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Abstract. A method for initial mode-locating is proposed for solving the modal 
equation in the mode-theory based propagation prediction problem. A programme 
designed for estimating (forcasting microwave propagation path losses as a func
tion of duct parameters using this method) has been proposed. 

PACS number: 94.30.Tz 

1. Introduction 

Trapping of electromagnetic waves in a refractive duct has been recognized as the 
dominating factor in beyond-the-horizon tropospheric propagation ·affecting signifi
cantly various radar and conununication systems working in the microwave range. 
Quantitative results in calculation/prediction of microwave propagation under ducting 
conditions have been obtained from two full-wave methods: the mode theory [ 1, 2] 
and the parabolic equation method [3]. The latter has been used for more complex 
structures as laterally inhomogenous layers or rough underlaying surfaces [ 4, 5]. Low
level evaporation ducts occurring at the air-sea interface over. large bodies of water 
are the most common problem to which the fast method, i. e. the mode theory, is 
applied assuming a homogenous stratification of the troposphere which is a reasonable 
approximation over the sea. A few computer (PC versions) programmes based on this 
method for prediction of microwave propagation over the sea when an evaporation duct 
is present have been proposed and continuously revised and updated [6-8]. 

The fundamental problem in the mode-theory based propagation prediction pro
grammes is the solution of the modal equation, i. e. the guide wave numbers finding. 
This problem has been addressed by a number of authors [8-12] who pointed out the 
numerical difficulties in solving modal equation. Comments on the frequency, duct 
height and reference height dependence of the solution, as well as some overflow and 
underflow problems can be found in [9, 10]. The roots instability depending on the 
modified refractivity profile used is discussed in [12]. A recent method for mode find
ing and correction to the M-layer programme has been given in [8] for a modified 
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refractvity profile m(z), z is the altitude, approximated with a continuous and piece
wise linear profile. In this paper a method for initial mode locating is proposed for 
ni(z) approximated with a smooth curve with one minimum. 

2. Method Description and Discussion 

Since the theoretical fonnulation description of the mode theory is well documented 
[l, 2], we shall give only the features necessary for understanding of the current work. 
Using the asymptotic expansions of the mode wave functions based on the two-turning 
points problem [13], the modal equation can be written in the form [14]: 

ln[l + exp(-2 ina)] (a) 
0 

2 ik j JP(zj dz + 2 iJr ( l - ~) + In V = 

Z1l 

In v'27f exp( -a - 2 ina)aa 

r (~+a) 
(b) (1) 

-2 ina (c) 

k jz,_i r.:::r:::I 2 2 sin Bz - V€ V _ ,./€sin Oz - 1 
a= :- y p(z) dz, p(z) = m (z) - al, Ve= . B ve, m -

" sm l + c V€ sin B1 + -1 

where z1 and z2 are the two-turning points; Bz is the grazing angle; az - the complex 
propagation constant; Ve and Vm are the Fresnel reflexion coefficients at z = 0 for hor
izontal and vertical polarization, respectively; l is the mode number (l = 1, 2, ... , N); 
k - the free space wave number; c - the earth's refractive index, which values as 
function of frequency fare obtained using [15]; exp( iwt) time dependence is adopted 
and (a), (b), (c) refer to the trapped, intennediate and leaky modes, respectively. 

The co1mnon treatment ofEq. (1) is to solve it numerically together with m(z11) = a! 
and m(z21) = CYz' to find the functions al(f) and al'(f) for a given duct. The problem 
here is to choose the starting values in the search procedure sufficiently close to the 
true ones so that overflows and underflows could be avoided. For Eq. (la), instead the 
functions a'/(f) and CY/'(f), the reverses functions f(al) and f(an can be found in 
an easier way and the problem for this equation reduced to the roots finding of a real 
transcendental equation on the real axis. Once a' and a" found for trapped modes, for 
proceeding with leaky modes the value of a', corresponding to the minimum of m(z) 
can be used as starting value and for a" - the value of the last trapped mode. 

Let us consider Eq. (la). For well trapped modes lal is large, arg (a) --> 3n/2 and 
exp(-2 ina) could be neglected. Under the assumption that z~ = 0 (z~ is the imaginary 
part of z1), we obtain the modal equation for the easiest case of ideal reflecting lower 
boundary, Eq. (2), (indices l, e, m are omitted): 

(2) 

m(z~) =a' (3) 
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which together with Eq. (3) allows to find f(o:') following this way: z~ talces values 
from 0 to Zd (zd is the height where m(z) has a minimum and is the essential charac
teristic of the ground-based duct as far as the trapped energy is located below Zd and 
from Eq. (3) we obtain the corresponding values of a:'. For a set of values of a:' and 
a fixed l we solve Eq. (2) with respect to k. The change of l = 1, 2, . .. , N allows 
obtaining f(oD for a fixed Zd. 

When the problem for non-ideal reflecting sea surface is examined, the assumption 
that the ray strncture of the field inside the duct remains unchanged is made. Then, 
the real part of z1 , z~, rests the same as in the case of ideal reflecting sea but a little 
imaginary part, z~' is added to it due to the non-ideal underlaying surface (a little 
imaginary part, 0:

11
, is added to o:' as well). Now the system equations (4) and (5) 

0 

2 ik j JPW dz + 2 i7r ( l - ~) + In V = 0 (4) 

Z1 

m(z~ + iz~) = o:' + o:" (5) 

is solved in the same way: the real and imaginary part of the equations are separated 
and a set of values for z~ from 0 to Zd is given and the system is solved for obtaining 
z~' and k. The frequency "shift" obtained comparing the frequencies for a given 
set of o:' (z1 = zD values with those for the set of a:' (z~, z~') values allows € 11 and 
€

11 to be found using the frequencies derived from Eq. (2) for the set 0:
1(z1 = zD. 

Then k is excluded from Eq. (4) and one obtains a real transcendental equation which 
solution, with account for o:' ( z~, z~') and a:" (z~ , z~') dependences, determines the set 
for z1, corresponding to a given set of z~ values. Newton's method can be used to 
solve this equation and z1 = 10-7 is a reasonable starting value for z1. At each 
step of the procedure, a' (z~, z~') and a:" (zi, zl) are calculated using Eq. (5). Finally, 
the frequencies are derived from Eq. (4) after the definitive calculation of z1 and 
o:' ( z~ , zl), a" ( z~ , zl) correction for it. For optimizing calculations, having in mind 
that z~' «: z~, the transcendental equation could be expanded in Taylor's series at point 
z1 = O with the first two tenns retained. Now z1 may be obtained directly from the 
Taylor's expansion. For frequencies, close to the critical one, the lealcage from the 
upper boundary has to be accounted for. This is made using the tunnelling coefficient 
[16] 

(6) 
~ 1 

4~o: j [ Jm2(z) - 0:
12r dz 

0 

o:" = 

from where the part of o:", responsible for this leakage is found and added to the 
obtained from the transcendental equation. The z2 value needed for Eq. (6) can be 
found using m(z2) = o:. 
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Up to now we have obtained the function f(ci) and f(a") from Eq. (la) as a set 
of discrete values. For obtaining ci and a" for a given frequency, not coinciding with 
the nodes, an interpolation procedure can be used. The need of an interpolation is 
one of the shortcomings of the proposed root locating procedure and one other is the 
impossibility to give a common assessment of Jal, that detennines the transition from 
Eq. (la) to (lb) and from Eq. (lb) to (le). This parameter has to be assessed for each 
narrow frequency band used and for a given Zd. 

An illustration of the ci(f) and a"(f) curves for different m(z) profiles can be 
found in [17]. 

3. Method of Application 

The obtained by this way ci and a" for a given f and Zd have been used later as 
sta1ting values in a more precise root finding procedure and a programme designed for 
estimating/ forcasting microwave propagation path losses as function of the evaporation 
duct parameters has been proposed in [18]. The algorithm description and progra1mne 
validation can be found in [18]. Figure la, b, c shows path loss lobbing for evaporation 
duct heights of 10, 20, 30 m respectively and a 10 GHz horizontally polarized antenna 
at 10 m over a smooth sea surface obtained following the proposed progra1mne. Clear 
is seen the duct influence on the signal level depending on the receiver location. For 
a given communication path with known meteorological statistics or current measure
ments of pressure, temperature and humidity, diagram like this can significantly aid the 
improvement of the co1mnunication parameters. 
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Fig. I. Path loss diagrams for evaporation duct heights of 10, 20, 30 m respectively and 
a 1 O GH z horizontally polarized antenna at l 0 m over a smooth sea surface 
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