
assakis. Athens, Greece 
ejtscheff, Sofia, Bulgaria 
soi. Sofia, Bulgaria 
,Ljubljana, Slovenja 
man, Salford, UK 

h,Miinich, Gennany 
iev. Sofia, Bulgaria 
no, Rome, Italy 

Hughes. 0 ,rd, UK 

r, Parii, France 
Sofia. Bulgaria 
1. Sofia, Bulgaria 

101·, Sofia, Bulgaria 
an, Chernogolovka, Russia 
e1·, Sofia, Bulgaria 
· ov, Sofia, Bulgaria 
v. Sofia, Bulgaria 

1. Sofia , Bulgaria 
1. Sofia, Bulgaria 
. lmnc, California, USA 

Bulgarian Journal of Physics 26 Nos 3/ 4 (1999) 97-108 

QUANTUM NONSYMMETRIC GRAVITY 
GEOMETRIC COMMUTATION RELATIONS 

N. MEBARKI 
Departement de physique theorique, Constantine University 
Constantine, Algeria 

A. MAIRECHE 
Physics Department, Jefferson Laboratory 364 
Harvard University, Cambridge, MA02138, USA 

Received 16 February 1998 

Abstract. A tensor-like commutation relations are derived and the 
Pauli-Jordan D-function is constructed. 

PACS number: 04.60. m 

1. Introduction 

Despite the plausible success of general relativity at the macroscopical level, 
and the many attempts and efforts deployed no one has succeeded to solve the 
renormalizability and the divergence problems which suffers quantum general 
relativity. The reason is essentially that the symmetry of the theory was not 
enough to absorb these unwanted anomalies. As an alternative solution, a new 
symmetry called supersymrnetry was introduced and the corresponding theory 
baptized supergravity was generated as a local gauge theory. However, the 
dream was not achieved and the new theory was still non-renormalizable. 

During the last few years a generalized version of general relativity based 
on the generalization of the space-time metric and called Nonsymrnetric gravi
tation theory (NGT) was proposed [1-8). The most remarkable feature of this 
new theory is that all its predictions are compatible with the classical tests of 
general relativity. Although this success which accounts for the macroscopical 
phenomena, a quantum version of this theory is needed. 

Recently, a quantum Nonsymrnetric gravitation theory (QNGT) based on 
the canonical operator formalism was constructed [9). It turns out that QNGT 
has a rich symmetry [9-12) which may absorb the uncontrollable divergence 
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appearing in the peturbative higher corrections and thus, solve the outstanding 
problem of the renormalizability of the gravitation theory and have a quantum 
consistent theory capable to give acceptable predictions for the microscopical 
phenomena and probably be a good candidate to account for the unification 
program with the other interactions. 

It is the purpose of this paper to study the equal time tensor-like commutation 
relations and construct the NGT Pauli - Jordan V-function. In Sec. 2, we derive 
the tensor-like commutation relations. In Sec. 3, we construct the Pauli - Jordan 
V-function. And in Sec. 4, we extend the tensor-like commutation relations to 
the case of a general local operator. Finally in Sec. 5 we draw our conclusions. 

2. Tensor-like Commutation Relation 

The classical Nonsymmetric gravity is invariant under general coordinate trans
fonnations. But the quantum version of this theory (QNGT) loses this property 
because of gauge fixing. Quite remarkably, however, it is found that QNGT 
has a remnant of general covariance purely at the operator level. The gravita
tional auxiliary B field BP plays the role of the generator of general coordinate 
transformations, just as the electromagnetic B field does that of the local gauge 
transformation. 

In Ref. [10] , we have calculated various equal time commutation relations 
and since both E kt .and 4,1 commute with BP where T kl is the energy-momentum 
tensor and Eµv defined as 

Eµv = 8µBv + fJjJ,p. fJPO.v + (µ ~ v) 

(0.P and {),P are the NGT ghost and anti-ghost respectively). The NGT quantum 
field equations implies [9, 10] 

where R k1(x) is the NGT Ricci tensor and the §44 = ..j=gg44
. Calculating 

the equal-time commutation relations between various matter fields and BP, we 
arrive at the following rule: let Tr:, be a local quantity which is a tensor (or a 
tensor density) under general coordinate transformation (at the classical level) 
then we have the following equal-time commutation relation: 

(2.2) 

We call Eq. (2.2) a tensor-like commutation relation, because it is consistent 
with tensorial rules. 

•, 
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Since the NGT affine connection Wt., is not a tensor, it does not, of course 

satisfy Eq. (2.2). Explicit calculation yields to 

[w;v(x), Bp(x')] = i (o;w:,, - o!w:v - o~w:p) (§44r 1 
o3 

( x> - X'') 

+ io; [ 20!0~ (§44
)-

1 
g4k - o!o~ 

- 8~o~ J [03 (X' - X'')]k . 
(2.3) 

Using Eq. (2.3), we can show that Eq. (2.2) is also consistent with taking spa
tial covariant derivative. Since Eq. (2.2) is an eqal time commutation relation, 
it is impossible to take the time covariant derivative (D4). But, if we require the 
validity of Eq. (2.2) for V 4TE, we find what expression [TE(x), BP(x')] must 
have 

[TE(x), Bp(x')] = i [8pTE(g44)-103 (X' - X'')] - i[TE]kp [o3 (X' - X'')]k 

+ i[TE]4p { 04(g44)-103(X' - X'') 

+ 2(§44)-lrk [03 (X' - X'')]k} 
(2.4) 

(where the " · " means the time derivative). This formula is again tensor-like 
in the sense that it is consistent with tensorial rules. 

The main question is whether or not Eqs (2.2) and (2.4) are always valid. 
The answer is no. For example, although Eµv is expressible in terms of clas
sical tensors owing to the quantum field equations, it does not satisfy Eq. (2.4) 
[Eµv(x), BP(x')] acquires extra term 

2i.8k81Bp(o:o~g44 - 0:0~§41 - o!o~§k4 + o!o~§k1 ) 
x (§44)-2o3(X' _ X''). 

(2.5) 

Note that this non-tensor-like term is proportional to the second derivatives 
of BP. If BP is replaced by n(}' in Eq. (2.4), the resultant expression is precisely 

equal to [Eµv(x), D(x')]. 
In general, Eqs (2.2) and (2.4) are broken by non-tensor-like terms if TE 

contain higher order derivatives of primary fields. But non-tensor-like terms 
are proportional to higher order derivatives of BP• and if BP is replaced by DO', 
the non-tensor-like parts of [TE(x), Bp(x')] and [TE(x), BP(x')] became equal 

to [TE(x ), n(}'(x')] and [TE(x ), D(x')] respectively. 
In order to prove the above proposition, however, we need a more general 

formulation of the problem. 
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3. Quantum Nonsymmetric Gravity 'D-function 

In the Minkowski space-time, the Pauli-Jordan V-function V(x - y) plays a 
fundamental role in the four-dimensional comutator of massless fields. It can 
be defined by the following Cauchy problem: 

o xv(x -y) = 0 

V( x -y)l4 = 0 (3.1) 

Here the symbol 14 means to set x 4 = y4
. Of course, we know the explicit 

expression for V(x - y), but its important properties are 
• it is real; 
• it is odd in ( x - y); 
• it is Poincare-invariant; 
• it vanishes for x - y space-like. 

The Pauli - Jordan V-function can be extended to the case of curved-space
time in the following way. Since the d 'Alembertion in a curved space-time 
is g- 18µ9µv 8,,, we define the curved-space-time V-function V( x, y) by the 
following Cauchy problem: 

8µx9µv8vxv(x, y) = 0 

V( x - y)l4 = 0 (3.2) 

Since there is no translational invariance, V( x, y ) is not a function of x - y 
alone. 

It is known how to construct the solution to the differential equation 

(3.3) 

In a geodesically convex domain, there exist two fundamental solutions, 
V R ( x, y ) and VA ( x, y) which vanish outside the future and past cone, respec
tively. Then, it can be shown that 

V (x, y) = -VR(x, y ) + V A(x, y ). (3.4) 

Since V R and V A are real and since V R(x, y ) = V A(y ,x), V (x, y) is real 
and antisymmetric under x ~ y. 

Now, we consider the quantum Nonsymmetric gravity extension of the Pauli 
Jordan V-function. We define it by the Cauchy problem Eqs (3.2). Although 
the coefficient functions are now operators, we assume that the Cauchy problem 
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is uniquely solvable. Now, we investigate various properties of the QNGT D
function which is bilocal operator. 

First, we discuss the equal time behaviour of the derivatives of1J(x,y). For 

h . . . . " 4 d 4 . x4 + y4 d t 1s purpose, 1t 1s convement to trans1orm x an y mto t = an 
2 

T = x 4 
- y4

. The equal time x 4 = y4 becomes T = 0, while t is arbitrary. 
Hence, we can freely differentiate Eqs (3.2) with respect to t. Transforming 

'• . back, we obtam 

(8/ + 8/)1J(x - y)l4 = 0 

(84 x + 84Y)"84 x1J(x - Y)l4 = -(84)"(944 )-1J3C:l - y) 
(3.5) 

for n = 1, 2, 3, .... 
By using Eqs 3.2 and 3.5 we can calculate (84x)P(8/)m- P7J(x, y)l 4 for 

m 2: P 2: 0. For example, we can deduce that 

with 

8/1J(x - y)l4 = (g44)-1J3(7 - y) 

(8/) 27J(x - y)l4 =A - 84(g44t 1J3(-x* - y) 
8/8/D(x - y)l4 =-A 

(8/) 27J(x - y)l4 =A+ 84(g44)-1J3(7 - y) 

A= 2(g44) - ig4k[J3(7 - y)]k + (g44) -28kg4kJ3(7 - y). 

Next, we prove that 

(3.6) 

(3.7) 

Where an arrow indicates that the differentiation acts to the left. Because 
1J(x, y) is an operator depending on x'\ the order between 1J(x , y) and gµv(y) 
cannot be interchanged. We postulate the uniqueness of the solution to the 
Cauchy problem, then, denoting the l.h.s. of Eq. (3.7) by F(x, y), we have 
only to show that 

8/gµv(x)[)/ F(x , y) = 0 

F(x , y)l4 = 0 

8/F(x,y)l4 = 0. 

(3.8) 

The validity of Eq. (3.8) is obvious from (3.2). It is also straightforward to 
prove Eq. (3.8) by using (3.2), and (3.6). Here, we should remember that no 
operator ordaining problem exists where we calculate the equal time values. 
The l.h.s. ofEq. (3.8) can be expressed in terms of 84x9µv(x)8vx1J(x,y)(= 0), 
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(84x + 8/ r84x8/V(x, y)i4(= -84A) and (84 x)P(84·Yr - PV(x - y)l 4 for 
m:::; 2, and then is seen to vanish. Thus, Eq. (3.7) is established. 

Evidently, Eq. (3 .6) together with Eq. (3 .2) and (3 .6) constitutes Cauchy prob
lem with respect toy. Since its solution is -v+(y, x ), the uniqueness postulate 
implies that 

V(x, y) = -D+(y , x ) (3.9) 

Owing to Eqs (3.6) and (3.2) the non-local current 

8,,ZV(x, z )gµv( x )V(z , y) - V(x, z )gµv 8,,ZV( z, y) (3.10) 

is conceived with respect to z. Hence the spatial integral of itsµ= 0 component 
is independent of z4. Setting z4 = x4 (or z4 = y4 ), we see that this integral 
equals V(x, y). Thus we obtain an integral representation for V(x , y) 

V(x, y) = j d7 {8/ V(x, z )g4 11 (z )V(z , y) 
(3.11) 

- V(x, z )g4v(z )8/ V( z, y)} . 

Now, since the supercoordinate X satisfies the d 'Alembert equation [12] 
8µ (gµv X) = 0, the same reasoning as above yields the following integral 
representations for X : 

X (y) = j dz+ {8
11
z X(z ).g4v(z )V(z , y) - X( z )g4v(z )811 zv( z, y)} 

(3.12) 

X (x) = j d z+ {8,,ZV( x, z ).g4v(z )X(z) - V(x, z )g411 (z )8,,Z X(z )}. 

Finally, we show that V(x, y) is scalar under the Choral symmetry transfor
mations, that is, we have 

[iP (X ), V(x, y)] = rJ(X, :t>-)(8>.x + 8/ )V(x, y) 

[iM (X , Y) , V(x, y)] = rJ(X, :t>-){X(x)8>.xv(x, y) (3.13) 

+ 8/V(x, y).X(y) - (X +--+ Y)}. 

In fact, let F (x, y) be the difference between both sides of Eq. (3.13). Then 
the uniqueness of the solution of the Cauchy problem implies the validity of 
Eq. (3.13) if we can show Eq. (3.8) . Owing to Eq. (3.2), we have 

8µx9µv(x)8vx F (x, y) = - 8µ"' [i M(X, Y ), gµv(x )J8vxv(x, y) 

-{rJ(X, X'>.) 8µx9µ v(x )8
11
xV(x, y) (3.14) 

- (X +--+ Y)} . 

' 

Quantum Nonsymmetr, 

Substituting 

-( 

into Eq. (3.14) and using Eq. 

8/X(:i. 

we obtain Eq. (3.4). It is strai 
(3 .6), we obtain 

8/ F (x, y) l4 = [iM(X 

- ry(Y, 

+ 6~((9 
+ 6~((g 
- (X,.... 

From Eq. (3 .15), we find ti 
proves (3 .15). Thus Eqs (3.13 
scalar. 

4. Equal-time Geometric 

We extend the tensor-like com 
operator cI> (x), which can be cc 
nu and Dr by making the foll 

• to take a linear combina 
• ' to take a product and to 
• to apply any of differentj 

The key to this extension 
gravity V-function. Since <I> ( , 
an infinitesimal general coord · 

6/<I> (x) = 
( c>. is the transformation para 
having the form: 



che 

4xt(a4·vr-Pv(x - y)l4 for 
.7) is established. 
(3.6) constitutes Cauchy prob

(y, x ), the uniqueness postulate 

x) (3.9) 

urrent 

(3.10) 

integral of its µ = 0 component 
y4), we see that this integral 

resentation for V(x, y) 

v(z)V(z, y) 

(z)8/V(z, y)}. 
(3.11) 

the d' Alembert equation [ 12] 
e yields the following integral 

X(z)g4v(z)8,,ZV(z, y)} 
(3.12) 

V(x, z)g411 (z)811 z X(z)}. 

r the Choral symmetry transfor-

x,y) 

V(x,y) (3.13) 

x, y).X(y) - (X +-+ Y)}. 

n both sides of Eq. (3.13). Then 
problem implies the validity of 
Eq. (3.2), we have 

Y), gµ11 (x)]8
1
,"''D(x, y) 

aµx9µv(x)a11xv(x, y) 

Y)}. 

(3.14) 

... 

Quantum Nonsymmetric Gravity Geometric Commutation Relations 103 

Substituting 

[iM(X, Y), 9µ11 ] = {1J(X, X!)..)8>.(9µ 11 X) - 1J(Y, 7 11 )9µ>.a)..x 

- 1J(Y, 7µ)9>-"a>-x - 1J(Y, X!µ)9>- 11 a>-x} (3.15) 

- (X +-+ Y) 

into Eq. (3.14) and using Eq. (3.2) in the form 

8/ X(x)8/9µ"(x)811x'D(x, y) = 0 (3.16) 

we obtain Eq. (3.4). It is straightforward to prove Eq. (3.4) by using (3.2) and 
(3.6), we obtain 

8/ F(x, y)l4 = [iM(X, Y) - (§44)-1<53(? - y)] 
- 1J(Y, 7>-)[-2(§44)-2g44g4kakx - 84(§44)-1 XJ 

+ &~((g44 )- 1akx - ak(g44)-1X) (3.17) 

+ <5~((g44)-18kX.8k(g44)-1 X).<53(? - y) 
- (X +-+ Y) 

From Eq. (3 .15), we find that both terms of Eq. (3 .17) cancel exactly, this 
proves (3.15). Thus Eqs (3.13) are established. In particular, V(x, y) is affine 
scalar. 

4. Equal-time Geometric Commutation Relation 

We extend the tensor-like commutation relations to the case of a general Local 
operator <I> ( x), which can be constructed from the primary fields other than BP• 
nu and nr by making the following operations finite times: 

• ·to take a linear combination; 
• · to take a product and to take the inverse for such an invertible quantity; 
• to apply any of differentiations 8µ (µ = 1, ... , 4). 

The key to this extension is to make use of the quantum Nonsyrnmetric 
gravity 'D-function. Since <I> ( x) has its classical counterpart, its change under 
an infinitesimal general coordinate transformation is well defined. Let 

(4.1) 

( c>. is the transformation parameter). Here .C >. (<I>) is a differential operator 

having the form: 

r 

.C (<I>)x = '""'Lµi ... µ; (x <I>)8 ).. L., ).. , µ1 ... 8,,.j (4.2) 
j=O 
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where Lµ, ... µ; .x ( x , <I>) is a local operator determined by <I> ( x) and the integer 
r - 1 does not exceed the highest order P of derivatives of the primary fields 
involved in <I> ( x ). Of course, we show 

L.x(x <I>) = -8.x<I>(x ) 

Lµ.x( x, <I>)= l<I>(x)t.x · 
(4.3) 

From the definition (4.1), it is obvious that L.x(<I>(x )) is a derivation as an 
operator acting on <I>. Furthermore, we have 

L.x(8., <I>(x )) = 8.,£.x(<I>(x)) (4.4) 

where, of course, 8., in the r.h.s. acts not only on L.x(<I>(x)) but also on its 
operand. Notice also, that for a tensor, L.x is the lie derivative. 

As extensions of the tensor-like commutation relations (2.2) and (2.4), we 
can prove by mathematical induction with respect to <I> that 

p 

+ L 8µ, ... 8µ;X( z )r1 ···µi· (z, x, <I>) 
j=2 

p+ l 

+ L 8µ, . .. 8µ;X( z )gµ, .. . µ1·(z, x , <I>). 
j =2 

(4.5) 

Here ! µ, ... µ; (z, x, <I>) and gµ, ... µ;. (z, x, <I>) are some operators independent of 
X, which are defined only at z4 = x 4 and have the form: 

n 

2=wµ , .. . µ; .. k, ... k• (z )8k: . .. 8k:5(z - x ) (4 .6) 
s=O 

where n is an unspecified integer and wµ, ... µ, .. k, ... k. ( z ) is a local operator sym
metric in µ 1 . . . µJ and in k1 . . . ks. 

It is easy to confirm that Eqs (4.5) reduce to Eqs (2 .2) and (2.4) respectively, 
apart from the non-tensor-like tenn, where <I> = Tr:. and X = BP. We call 
Eqs ( 4.5) the equal-time geometric commutation relations, because £(<I> ) rep
resents the geometric nature of the classical NGT. Of course, such a geometric 
property cannot be completely valid in QNGT because the space-time structure 
itself has quantum fluctuations. This breaking is represented by the second 
terms which we call non-geometric terms (NG). The source of their appearance 
is [<I> (x),gµ"'(z) ]l 4 , that is, the operator nature of the space-time metric is the 
origin of non-geometric terms. 
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Now, we extend the equal-time geometric commutation relations Eqs (4.5), 
to the four-dimensional form with the help of the integral representations (pre
sented in Sec. 3). Our aim is to prove the following four-dimensional geometric 
commutation relations : 

[<I>(x),X(y)] = -iry(X,x>.)£>.(<I>)x'D(x_,y) 

+ J dz 8µi1vX(z)ICµv(z, x, y, <I>) 
(4.7) 

where IC µv ( z, x, y, <I>) is defined on! y at z4 = x4 is an unknown nonlocal 
operator independent of X. Since the first term vanishes for X =I= B P' we 
see that BP (y) indeed plays the -role of the generator of general coordinate 
transformations and that the structure of the non-geometric term is common for 
B p, ncr and nT (it vanishes for X(z) = z, as it should be). Now, we prove 
(4.7). Owing to Eq. (3.12) with z 4 = x 4 we have 

[<I>(x) , X(y)] = j dz {[<I>(x), 8vX(z)]g4v(z)'D(z, y) 

- [<I>(x) , X(z )] .g4v (z )8/'D(z, Y )}lz•=x• 

+ j dz {8,,X(z) [<I>(x) ,g4v(z)'D(z,y) ] 

- X ( z) [<I>(x), g4" ( z )8,,Z'D(z, y) ]}i z•=x• · 

The first integral can be calculated by substituting Eqs (4.5) to get 

-iry(X, x") j dz {£>.(<I>ravz'D(x, z)g4v(z)'D (z, y) 

-£,\ (<I> )x'D(x, z )g41/ ( z )81/ zv(z, y)} lz•=x4 

(4.8) 

(4.9) 

apart from the contribution from the non-geometric terms. Since z 4 is arbitrary 
in the integral representation, (3 .11 ), we can freely differentiate it with respect 
to xµ. Hence, Eq. (4.9) exactly produces the first term of the r.h.s. of Eq. (4.7). 
The remainder of the first integral of Eq. (4.8) can easily be rewritten in the 
form of the second term of Eq. (4.7); reduction to the second-order derivatives 
of X is achieved by means of the field equation 

(84) 2 x = -(g44)- 1·r/18k81X - 2(g44
)-

1g4k8kakx 

and integration by parts. Now, straightforward manipulations are based on the 
fact that Eq. ( 4.8) holds for X (y) = 1 and for X (y) = fl. 

Notice that we have obtained a four-dimensional commutation relations in 
QNGT, though we have almost no information about K µ,;. 
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Regarding the non-geometric terms and by examining the commutator 
[cl>(x), gµ''(x')], we can see in that order of time derivative of a primary field 
cp a non-geometric term arising for the first term. Suppose that 

then the condition [9] has 

implies that 

[84cl>(x), g4k(x')] = -[cl>(x), a4g4k(x')] 

=a/ [cl>(x) , gkv(x')] 

= 0. 

(4.10) 

Thus, the first appearing non-geometric term is always proportional to 8k81X 
but not to aka4x· 

Let r be the least integer such [(84Ycp(x), 84§4,,(x')] =!= 0. Then one can 
show easily that a non-geometric term (NG) in [(84rcp(x), X(x')] arises first 
at n = r + 2, that is 

NG[(84tcp(x), X(x')] = 0 for n::; r + 1 

NG[(a4r+2cp(x) ,X(x')] = - [(a4rcp(x),9k1(x')] ((g44)-1ak81x) (x') C
4

·
11

) 

where NG stands for the non-geometric. For example, since r = 1 for gµ ,,, we 
have 

for n ::; 2. (4.12) 

From Eq. (4.12), we can immediately infer that the Riemann tensor n>-pµv sat

isfies the tensor-like commutation relations (2.1). From Eq. (4.11) and [10] 

[9µ v(x), flar(x')] = -2i(§44
)-

1 [9µv9ar - 9µa9vr - 9µr9va 

+ (-'.:049 4)-1(.\0,\0g + .("0,\0g uµua vr uµur va (4.13) 

+ 0~0~9µa)]83(7 - 7') 

we have 

Quantum Nonsymmi 

Now, it is worth to 1 

V(x, y) is useful also fort 
dimensional supercoordina 
tation relations concerning 
summarized as follows: 

[X(x), Y(x')] = 0 

[X(x), 84Y(x')]'f = 

It is easy now to show ti 
between X and Y are 

[X(x), Y(y)]'f '.:::'.1 

where N(x, y, X, Y) is as 

gar (x)aax8/'N(x, y, X 

with 

'N(x,y,~ 

Here /Cµv (z, x, y, <J?) is the 
commutation relations (4.7 
the sense of the formal equ 
but in the sense of the fom 
formula for 

for any m 2: P 2: 0. 
sion for N(x, y, X, Y), Ea 
(anti)commutation relation 
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y examining the commutator 
e derivative of a primary field 
. Suppose that 

0 

, 84g4k(x')] 

x), gki1(x')] (4.10) 

4g4 11 (x 1
)] =/= 0. Then one can 

[(a4rrp(x), X(x')] arises first 

ample, since r = 1 for 9µ11, we 

for n :S 2. (4.12) 

the Riemann tensor R\µ 11 sat
). From Eq. (4.11) and [10] 

- 9µa9v-r - 9µ-r9va 

t1 (8~8~gll'T + 8Z&~gll(] (4.13) 

9µa)J83Cx~ - ~') 

81 g"'.'44 - Jk <54 g"'4l 
II µ II 

81 J/4 ).fA81Xfi3(~ - ~'). 
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Now, it is worth to mention that quantum Nonsymmetric 'D-function 
V ( x, y) is useful also for the ( anti)commutation relations between the sixteen
dimensional supercoordinates (see Ref. [12]). The equal-time (anti)commu
tation relations concerning BP, na and D-r which are given in Ref. [10] are 
summarized as follows: 

[X(x), Y(x')] = 0 

[X(x), 04Y(x')J=i= = - J-E(x)17(X, Y)(g44 )- 1 .fJ3(~ - ~') 
+ i{17(Y, x,\)8,\X 

+ 17(X, x,\)8,\ Y}(g44)-1 .i53(~ - ~'). 

(4.14) 

It is easy now to show that the four-dimensional (anti)commutation relations 
between X and Y are 

[X(x), Y(y)J =i= '.::::'. i{17(y,x,\)8,\X(x) + 17(X,x,\)8,\Y(y)} 
~ (4.15) 

+ N(x , y, X, Y) - y E(x)77(X, Y)V(x, y) 

where N(x , y, X , Y) is a solution to the following Cauchy problem: 

with 

N(x ,y,X, Y)\4 = 8/N(x,y,X, Y)\4 = 0, . (4.17) 

Here Kµ 11 ( z, x, y, <I>) is the quantity appearing in the four-dimensional geometric 
commutation relations (4.7). The symbol'.::::'. means that Eq. (4.15) holds not in 
the sense of the formal equal time expression genuine four-dimensional formula 
but in the sense of the formal equal-time expression, that is, it yields the correct 
formula for 

(4.18) 

for any m 2: P 2: 0. Although we do not know the explicit expres
sion for N(x , y, X, Y), Eq. (4.15) unifies quite a large number of equal time 
(anti)commutation relations, because 
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and 

where !Cmjkl is defined by 

5. Conclusions 

9
44 

9
4v 

9
4-r 

l(µva-r = gµ4 gµv gµ-r 

9
a4 

9
av 

9
a-r 

(4.21) 

Throughout this work, we have derived all the equal-time geometric or tenso
rial commutation relafions and constructed the QNGT Pauli - Jordan V-function 
which it transforms as a scalar under choral symmetry (More details are under 
investigation) [ 13]. 
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