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Abstract. The impedance matching layer is a vital part in contemporary ultra
sonic detection systems. It serves to match the impedance of the piezoelectric 
transducer to that of the studied object, and to improve the frequency band. 
Among a few approaches, the inhomogeneous layer with continuously chang
ing acoustic impedance has been known to combine considerable advantage with 
complicated physical and technical background. This has left its detailed analysis 
unaccomplished, and a number of related questions open. A simple theoretical 
model is proposed, which allows to obtain qualitative knowledge of the behaviour 
of the frequency band with layer parameters. The model is used to study the 
conditions for optimum performance, particularly in particle/ polymer compos
ite layers. The standard two-phase composite approach leads to unsatisfactory 
results. A solution on a three-phase structure with linearly shaped density and 
velocity profiles is discussed. 

PACS number: 43.35.+d 

1. Introduction 

The question of realising conditions for nonreflective acoustic wave propagation 
through a layer, ·hose mechanical parameters differ from those of the surrounding 
media, has excited considerable interest in the last decades (see for example [1 ]). As 
far as the homogeneous case is concerned, it has been found that a quarter wavelength 
(>. / 4) thick layer with impedance equal to the geometric mean of the other two acts as 
an ideal transmitter of the acoustic power from one medium to another [2]. This tech
nique is similar to the optical method of making nonreflective glass lenses by coating 

them with a >. / 4 layer of some suitable material. 
The main application of such layers in acoustics is in NDE and medical ultrasound, 

where they serve to broaden the frequency band. A typical ultrasound detection system 
is based on a piezoelectric plate transducer, usually operated at one of its thickness 
resonances in a pulse mode. To obtain good axial resolution, high sensitivity transducers 

© 1999 St. Kliment Ohridski University Press All rights reserved 53 
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with good impulse responses (that is, high efficiency low ripple wide-band transducers) 
are desired . Piezoelectric ceramics have mostly been used for such transducers because 
of their large electromechanical coupling, excellent matching to electric circuits and 
stable mechanical characteristics. However, due to the large impedance mismatch 
between the ceramic and the insonified medium, particularly in water and body tissue 
display, a considerable power is reflected back to the transducer and the bandwidth is 
small. To improve the impedance matching a )../ 4 layer is often placed between the 
transducer and the studied object. Another means to enlarge the frequency bandwidth 
is to load the back surface of the transducer with a material called the backing with 
specific parameters [3). Depending on the acoustic match, the generated power is 
absorbed by the backing material, which worsens the efficiency. 

The main limitation of the )../ 4 layer is that its action is selective, i. e. it occurs 
only for bands centred about the )../ 4 frequencies . The bands are as narrower as the 
impedance mismatch-is larger. Thus it is only possible to reach fractional bandwidths 
of 40 - 50 percent, which is not sufficient for most applications [4). Recently, efforts 
have been made to overcome this difficulty by using multilayer configurations, in which 
each layer approximates the )../ 4 one and the impedance is step-like decreased toward 
its value in the medium. It has been demonstrated experimentally that an air-backed 
ceramic transducer with three matching layers has a 6 dB bandwidth of 88 percent and 
even wider bandwidths can be expected at higher numbers of layers [4). What remains 
unclear with this approach is the increased technological complexity and also the loss 
caused by the multitude of interfaces. 

The alternative approach to the transducer impedance matching uses an inhomo
geneous layer, whose impedance varies continuously in the interval between the 
impedance of the transducer and that of the medium [5). It has been shown theo
retically that under specific conditions remarkably good transmission characteristics 
are possible in the entire frequency range, extending above the frequency at which the 
layer is approximately one wavelength thick. This approach naturally evolves from 
similar studies in fluid acoustics [ 1] and, if realised experimentally, could outrun the 
multilayer approach at least by improved loss of characteristic. Possibly due to compli
cations in technology, the activity in this area has been poor, with the exclusion of one 
serious recent contribution [6). Using a 2-2 composite of micromachined silicon and 
vacuum impregnated polymer, a matching layer with a close to quadratic impedance 
profile has been built. The resulting ceramic transducer frequency response shows a 
65 percent 3 dB fractional bandwidth, which is in agreement with the prediction of the 
transmission line model. Although this bandwidth is narrow compared to what can be 
hoped for under optimum conditions, this approach gives good insight into the required 
impedance shape and the experimental side of the problem. 

As a whole, the detailed analysis of the inhomogeneous impedance matching layer 
is unaccomplished, especially in its part concerning the important role of velocity. 
The constant velocity profiles discussed in [5] are not realistic and it is not definitely 
clear what type of profile could be at once producible by existing technology and 
answering the demands for optimum performance. This paper is an effort to answer 
these questions and help further study of this matter. 
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2. Theoretical Considerations 

Let us briefly summarise the main results obtained in [5]. Using a transmission ma
trix algorithm, the acoustic transmission through a layer with exponentially varying 
impedance has been analysed theoretically. Assuming constant propagation velocity, 
closed-fonn expressions for the transmission and reflection coefficients have been de
rived. For other types of impedance profiles the layer is divided into incremental 
sub-layers, where the actual profile is approximated to an exponential profile, and the 
incremental coefficients are cascaded . The results for the exponential profile show 
that at constant layer thickness the transmission increases with frequency and saturates 
at a total transmission level at thickness >./2 and upwards . If we wish to reach frac
tional frequency bandwidths of approximately 100 percent, the centre frequency should 
correspond to layer thickness of 1>.. The other types of profiles exhibit good matching 
capabilities at much higher frequencies, which makes them not quite promising. 

Fig. I. Piezoelectric ceramic trans
ducer with backing and impedance 
matching layer 

backing 

- d -L/ 2 

transducer -p 

-L/2 

! 
layer : 

I 
I 
I 
I 
I 

-----'-----

p(x), K(x) 

medium 

+L / 2 
-----~ 

x 

The analytical approach adopted in [5] basically relies on the assumption of constant 
velocity, which simplifies the wave equation and helps obtaining exact solutions. This 
assumption is not realistic because impedance and velocity of a solid medium c.a~ot. be 
considered independent from each other. In a brief effort to overcome this limitation 
the authors have changed the wave equation scale from distance to travel time and 
have argued that the necessary condition becomes impedance varyin~ expone~tiaHy 
with travel time. Transforming the profiles back to distance, one possible solut10n is 
a quadratic impedance profile with density and velocity varying linearly with equal 

slope: 

v(x) = vi(l +ax), 

p(x) = p1(l +ax), 

Z(x) = Z1 (1 + ax) 2 

(la) 

(lb) 

(le) 

where v1 , p1 and Z1 are the velocity, density and impedance at the begi~ing of the 
layer. There remain at least two questions concerning the latter r~sult. One is to prove 
it by showing a corresponding frequency response. The other is: whether and how 
such material profiles could be realised in practice. To answer these and perhaps other 
questions of similar nature, one should dispose of a means to treat the general case 
where both impedance and velocity are arbitrarily varied along the layer. If the changes 
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are small, perturbation techniques, similar to those used in optics, should be attempted. 
In the present case, however, the impedance gradient is large and only contemporary 
numerical techniques appear applicable. 

Let us concentrate on the transducer configuration shown in Fig. 1. A ceramic 
transducer with thickness d is supplied with ac voltage at frequency f. The transducer is 
backed with a material with density Pb and elastic stiffness Kb. It emits acoustic power 
into the medium (pm, Km) through an inhomogeneous impedance layer with thickness 
L. The transducer is oscillated in its thickness extensional mode (the polarisation axis 
is parallel to the applied electric field) and all variables are assumed dependent of the 
space co-ordinate x only. With typical transducer thicknesses of several hundreds of 
/Lm the resonant frequency will be in the low MHz range and the influence of the 
electrodes could be neglected. To this configuration we apply an analytical method 
based on identifying the elementary waves propagating in each medium [7, 8]: 

backing: A b exp( ikbx), kb = W/Vb, Vb = ( ;: ) 1/2 (2a) 

transducer: Acexp(- ikcx) + B cexp(ikcx), kc= w/vc, Ve= 
( ) 1/2 

; : (2b) 

layer: A tf (x) + B 1g(x) (2c) 

( ) 1/2 
medium: Am exp(- ikmx), km= w/vm, Vm= Km (2d) 

Pm 

where w is the angular frequency 27f f and the time factor exp( iw l) has been omitted. 
The satisfaction of the conditions for continuity of the mechanical displacement and 
stress at each of the three material interfaces provides a linear system of six complex 
equations for the unknown wave amplitudes Ab ... Am. The system is solved numer
ically with the frequency f being used as a parameter. The amplitude in the medium 
gives the acoustic power generated through unity area of the transducer: 

(3) 

and the insertion loss function 

I L(f) = 10 log .inn(J) = 10 log { 2/ [ Am(f)27r f(KmPm) l /
4 r} + 10 log Pmax . (4) 

Here Pmax is the power delivered to the transducer under electrical matching conditions, 
which are assumed valid over the entire frequency band. In this definition we adhere 
to the form- factor approach, in which the frequency response is governed solely by the 
acoustic properties of the structure, i. e. it is revealed under constant electric voltage 
application to the transducer electrodes [7] . This approach is indicative of the degree 
of acoustical loading of the transducer, in conformity with the aims of the present 
qualitative study. It leads to quantitatively reasonable results for flat bands, in which 
the frequency variation of the transducer resistance is weak. 
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The key problem in this part of the analysis is the detennination of the layer wave 
functions f ( x) and g( x). In principle, these functions are difficult to obtain in analytical 
form and should be approximated numerically for each type of layer profile. The degree 
of approximation depends on the complexity of profile and the accuracy of solution. 
In view of the overall difficulty in solving the nonlinear wave equation, the solution 
might in some cases involve more than two elementary functions, which would in turn 
require to change the wave fields outside the layer. We shall propose a simple method of 
solution similar to that used in analysing nonlinear string oscillations [9]. This method 
is quite useful in providing qualitative information, but its applicability to finding 
accurate solutions is limited. It consists in expanding the mechanical displacement in 
series of powers of the space co-ordinate: 

(5) 

It is also assumed that the density and the elastic stiffness profile functions are available 
as finite series with known coetlicients: 

p(x) = LPn:Cn, 

K(x) = L Kmxm 

The nonlinear equation of motion in the layer medium is as follows: 

1 BK au K(x) 82u 2 ------+---=-WU. 
p(x) ax ax p(x) 8x2 

(6) 

(7) 

(8) 

Applying contemporary numerical techniques, it is a trivial task to obtain the equation 
coefficients as another couple of finite series: 

(9) 

(10) 

It should be noted that in principle the density and the stiffness are monotonously 
decreasing functions and thus are much easier to approximate to shorter series than 
their ratio functions (9) and (10), which often undergo local extrema. Using (5), (9) 
and (10), the Eq. (8) becomes 

L Cnxn(u1 + 2u2x + 3u3x3 + · · ·) + L Dnxn(2u2 + 6u3x + l2u4x
2 + · · ·) 

= -w2 (uo + U1X + U2X
2 + ... ) 
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Equating the powers of x, we obtain successively: 

Cou1 + 2Dou2 = -w2u0 

2Cou2 + C1 u1 + 6Dou3 + 2D1 u2 = -w2u1 

3Cou3 + 2C1u2 + C2u1 + l2Dou4 + 6D 1u3 + 2D2u 2 = -w2u2 . 
(11) 

If we look through the above linear system of equations, we see that all coefficients 
Un, n ~ 2 obtain as combinations of u0 and u 1 . This yields the displacement u in a 
fonn relevant to the aims of the present analysis 

u = uof(x) + u1g(x) (12) 

where f(x) and g(x) are polynomial functions. 
The number of tenns included in the expansion of u as well as in the equation 

coefficient expansions (9) and ( 10) determine the accuracy of the solution. It can 
be improved by enlarged memory and increased computing time. However, there is 
another limitation of the method, which cannot be overcome by numerical means. 
This is related to the frequency dependence of the coefficients Un, which makes the 
series (5) divergent at the right hand boundary of the layer above a specific frequency. 
The numerical tests on homogeneous layers have shown that this frequency roughly 
corresponds to a situation, in which the layer becomes one wavelength thick. For non
homogeneous layers, where the velocity is not constant, such a rule could be established 
with reference to the transducer thickness (wavelength). Generally, this situation reveals 
as a distortion in the high frequency (short wavelength) half of the transmission band 
and deepens with the increase in the layer thickness. In the low frequency half of the 
band (below the centre frequency), the displacement field is a slowly varying function 
of distance and can be reasonably approximated for layer thickness not exceeding the 
transducer wavelength at resonance, i. e. twice the transducer thickness. In view of the 
more or less symmetrical form of characteristic demonstrated in most cases, this does 
not appear to be a critical limitation as far as the basic properties of the transducer band 
are concerned. At very small layer thicknesses, which are not interesting for practice, 
but are used here to indicate the centre of the band, the resulting resonance peak is 
more or less weakened because the material and displacement gradients become too 
large to be approximated accurately with relatively short expansion series. 

The applicability of the method has been tested on the trivial exponential 
impedance/constant velocity profile discussed in [5]. The low-frequency part of the 
characteristic of a ceramic air-backed transducer, matched to water with such a layer, 
is illustrated in Fig. 2. In this calculation the equation coefficients reduce to constants, 
and a 4th power series expansion of the displacement has been used. The material 
parameters are those used in [SJ.The loss has been normalised to its value at the centre 
of the band. At very small layer thickness the resonant peak is revealed. With the 
increase of thickness the band widens and the quality factor of the transducer increases. 
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At a layer thickness of L\ at resonance the result shown is in qualitative agreement 
with the analytical results in (5). 
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3. The Frequency Band of a Realistic Inhomogeneous Layer 

Until now one effective method to shape the parameters of a solid has been that of 
the two-phase particle/ polymer composite. Since the impedance of some polymers is 
very close to that of water, mixing them with a powder filler of some high impedance 
material as, for example, Tungsten, provides a means to obtain almost each desired 
impedance in the whole intennediate range. This method has so far been used for 
transducer backing applications [ 10, 11]. The possibility to exploit it for the present 
aims should be studied, although the way in which the volume fraction of the filler 
could be spatially varied through the layer appears not technically clear. Let us suppose 
that contemporary technology could solve this question adequately, and concentrate 
on the mechanical properties of a two-phase composite. From several simple models 
explaining these properties, the Reuss Model, which assumes constant stress throughout 
the medium, has given a good fit to the experimental results in the whole range except 
for an interval at high volume percent filler. The reason is physical packing limits and 
also the steep slope in this range due to the low impedance of the epoxy matrix [ 10). 
According to the Reuss model, the density of a two-phase system increases steadily 
with the increase in the volume percent of the filler: 

Pcomposite = Ppanicle Vpanicle + Ppolymer Vpolymer · (13) 

The stiffness modulus can be obtained from an equation that resembles the equation 
for parallelly connected electric impedances: 

K 
. _ f{panicleKpolymer 

composite -
VpanicleK polymer + VpolymerK particle 

(14) 

As a result, the softer phase, that is the polymer, has a shunting effect on the compos
ite stiffness. Small volume fractions, while affecting only slightly the composite den
sity, produce dramatic degradation in stiffness, i. e. in velocity of propagation, result-
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ing in a U-shaped profile of the latter. This can be seen in Fig. 3a, b where we 
present the density and the velocity profiles of a two-phase mixture with the following 
material parameters: Z tungsten = 103 x 106 Rayl, Zpolymer = 1.4 x lOli Rayl , K1ungsten = 
5.65 X 1011 N / m2

, Kpolymer = 2.8 X 109 N / m2
, Ptungsten = 19.07 X 10

3 kg/ m3
, Ppolyrner = 

O. 7 x 103 kg/ m2 . These profiles have been calculated for Tungsten volume fraction 
changing between 95 and 0.5 percent, such that the impedance of the layer changes 
between the ceramic impedance and the impedance of water in a quadratic way, as 
shown in Fig. 3c. The frequency response of the corresponding air-backed ceramic 
transducer configuration is shown in Fig. 4. In this calculation the expansion series 
power is 4th and the IL scale has not been changed for comparison with Fig. 2. The 
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obtained result is unsatisfactory. The low frequency >.; 4-like resonance, which indicates 
transducer loading [7], is deep and does not spread out at series powers as high as the 
8th. 

Table 1. Volume fractions in a three-component composite structure with spatially changing prop
ert ies 

Position w In Pb 
along x % % 

60 40 
2 50 50 
3 30 70 
4 10 90 
5 0 90 
6 0 70 
7 0 40 

Fig. 5. Density and velocity 
profiles in three-phase com
posite structure 

Vinyl K101a1 

% x 1010 N/ m2 
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Owing to its CT-shaped profile of velocity and sigmoid profile of density, the two
phase composite approach is inapplicable to the linear profiles described by Eqs. (la, b). 
To realise such profiles multiphase mixtures, in which the effect of epoxy is softened 
through the introduction of a high impedance matrix [10], could be used. One suitable 
material for this purpose might be the low melting point solder alloy InPb 50-50 with the 
following parameters: Z = 20xl06 Rayl, p = 9x103 kg/m3 and J{ = 4.4x10 10 N/ m

2
. 

Because of the multidirectional contribution of different components, the simultaneous 
fulfilment of linearity Eqs. (la, b) can be done to a certain degree of approximation. 
In Table 1 we present one possible set of volume fractions in a three-phase mixture 
of Tungsten, InPb and vinyl-epoxy (Z = 2.3 x 106 Rayl, p = 1.15 x 103 kg/ m

3 
and 

J{ = 5xl09 N/ m2) . The corresponding velocity and density profiles are given in Fig. 5. 
These have been calculated using the Reuss model,which in this case follows closely 
the experimental results in the whole range of volume fractions.With these materials it 
appears not possible to reach impedance values lower than 5.7 MRayl because further 
increase in the content of vinyl will cause the velocity profile to bend up towards its 
value in pure vinyl (2.8x103 m/s) and the linearity of profile will be destroyed. The 



62 S. Mesohoryanakis, V Strashilov 

closest fit to the presented data by Eqs (la, b) is the following: 

p = 9.65x 103 (1 - 1.llx/L) kg/m3 , 

v = 1.95x103 (1 - l.llx/ L) m/s. 
(15) 

The resulting quadratic impedance ranges between 45.5 and 3.7 MRayl. The frequency 
response of the corresponding air-backed transducer configuration is shown in Fig. 6. 
It has been obtained using six powers in the displacement series. The matching effect 
of the layer leads to optimum values, i. e. fractional bandwidths close to 100 %, at 
layer thickness of the order of the transducer thickness, i. e. 1 /2 in transducer .A at 
resonance. 
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4. Discussion and Conclusion 

Fig. 6. Frequency half-band of 
45.5 MRayl transducer matched 
to 3.7 MRayl load with inhomoge
neous layer with parameters given 
by Eqs (15) 

d= 300µm 

The numerical results of this study come to support the analytical conclusion of [5] that 
a layer impedance changing exponentially with travel time would effectively match 
the impedances at its boundaries. There are at least two options to realise such a 
configuration: (i) to shape the impedance exponentially in space at a constant velocity, 
and (ii) to shape it quadratically at a constant velocity rate, equal to that of density. 
The former approach is physically unrealistic. The latter is restrictive and requires a 
specific technology. It cannot be achieved with the standard two-phase particle/ polymer 
composite technology because of the resulting U-shaped velocity profile and sigmoid 
profile of density. As can be readily seen, such shapes relate in no way to an exponential 
variation of the impedance with travel time. It is important to note that these shapes are 
basically the result of the extremely different mechanical properties of the two phases 
[10], and thus cannot be expected to change if a more elaborate model, as for example 
[12], is used for their description. To avoid the extremum on the velocity curve, we 
can restrict the impedance range to the interval above 7 MRayl in Fig. 3, but even then 
the remaining parts of the two profiles appear far from linear. 

The linear velocity and density profiles are achievable in a three-phase composite 
with a specific distribution of constituents. However, the additional condition for equal 
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slopes appears to overload the system of requirements. In the structure described in 
!able l and Fig. 5 it is satisfied within certain limits, which cause the optimum boundary 
im~eda_nces to deviate from those of ceramic and water. Thus the optimum matching 
~ct1~n is between 45.5 and 3.7 MRayl and is demonstrated in the frequency response 
111 Fig. 6. The frequency bandwidth of the real structure, acting between ceramic and 
water, should retain considerable part of this high quality, but our numerical method 
does not allow to estimate it quantitatively. 

. A physical insight into the important role of velocity in the matching properties of 
mhomogeneous layers can be obtained by analysing the form of the wave solution which 
settl_es within the layer. In a bounded medium the elastic impedance at a given point 
is different from its material impedance, since it originates from counter propagating 
waves. In a homogeneous >./ 4 layer, the impedance brought to its front surface is 
generally complex and its imaginary part that accounts for power rejection is determined 
by the phase mismatch between the forward and backward plane waves [7]. Only at 
those frequencies, at which the layer is n>./ 4 thick, is the impedance real and non
reflective. In the frequency bands separating the resonant modes the rejection is as 
larger as the impedance difference is increased. In the multilayer case the rejection 
is suppressed because the impedance values on both sides of each sub-layer are much 
closer. It can be shown that the exponential impedance/constant velocity layer is 
theoretically transparent because it supports a solution in the form of two dispersive 
plane waves. The dispersion is so organised as to maintain the phase matching rule 
valid at each frequency above the cut-off. Similar arguments hold in the case of 
impedance varying exponentially with the travel time. 

In view of these considerations it becomes clear that the continuous variation of the 
impedance in a layer is an insufficient condition to guarantee the required matching 
properties. In addition, these properties should be shaped in a way to allow the wave 
field drop in elementary waves, whose phase difference must obey the matching rule 
at each frequency in the required range. This explains why one and the same type of 
impedance profile (quadratic in Figs 4 and 6) yields quite different frequency responses 
depending on the way in which the velocity is shaped. Considering the analysis in [6], 
it focuses the whole attention on the impedance shape, which is close to quadratic. 
There is no reference to the velocity distribution along the layer, but extrapolating its 
theoretical dependence on the volume content of silicon indicates that this profile should 
be close to linear. Thus the optimum bandwidth possibly would have been reached 
if the required impedance change had been achieved in the experiment. From an 
experimental point of view the reported technique for shaping the mechanical properties 
in a 2-2 grooved silicon/ polymer composite [see also 13) is an impressive example of 
the advanced technology of the present day that will certainly allow to fully reach the 
required parameters of the layer. 

In conclusion, to achieve an inhomogeneous impedance matching layer with opti
mum performance parameters, care should be taken to shape impedance, velocity and 
density in a strictly definite manner. The theoretical prediction of this study confirms 
previous results that the impedance should be shaped quadratically, while velocity and 
density should vary linearly with equal slopes. These shapes are not achievable with 
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the two-phase particle/ polymer composite technique, but can be approximated using a 
three-phase structure with a specific distribution of constituents. Novel experimental 
techniques as the recently reported 2-2 grooved silicon/polymer composite are expected 
to demonstrate higher capabilities. 
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1. Introduction 
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