 16 k}(x) 

0 (11) 

x e ( kp(x) - l~I) , 
00 

n(rel)(q) =8A j dxlf(x)l 2D(x) [1 -~ + ~_M_J 
np 2kp(x) 2 k'}(x) 

0 
(12) 

x e (kp(x) - lql) 

where the weight function lf(x)l 2 is 

If ( x) 12 = - _l_ dp( r) I , 
p(x) dr r=x 

3A 
Po(x) = 47rx3 (13) 

in the case of monotonically-decreasing density distribution ( ~~ :S 0) and D(x) = 

4 
-1rX3 3 . 

In the GCM the TNMD has the following form for the case of n-p pairs and Z = N 
nuclei: 

n~J(k1 ,k2 ) = ~ j dxf*(x) j dx'f(x')I(x ,x')p(x,x'; k 1 )p(x,x' ; k2) (14) 
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where 

A/4 

p(x, x'; k) = L (N- 1 )µ,>.XX(x, k)Xµ,(x' , k) ; (15) 
>.,µ,=l 

X;..(x 1 k) being the Fourier transform of the single-particle orbital X;..(x
1 
r) and each 

orbital state is occupied by four nucleons. The function f(x) in (14) and (15) is the 
solution of the Hill-Wheeler-Griffin equation and I(x

1 
x') is the overlap kernel within 

the GCM [19]. 

3.2. The o:-particle momentum distribution 

The alpha-particle momentum distribution has been calculated in the framework of the 
CDFM [17, 18]. The definition of the four-body density matrix has the form: 

(4) . I I I I - A(A - l)(A - 2)(A - 3) " ; · .. 
P (616161~4,~11~2 1 ~31~4)-

41 
L dr5 .. . d1A 

Q5 ... QA 

x ¢+(6, 61 61 ~4, ~51 · · · ~A)¢(~~1 ~~1 ~;1 ~~ , ~5, ... ~A) (l 6) 

In the CDFM the many-body wave function has the GCM-fonn: 

¢(61 6. 6, ... ~A)= j dxlf(x)l 2W(x; 6. 6 . .. . ~A) (17) 

where \[! is a Slater determinant wave function built up from plane waves in a volume 

V(x) = ~nx3 and lf(x)l 2 is given by Eq. (13). 

The four-body momentum distribution n < 4) ( 6, 6, 6, ~4 ) can be expressed by the 
diagonal elements of the four-body matrix in momentum space 

(18) 

The alpha-partlcle momentum distribution in the CDFM has the following final form 
fonn [17, 18]: 

4 

n<°'l(k11 k2, k3 , k4) = j dxlf(x)l 2 V4(x) IJ 8(kJ(x) - lkil) 
t=l 

(19) 

with the normalization 

(20) 

The explicit form of the centre-of-~nass a-particle momentum distribution is: 
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and P , p 1 , p2 , p 3 are the Jacobi momenta [29]. 
The c. m. AMD (21) is with the nomrnlization condition 

j ni:;11 (P)P 2dP = 1. (24) 

The results for ng'11 calculated for the 9 Be, 12C, 15 0 , 20Ne, 24 Mg, 28Si, 32 S and 4DCa 
nuclei were obtained in [ l 7, 18]. 

3.3. Results and Discussion 

In the Section we test the cluster momentum distributions described in Sec. 3 in calcula
tions of cross-section of cluster knockout reactions. It should be noted that the posibili
ties of comparing theoretical calculations of (e, e' a ) and (e, e' d)-reaction cross-sections 
using a and d momentum distributions, respectively, with the empirical data are lim
ited. The reason is that the available experimental results are scarce, they are mainly 
qualitative and can test the cluster momentum distributions only for low momenta 
(0 < p < 1 fi11- 1. Nevertheless, though N -N coITelation effects are reflected mainly in 
the behaviour of the cluster momentum distribution at higher momenta (p ::::: 2fi11 - 1 ), it 
is of interest to compare the theoretical results with the existing data which are related 
to the low momentum components of the cluster momentum distributions. 

In this work we analyze first the (e, e' a) cross-section (using the expressions (2) 
and (3)) and the a-cluster momentum distribution n<a) (Eq. (21)) obtained in [17]. As 
can be seen from the nonnalizations (Eqs (4) and (24)) the relationship between the 
two momentum distributions is 

(25) 

Here we note that in [17] the n< 0 l are obtained for the 9Be, 12C, 15 0 , 20Ne, 24Mg, 28 Si, 
32 S and 4°Ca nuclei, but not for the case of the 6Li nucleus. On the other hand, the 
a -cluster momentum distributions in the considered cases are quite similar munerically. 
We therefore can only test the a -cluster momentum distribution n <a) calculated for 9Be 
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Fig. 2. Cross-section of the 6 Li (e, e' a) reaction. 
Curve (1) is the result of this work obtained by 

the best fit of ni~> to the experimental data. The 
experimental data are given by black points [IO] 

Fig. 3. Alpha-particle momentum distribu
tion used in the calculations (curve 1) and 
that for 9 Be [ 17] 
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in the case of 6 Li. For this purpos~ we detennine by calculations of the 6Li (e, e'a) 
cross-section the a-cluster momentum distribution that first the experimental data in the 
best way. In Fig. 2 the calculated 6Li (e, e' a) cross-section (dashed line) is compared 
with the experimental data and the calculations from [10]. In Fig. 3 we present the a 
cluster momentum distribution (solid line) that fits the data for the cross-section of the 
a-knockout on 6Li and compared it with that for 9Be from [17]. The comparison shows 
that the experimental data make it possible to analyze n(a) at very small momenta, 
namely in the region between 0.04 fin- 1 and 0.3 fin- 1 (this is the reason why the drawn 
fitted cluster momentum is given only up to 0.3 frn- 1 ). It can be seen also that in this 
low momentum region the n< 0 ) for 6 Li has to be larger than the calculated n<a) for 
9Be in order to fit in the best way the cross-section data for 6Li (e, e' a)-reaction. 
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We anaylize secondly the (e, e' d) cross-section using Eqs (2), (3) and (6). We would 
like to mention that in this work we use d-cluster momentum distributions obtained 
in correlation theoretical methods for the 4He nucleus, but not for 6Li nucleus. We 
shall consider pa1iicularly distributions which can be tested using the cross-section 
calculations. The first one is the two-nucleon momentum distributions n~';(lc) given 

by the coherent density fluctuation model (CDFM) (Eq. 11). The cross-section can be 
written in the fonn: 

d3u - (du) ( ) -(cm)( k ) 
dY. dD. dD. - dD. C x nnp 

2 1 2 e- d 
(26) 

where 

(cm) (k) 
n(cm)(k) = rLnp • 

np 8 7r3 (27) 

and the nonnalization condition is 

j n~;') d3 ( k) = 1 . (28) 

The second deuteron deuteron-cluster momentum distributions is the one (I G(k3 )1 2) 

used in [10]. 
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Fig. 4. Cross-section of the 6 Li (e, e' d) reaction. 
The solid curve is the result of this work obtained 
by the best fit of ~;;') to the experimental data. 
The experimental data are given by black points 
[IO] 

The relation between the two momentum distributions fi~;')(k) and IG(k3 )1 2 has 
the form: 

(29) 

Here we would like to mention that our cluster momentum distributions have been 
calculated within a density matrix approach, where we do not use an assumption for 
a cluster already fonned in the nucleus. Therefore it is not necessary to introduce 
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an additional factor Pd giving the probability to find the deuteron-like cluster in the 
nucleus for the cross-section calculations. 

Finally, we determine by calculations of the 6 Li (e, e'd) cross-section of the d-cluster 
momentum distribution that fits the experimental data in the best way. The calculated 
cross-section of the 6 Li nuclei using this momentum distribution is given in Fig. 4. 
The comparison of the deuteron-cluster momentum distributions, obtained for 4 He in 
various theoretical approaches with the one that fits the empirical data for the 6Li 
(e, e'd) reaction is given in Fig. 5. It can be seen that the fitted d-cluster MD is close 

to the predictions for the n~;'\k) in 4He in this lowmomentum region. 

0 

- 3 

- 6 

0 

'\ :-...,. 
\'· "-
\ '·, ........ \ . ..._ 

\: '·,_ - --. .... ..._ 
\', ·........ ' (5) 
\" 

2 

\ " 
\ " 
\ "· 
\ " 

'· 
' ·, (4) 

\ (3) 
\ . (2) 
\ (/) 

8 

Fig. 5. The two-nucleon centre-of-mass momentum distributions of n
p pairs in 4 He. Curve (I): phenomenological distribution (25]; Curve 
(2): the result of GCM with harmonic-oscillator construction potential ; 
Curve (3) ; the result of GCM with sguare-well construction potential 
(28] ; Curve (4); CDFM result [27]; Curve (5); ATMS result [26] ; Curve 
(6): momentum distribution which gives the best tit to the data for the 
6 Li (e,e'd) reaction 

In conclusion the results of the present work can be summarized as follows: 
l. Cluster momentum distributions obtained from correlation methods have been 

used in analyses of the cross-sections of (e, e' a) and (e, e' d) reactions on the 6Li 
(e, e' d) nucleus. 

2. It is shown that the available experimental data give information about a limited 
region of the cluster momentum distributions at quite small values of the momenta 
(0 :::; k :::; 0.3 fi.n- 1). 

3. The values of the alpha- and the deuteron- cluster momentum distributions at 
lowmomenta which have been detennind by the best fit to the experimental 
data for the 6 Li (e, e' a ) and 6 Li (e, e'd) reaction cross-sections are in qualitative 
agreement with the theoretical predictions for the cluster momentum distributions. 
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Finally, we would like to emphasize that experiments on cluster knockout reactions 
in which high-momentum components of the cluster momentum distributions (containig 
information on clusterization correlations in nuclei) can be tested, are highly desirable. 
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