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Abstract. We consider a model of a long Josephson junction where the thick
ness of the dielectric layer represents a lattice of resistive inhomogeneities, In 
the original fomrnlation of this model the inhomogeneities were modeled by 
Dirac's 8-functions [1-4]. In this paper we study a jw1ction with a finite size of 
inhomogeneities. Mathematically, the model reduces to the stationary inhomoge
neous sine-Gordon equation - 'Pxx + JD(X) sin cp+ r = 0 , with given periodic 
function jo(x) and periodic boundary conditions. We demonstrate numerically, 
the existence of ~table stationary states with spatial period greater than a cer
tain value. Our numerical calculations arc based on the continuous analog of the 
Newton's method. 

1. Formulation of the Problem ~ 

One-dimensional long Josephson junctions with a single point-like resistance inhomo
geneity have been studied for more than ten years [l, 7-12]. The next logical step is 
to consider a junction with a periodic lattice of localized inhomogeneities. By saying 
that the jun((tion is one-dimensional we mean that its length is much greater than the 
Josephson penetration depth. This situat rm is represented schematically in Fig. I. The 
dielectric layer ® between electrodes C' i inhomogeneous. Its depth and consequently, 
the amplitude ]D(x) of the Josephson current, are periodic functions of x. 1 

The distribution of the normalized magnetic flux cp(t., .r) (equal to the phase differ
ence of the superconducting wave functions across the junction) is described by the 

lJn this paper all variables are considered dimensionless [I]. 
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electrode 

Fig. 1. Schematic plot of the Josephson lattice of resistance inhomogeneities 

perturbed inhomogeneous sine-Gordon equation [1] 

'Ptt - 'Pxx + acpt + JD(X) :;in cp + r = 0 . (1.1) 

Here a is the resistance coefficient and r - the bias current. 
The function JD(x) describes the amplitude of the Josephson current along the 

junction. Previously, JD(x) was approximated by a lattice of Dirac's 8-functions. Such 
a model is very convenient for theoretical analysis. In this work we consider a more 
realistic model where inhomogeneities are simulated by cubic splines. We consider an 
"infinite" junction with equidistant and identical inhomogeneities 

00 ( ) 
. X - Xi 
JD(X)=l- .2= O'i -- , 

i=-= µ 

u(t) = { ~l - t)
2

(1 + 2t), iftE [0,1]; 

otherwise 

Here fl = Xi+i - Xi is the constant separation between the central position Xi of 
the inhomogeneities, and µ is their effective width. 

In general, the bias current is rapidly changing in a small neighbourhood of the end 
points of the junction and is constant away from the boundaries. Physical effects due 
to the nonuniform distribution of the bias current 1(x) are discussed in [10, 11]. Here 
we consider a more simple model where the bias current is constant: r = canst. 

Time-independent solutions of Eq. (1.1), cp = cp8 (x), satisfy 

-'Pxx + ]D(x) sin cp + r = 0. (1.2) 

To examine the stability cf these solutions, we write 

cp(t, x) = cp8 (x) + T/(t, x) (1.3) 

where T/(t, x) is a small perturbation. We chose T/ as 

nt 
17(t, x) ""'e-2w(x) :;in wt. (1.4) 

Linearizing Eq. (1.1) about cp8 (x) yields 

.-Wxx + q(x)w = >.w (1.5) 
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2 
where the potential q(x) = ]D(x) cos cp8 (x), and A= w2 + ~. 

4 
We shall look for periodic ~olutions of the Eq. (1.2), having given length to the wave 

2R = N J6.. Here NJ is the number of inhomogeneities1, which are covered by one 
wave 

cp(R) = cp(-R) , 'Px(R) = 'Px(-R) . . (1.6) 

The boundary conditions for Eq. (1.5) were chosen to be of the Neuman type [5] 

IJ!x(-R) = O, IJ!x(R) = 0. (1.7) 

This means that we admit a larger class of perturbation (and not only periodic ones). 
We studied the boundary value-problem (1.2), (1.6) numerically. 

2. Numerical Method 

To solve the nonlinear boundary-value problem, we utilized the continuous analog of 
Newton's method. This method is a generalization of the classical Newton's method 
and it is advantageous in that it has a substantially larger convergence domain. 

Following [13) we consider an operator equation 

f(y) = 0 (2.1) 

where a nonlinear operator f maps the Banach space Y into the Banach space Z. 
Solving the Eq. (2.1) amounts to finding elements y E Y which are mapped into the 
zero element of the space Z. 

We assume that y depends on an auxiliary continuous parameter t(O ::::; t < +oo) 
and that y(t) satisfies 

J'(y) ~~ = - f(y) (2.2) 

where f'(y) is the Frechet derivative of the operator f, and supplement it with an initial 
condition 

y(O) '=Yo . (2.3) 

The function y0 E Y serves as an initial approximation to the solution of Eq. (2.1). 
Equation (2.2) is a first-order differential equation with respect to y(t). The idea of 

the continuous analog of Newton's method (CANM) is to solve the Cauchy problem 
(2.2), (2.3) instead of the Eq. (2.1). 

The convergence of the solution of the problem (2.2)-(2.3) to the solution of 
Eq. (2.1) as t----> oo, was proved in [13]. 

A variety of methods can be used to approximate solutions of the Eq. (2.2). The 
Euler's method is particularly efficient and easy to implement. The convergence of the 
Euler's method for finite intervals oft, was established in [13). 

(1.5) 1 Jn this paper only the case NJ= 3 is considered. 
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The Euler's method consists of computing elements yk from 

f'(yk)wk = - f(yk) , yk+l = Yk + TkWk , Yo= Yo , k = 0, 1, 2, . .. (2.4) 

where wk= w(lk) , yk = y(lk) and w'e have defined a nonuniform grid with grid points 

on the interval 0 ::::; t ::::; T. 
When we have Tk = 1 in Eq. (2.4), the CANM reduces to the classical Newton's 

method. · 
The CANM transforms the nonlinear boundary-value problem (1.2), (1.6) into the 

following linear boundary - value problem: 

- Wxx + q(x )w = r(x) , r(x) = 'Pxx - ]D(x) sin <p - "( , (2.5) 

w(R) - w(-R) = cp( - R) - cp(R) , 

Wx(R) - Wx(- R ) = <px(-R) - 'Px(R) . 
(2.6) 

At each iteration (i.e. at each "time" level tk) we solve the problem (2.5), (2.6) 
with respect to wk= w(x ). The subsequent approximation is given by 

<pk+l =<pk+ TkWk . 

We assume that the initial approximation cp0 (x) satisfies the boundary conditions 
(1.6). In this case the boundary conditions (2.6) simplify to 

w(R) = w( - R) , Wx(R) = Wx(- R) . (2.7) 

3. Discretization of the Linearized Problem 

To solve the linearized problem (2.5), (2.7) we utilized the spline-collocation method 
[14]. We used cubic splines with defect 1, which are twice continuously differentiable 
functions. This 1riethod allows to construct algorithms with the numerical realization 
as simple as that of the finite difference schemes. The principal di'stinction between 
the spline - collocation method and finite difference schemes is that the fonner gives 
the approximate solution for all x, whereas the difference solution is defined only at 
the grid points. Thus, the spline solution contains more information about the exact 

solution of the problem. 
'We consider the Eq. (2.6) under the periodic boundary conditions (2.7). Following 

[14], we introduce a nonuniform grid 

-R = xo < xi <·· · < XN = R 

with the spacing !in = X n+i - Xn, n = 0, 1, . . . , N - 1. We seek for an approximate 
solution of this problem as a cubic spline S ( x) of class C2 with nodes at the grid points. 
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The spline S(x) is chosen so as to satisfy the Eq. (2.6) at the points ~m E [-R, R], 
m = 1, 2, ... , N - 1 (conditions of collocation) and the boundary conditions (3.2) 

-Sxx(~m) + p(~m)S(~m) = r(~m) , 

·S(~N) = S(fo), Sx(~N) = Sx(fo) . 

(3.1) 

(3.2) 

Equations (3.1) and (3.2) are a system of algebraic equations with respect to the 
parameters of the spline. The number of the points of collocation is defined by the 
dimension of the space of splines of class C 2 (which is equal to N + 3). The spline 
S(x) satisfies two boundary conditions so the number of the points of collocation 
must be equal to N + 1. There can be no more than 3 points of collocation in each 
subinterval [xn, Xn+il· (Otherwise the spline S(x) will be determined independently of 
the boundary conditions.) • 

Let us choose the points of collocation coincident with the nodes of spline: ~n = Xn 
where n = 0, 1, ... , N. We denote S(xn) = Wn and Sxx(xn) = Mn. The spline S(x) 
is defined by the formulas 

h~ . X - Xn 
S(x) = Wn(l - B) + Wn+10 - -t(l - B) [(2 - B)Mn + (1 + B)Mn+l], e = -,- ' 

6 Ln 

for x E [xn, Xn+ 1]. Equation (3.1) yields 

- Mn+ PnWn = r n , n=O, ... ,N (3.3) 

where Pn = p( Xn) and rn = r( Xn). The conditions of continuity of the first derivative 
of the spline at the internal points of the uniform grid are 

6 (Wn+l - Wn Wn - Wn-l) 
VnMn-l + 2Mn + µnMn+l = h } } - I ' (3.4) 

n-l + Ln Ln Ln-l 

for n = 2, ... , N - 1. We denote µn = hn-l and Vn = 1 - µn. The two 
hn-l + hn 

outstanding equations which are necessary to close the system, are obtained from the 
periodic boundary conditions 

(3.5) 

(3.6) 

Solving (3.3) for the moments Mn and substituting them into (3.4), (3.5) and (3.6), we 
derive a 3-point difference scheme 

b1w1 + C1W2 + a1WN =di, 

anWn-1 + bnWn + CnWn+l = dn, 

CNW1 + aNWN-l + bNWN = dN , 

n= 2,3, .. . ,N - 1 (3.7) 
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where the coefficients are evaluated by (n = 1, 2, ... , N, ho 

QN+i = q1) 

(
hn-1 ) an= Vn -

6
-qn-l - 1 , 

(
h2 ) 

Cn = µn 
5
n qn+l - 1 . 

The right-hand sides in (3.9) are given by 

hnhn-1 
dn = 

6 
(µnrn-1 + 2rn + VnTn+i) . 

(3.8) 

(3.9) 

The matrix of the linear algebraic system (3.9) is cyclic and tridiagonal. The well
posedness of spline schemes of this Kind was established in [14]. To solve the linear 
system, we used the cyclic sweeping method. . 

The convergence of the iterations is established by evaluating the residual function 
rn = r(xn)· The values rn (n = 2, 3, ... , N - 1) are related as follows: 

where 

9n= 
6 ( <pn+l - <pn + <pn - <pn-1) 

hn-1 + hn hn hn-1 
- VnJD(Xn-1) sin <pn-1 - 2]D(Xn) sin <pn - µn]D(Xn+1) sin <pn+l - 3')' · 

Thus we have obtained a system of N algebraic equations with respect to rn. As in 
Eq. (3.7) the matrix of the system is cyclic and tridiagonal with dominant main diagonal. 
Hence, the system has a unique solution. To find it, we use the cyclic sweeping method 

again. Iterations stop when the accuracy 

is reached. 

""'r2 < c: = 10-12 
~ n-

n 

4. Analysis of Numerical Results 

A FORTRAN programme was created using the above algorithm and spline scheme. 
The programme finds a solution of the stationary sine-Gordon Eq. (1.2) with a fixed 
number of inhomogeneities, NJ . The input parameters are !:::.. (the distance between two 
adjacent inhomogeneities), µ (effective width of an inhomogeneity), 'Y (bias current) 

and NJ. 
The initial approximation has the form cp0 (x) =A sin(kx +a)'+ C, where the am-

plitude A, "wavenumber" k = ~~, initial phase a and the main value C are supposed 
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to be given. Here R = N ~ 4 
is equal to the half of the "length" of the junction. All 

these parameters are variable and define different initial approximation. 

Eigenvalues of the Stunn-Liouville operator with the potential defined by the so
lution of the boundary-value problem, were calculated by the standard routines from 
the EISPACK package. For the first 3 eigenvalues, the RATQR routine was used. The 
corresponding eigenfunctions were calculated by means of the TINVIT routine. 

The method can converge to the same solution even for different values of the 
parameters of the initial approximation. To avoid such duplications, we made a com
parison of the old and new solution, 'Poi.d(x) and cp(x), before calculating the energy 
and eigenvalues. The inequalities 

were used as a criterion of the coincidence. Here t: ~ 10-6 . 

Depending on the relation between the parameters !::,. and µ, we can define two 
types of lattices. Lattices with !::,. > 2µ can be referred to as wide lattices. Conversely, 
if !::,. < 2µ., the lattice can be called a narrow lattice. When 6. = 2µ, '"Ye have a sym
metric lattice. This is a lattice whose dielectric layer has periodically placed identical 
convexities and concavities. The convexities are totally resistive to the Josephson cur
rent (jD(x) = 0) whereas the concavities conduct the Josephson current (jD(x) = 1). 
When !::,. _. oo and /-l _. 0, the junction is homogeneous. 

2n 

.-.. 
~ 
s. 
>< 
;:l 

t;:: 
t} 7r 

0 
@i 
"' E 

-2n -n 0 n 
length of junction 

3n 

~=3 
~=6.3 

µ=2 

y=O 

o S2 

"' S1 
D S~ 
<> Ss 
* s6 
"" S7 

Fig. 2. Stable spatially periodic time-independent fluxon lattices. Here !:::.. = 6.3, 1 = 0 

Some stable solutions for a lattice with !::,. = 6.3 and µ = 2 are shown in Fig. 2. 
The corresponding eigenvalues are in Table 1. The table also gives the energy of the 

junction 

R 

8' = j [~cp; + fo(x)(l - cos cp) + 1cp] dx, 

-R 
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Table I. Stable periodic solutions in the Josephson lattice 

Solution >-<i =Amin .A1 Energy <p(R) cpx(R) = h-0 
SI 0.2181 0.2368 0.0 0.0 0.0 
82 0.1242 0.2060 6.0927 0.2450 0.0 
83 0.1242 0.2060 6.0927 6.0382 0.0 
84 0.1004 0.1954 6.0927 3.4014 0.9269 
85 0.1004 0.1954 6.0927 2.8818 -0.9269 
86 0.1004 0.1954 6.0927 2.8818 0.9269 
87 0.1004 0.1954 6.0927 3.4014 - 0.9269 

Parameters: D. = 6.3, NJ = 3, µ, = 2.0, / = 0, R = 9.45, Nh = 256 

4n: 
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Fig. 4. Minimum eigenvalues 
Amin of the Sturm-Liouville prob
lem ( 1.5), (1. 7) versus the distance 
~ between the inhomogeneities. 
Here/= 0 

and values of the flux cp(x) and magnetic field cpx(x) at the boundary points x = ±R. 
The curve 82 presents a soliton solution, and 83 is the corresponding antisoliton. 

The remaining four solutions can also be grouped into pairs. The minimal eigenvalue 
of the soliton (and antisoliton) is approximately two times larger than the minimal 
eigenvalue of the other four solutions. Some of the stable solutions for the lattice with 
t:,. = 9.5, µ, = 2 are shown in Fig. 3. In this case the structure of solutions is more 

complicated. 

Figure 4 shows the minimal eigenvalue as a function of parameter t::... The upper 
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curve marked by "+", is Meissner's solution cp = 0 [7, 8] corresponding to the current 
/ = 0 (solution Sl in Table 1). In the homogeneous junction the potential q(x) = 
JD(x) co::; cp of the Meissner solution cp(x) = 0 is equal to 1. Consequently, we have 
Amin = 1. On the other hand, the Meissner solution cp(x) = 7r in the homogeneous 
junction has the potential q(x) = -1. Therefore Amin = -1 and this solution is 
unstable. The remaining curves correspond to (stable) soliton solutions. When 6. = 8, 
we have a symmetric dielectric layer. It can be seen that as 6. increases, the eigenvalues 
Amin corresponding to stable solutions converge to the same value. On the contrary, 
for lattices with 6. < 8 the difference between Amin pertaining to different solutions is 
quite noticeable. 

It is also worth mentioning that the distance between bifurcation points is close to 
7r. This implies that a new stable soliton can emerge for sufficiently large values of the 
magnetic flux. 

Fig. 5. Distribution of the Joseph
son current JD(X) sin¢ for solu
tions from Fig. 3 

Fig. 6. Variation of the shape of 
the fundamental antisoliton (solu-
tion S3 in Table 1) as the separation 
t:,,. is increased. ln this plot/= 0.1 
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The spatial distribution of the Josephson current ]D(x) sin cp for solutions from Fig. 3 
is shown in Fig. 5. It can be seen that the current is pinned at the three inhomogeneities, 
i.e. the current is nonzero only in the neighbourhood of inhomogeneity. Notice the left 
- right and up - down reflection symmetry of this figure. · 

Figure 6 shows the ;variation of the shape of the fundamental antisoliton solution 
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Fig. 7. Variation of the shape of the fundamental soliton (solution S2 in 
Table I) as r is increased. Here b.. = 6.3 

(solution 53 in Table 1) with the distance !::!. . 
Finally, the transfonnation of the fundamental soliton (solution 52 in Table 1) as 

the amplitude of the bias current 'Y is increased, is shown in Fig. 7. The minimum 
eigenvalue of the solution with 'Y = 0 (marked 0 in Fig. 7) is Amin = 0. 1242. The 
solution with 'Y = 0.16 (marked D), has Amin = 0.0179. Thus, the solution with 
'Y = 0.16 is closer to_ the bifurcation point with respect to the parameter 'Y· 

5. Conclusion 

We perfonned a numerica I study of a model of the Josephson junction with the dielectric 
layer in the fonn of a lattice of resistance inhomogeneities. The existence of spatially 
periodic lattices of stationary fluxons pinned at the inhomogeneities is demonstrated. 
We analyzed the dependence of these states on the bias current 'Y and geometrical 
parameters of the system (the size of the inhomogeneities and separation between 
them). 
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