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Abstract. It is shown that for the mean-field approximation the spin- I model 
of Blume - Emery - Griffins (BEG-model) corresponds exactly, in the relation to 
the phase transition, to the spin-~ Ising model when the number of the nearest 

neighbours z is replaced by cz, where c (0 ::; c ::; 1) is the concentration of sites 
with nonzero spin in the BEG-model. 

PACS number: 64.60.-i 

We consider a lattice with N (N » 1) sites, in each one of which a Bose particle with 
spin I is placed. The generalized Hamiltonian of the spin system is of the form 

H (S1, S2,. . ., SN) = .L D (c: + c:')sf s] + ~(c: - c:')sisj J - _L(pSf + hSi) 
(i,j) i 

where c: is the interaction energy of two spins with identical orientation, c:' is the inter
action enert,'Y of two spins with opposite orientations, ft is the chemical potential. The 
factor h accounts for the energy of a particle in an external magnetic field . The inter
action includes only the nearest neighbours. Each of the variables Si, i = 1, 2, . . . , N, 
assumes the values - 1, 0, + 1. 

The fixed Hamoltonian describes the BEG-model (1]. The exact solution for the 
chain as well as references are presented in (2]. Subject of further analyses is the 
mean-field approximation for the BEG-model. It is discussed in various papers (see 
[2]) . The result obtained here is final and obvious. 

The partition function can be written as 

Z (a, {3, "f, v) = L exp f(a , {3, "f, v, S), 

f (a , {3, "(, v, S) = L (- aS[SJ + f3 SiSj ) + _L(vS[ +"(Si) 
(i ,j ) 
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where 
E: + E:' 

O:= --;:;]}' 

S is the multicomponent variable 

V. Karaivanov 

and the summation is extended over all the values of S. () is the temperature in energy 
units . 

In view of the two-particle interaction and the nearest neighbours approximation, the 
spin-system energy and consequently the function f depends in fact on the following 
9 quantities: 

N+, N_, N 0 , N++, N+-, N+o , N __ , N_o, Nao 

where N + is the number of sites with spin + 1, etc., N ++ is the number of the nearest 
site pairs with spin + 1, etc. The order of symbols in the binary index is of no 
importance. Naturally, the indicated numbers are functions of S. 

Accordingly 

f(o: , {3, "f, v. S) = -o:(N++ + N __ + N+-) + f3(N++ + N __ - N+_) 

+ "f(N+ - N_) + v(N+ + N_) . 

The 9 quantities introduced are not independent variables. Obviously 

N++N_+Na =N. 

Let z be the number of the nearest neighbours for the fixed site. We shall connect 
the nearest sites with spins +l , +l with two lines and the nearest sites with spins 
+ 1, -1 and + 1, 0 - with one line. Then the total number of lines in the whole lattice 

is 
z N+ = 2N++ + N+- + N+o. 

In the same way we find that 

zN_ = 2N __ + N+- + N_o, 

zNo = 2Noo + N+o + N_o. 

The conception of mean-field approximation is that the formation of a pair of neigh
bours AB (A , B = +l, 0, -1) is the result of the occurrence of two independent events 
- A and B. Then regarding frequencies as probabilities we obtain 

2N++ (N+)
2 

-----;-N = N 

Naturally, there are 3 other correlations of the kind 

N+- N+N-
zN = -r:f2 

2Noo 
zN 
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Without any particular difficulty it can be demonstrated that they follow in the train 
of 7 equations written for N+, N++• etc. 

Therefore, the partition function can be considered as a function of two quantities. 
The parameters L and ]VJ, detennined as 

N+ 1 
- = -(L + 1) 
N 2 ' 

-1$L$1, 

N_ 1 
- = -(M + 1) 
N 2 ' 

-1$M$1 

are suitable for further calculations. 
The concentration c detennined in this way is 

N+ + N_ 1 
c= N =1+ 2(L+M). 

The result for the function f is 

1 az [ 1 ] 
2 

/3z Nf(a,/3,/,V,S)=-2 1+ 2(L+M) +-2 (L-M) 2 + 

1(L - M) + v [1 + ~(L + M)] 

The variables L and M depend on S. For calculation of the partition function, sum
mation over L and ]VJ can be perfonned in lieu of the sununation over S supplementing 
the correcting multiplier g that talces account of degeneracy. The number of different 
locations for N + spins in N sites is 

N! 
N+!(N - N+)l. 

Consider one of these locations. It can produce 

(N - N+)! 
N_!(N - N+ - N_)! 

locations of N _ spins in the free sites. Consequently, we obtain for the correcting 

multiplier g 
N! 

g(N+,N-) = N+!N_!(N - N+ - N_)! 

It is not difficult to introduce the variables L, M and write down the expression of 
the partition function. Further we apply the well-known method in the thermodynamic 
case N » 1. The largest determing added in the partition function is thus found. For 
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considering the problem we differentiate Z with respect to L and M. We add and 
subtract the obtained equations. We thus find the following system: 

11=-ln - L;M +~1n[~(l+L)(l+M)J+az(1+L~M), 
1 + L 

ln l + M + /3z(L - M) + 2"f = O 

where for simplicity the symbols L and M stand for these values of the parameters for 
which the largest addent is realized in the partition function. 

The first equation produces the relation between concentration and chemical poten
tial, traditional in statistical physics, while the second one affords an opportunity to 
find the critical temperature. Introducting the new variables 

x = 1 - c , y=L+x . 

it gives 
y = (1 - x) tanh(/3zy + y) . 

We set 
u = {3zy + "(. 

For detennining of the critical temperature, we obtain the following equation: 

e h 
--u+ -- = tanhu . 
cz J cz J 

When c = 1 is the same equation it detennines accurately the phase transition 
temperature for the spin-~ Ising model in the mean-field approximation. To this ap
proximation, as regards to the phase transition, the two models are obviously identical, 
provided the number of the nearest neighbours, z is replaced by the product cz, where c 
is the concentration of the sites with nonzero spin. This result is quite realistic because 
of the event A and B are independent in the two models and the Hamiltonian of the 
BEG-model describes in the dilute spin-~ Ising model [2]. 

The last equation determines the relation between the critical temperature and the 
concentration of the sites with nonzero spin. 
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