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Abstract. We present a new exact scalar-tensor solution which de-
scribes inhomogeneous plane-symmetric cosmological model with a
radiation fluid. Some main properties of the solution are discussed.
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1. Introduction

String theory and higher dimensional unifying theories, in their low energy
limit, predict the existence of a scalar partner of the tensor graviton — the
dilaton. So obtained scalar-tensor theories are considered as the most natural
generalization of general relativity [1, 3]. A lot of efforts have been devoted to
the finding and analysis of exact scalar-tensor solutions in order to understand
more deeply the physics behind these theories, in particular their relevance to
cosmology and astrophysics [2, 15].
The scalar-tensor gravity equations are much more complicated than the

Einstein equations and their solving in the presence of a source is a very difficult
task. That is why one should assume some simplifications in order to solve the
scalar-tensor equations. In this way many homogeneous cosmological solutions
with a perfect fluid have been obtained. Some inhomogeneous scalar-tensor
cosmologies have also been found and a method for generating general classes
of exact scalar-tensor solutions with a stiff perfect fluid has been given [16, 17].
However, the known exact scalar-tensor solutions cover only a small part of

the physical content of the scalar-tensor equations. The search of new exact
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solutions is therefore necessary if further progress is to be made in under-
standing the scalar-tensor theories. The purpose of this paper is to present a
new exact plane-symmetric solution with a radiation fluid to all scalar-tensor
theories. The found solution can be interpreted as an inhomogeneous cosmo-
logy. The study of inhomogeneous cosmologies is necessary because, as well
known, the present universe is not exactly spacialy homogeneous. Although
the homogeneous models are good approximations of the present universe there
are no reasons to assume that such a regular expansion is also suitable for the
description of the early universe. From a theoretical point of view, the inho-
mogeneous cosmological solutions allow us to investigated a number of long
standing and important questions regarding the occurrence of singularities, the
behaviour of space-time in the vicinity of a singularity, the possibility of our
Universe arising from generic initial data and so on.

2. Exact Solutions with a Plane Symmetry

The general form of the extended gravitational action in scalar-tensor theories
is

S =
1

16πG∗

∫
d4x

√−g̃
(
F (Φ)R̃− Z(Φ)g̃μν∂μΦ∂νΦ − 2U(Φ)

)
+ Sm [Ψm; g̃μν ] .

(1)

Here, G∗ is the bare gravitational constant, R̃ is the Ricci scalar curvature
with respect to the space-time metric g̃μν . The dynamics of the scalar field Φ
depends on the functions F (Φ), Z(Φ) and U(Φ). In order the gravitons could
carry positive energy, the function F (Φ) must be positive. The nonnegativity of
the energy of the dilaton field requires that 2F (Φ)Z(Φ) + 3[ dF (Φ)/dΦ]2 ≥
0. The action of matter depends on the material fields Ψm and the space-
time metric g̃μν . It should be noted that the stringy generated scalar-tensor
theories, in general, admit the direct interaction between the matter fields and
the dilaton fields in the Jordan (string) frame [1, 2]. Here we consider the
phenomenological case when the matter action does not involve the dilaton
field in order for the weak equivalence principle to be satisfied. However,
the solution we have found, holds for the more general case of dilaton fields,
interacting directly with the matter fields since we consider a radiation fluid
with a traceless energy-momentum tensor. It should be mentioned that the
most used parametrization in the literature is Brans-Dicke one, corresponding
to F (Φ) = Φ and Z(Φ) = ω(Φ)/Φ.
However, it is much more convenient from a mathematical point of view

to analyze the scalar-tensor theories with respect to the conformally related
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Einstein frame given by the metric

gμν = F (Φ)g̃μν . (2)

Further, let us introduce the scalar field ϕ (the so called dilaton) via the
equation

( dϕ
dΦ

)2

=
3
4

( d ln(F (Φ))
dΦ

)2

+
Z(Φ)
2F (Φ)

(3)

and define

A(ϕ) = F−1/2(Φ), 2V (ϕ) = U(Φ)F−2(Φ). (4)

In the Einstein frame action (1) takes the form

S =
1

16πG∗

∫
d4x

√−g (R− 2gμν∂μϕ∂νϕ− 4V (ϕ))

+ Sm[Ψm;A2(ϕ)gμν ]
(5)

where R is the Ricci scalar curvature with respect to the Einstein metric gμν .
The Einstein frame field equations then are

Rμν − 1
2
gμνR = 8πG∗Tμν + 2∂μϕ∂νϕ

− gμνg
αβ∂αϕ∂βϕ− 2V (ϕ)gμν

,

∇μ∇μϕ = −4πG∗α(ϕ)T +
dV (ϕ)

dϕ
, (6)

∇μT
μ
ν = α(ϕ)T∂νϕ.

Here α(ϕ) = d ln(A(ϕ))/ dϕ and the Einstein frame energy-momentum
tensor Tμν is related to the Jordan frame one T̃μν via Tμν = A2(ϕ)T̃μν . In the
case of a perfect fluid one has

ρ = A4(ϕ)ρ̃,

p = A4(ϕ)p̃,

uμ = A−1(ϕ)ũμ.

(7)

In this paper we consider the case V (ϕ) = 0.
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We have succeeded in finding the following solution of the field equations
(6) for a perfect fluid with an equation of state ρ = 3p (ρ̃ = 3p̃):

ds2 = sinh4(at) cosh2

(
3
2
ax

) (− dt2 + dx2
)

+ sinh(at) cosh−2/3

(
3
2
ax

) (
dy2 + dz2

)
,

8πG∗p =
5
4
a2

1 − tanh2
(

3
2
ax

)
sinh4(at) cosh2

(
3
2
ax

) , (8)

uμ = − sinh2(at) cosh
(

3
2
ax

)
δ0

μ,

ϕ(t) = ϕ0 ± 3
2

ln | tanh
(
at

2

)
|.

The solution depends on two parameters ϕ0 and a where ϕ0 is arbitrary and
a > 0. The range of the coordinates is

0 < t <∞, −∞ < x, y, z <∞. (9)

The space-time described by the solution is plane-symmetric [18]. It has a
three dimentional group of local isometries∗ acting on two-dimensional orbits
and generated by the Killing vectors

K1 =
∂

∂y
, K2 =

∂

∂z
, K3 = y

∂

∂z
− z

∂

∂y
. (10)

Therefore, the found solution can be interpreted as an inhomogeneous cos-
mology.
The Jordan (string) frame solution can be obtained by using the inverse of

transformations (2), (3),(4) and (7).
As t → 0 the curvature invariants, energy density, pressure and the dilaton

field diverge which corresponds to a big-bang singularity. Near the singularity
the metric is found to approach the Kasner-like form

gμν ∼ diag(−1, τ 2β1 , τ 2β2 , τ 2β3) (11)

where τ is the proper time in the homogeneous limit and

β1 =
2
3
, β2 = β3 =

1
6
. (12)

∗ Obviously, there is also a discrete isometry given by x → −x.
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When the singularity is approached the dilaton is dominant and behaves as
ϕ ≈ σ ln(aτ ) where σ = ± 1

2
and, therefore, the Kasner exponents satisfy the

relations

β1 + β2 + β3 = 1, (13)

β2
1 + β2

2 + β2
3 = 1 − 2σ2. (14)

The behavior near the singularity falls into the category of the “velocity-
dominated” cosmologies — the spatial derivatives become negligible with re-
spect to the time derivatives when the singularity is approached.
At recently times, the dilaton field rapidly goes to a constant and the general

relativistic behavior is recovered both in Einstein and Jordan frame.
The properties of the Jordan frame solutions depend, in general, on the

particular scalar-tensor theory. For some scalar-tensor theories the Jordan frame
solution can exhibit rather different behavior from that in the Einstein frame.
The detailed study of the curvature invariants and geodesics show that the
Jordan frame solution is regular and even geodesically complete∗ for scalar-
tensor theories in which the integral†

t∫
0

(
Φ(t)

sinh4(at)

)−1/2

dt (15)

is divergent. As for example we may point out the theory with F (Φ) = Φ and
Z(Φ) = (1 − 3κ2 + 3κ2Φ)/2κ2(1 − Φ) where κ ≥ 2.
With regard to the kinematical quantities in the Jordan frame (as well as in

the Einstein frame as a particular case), the only non-vanishing components of
expansion, acceleration and shear are given by

θ̃ =
3
2

Φ1/2(t) [2a coth(at)− ∂t ln(Φ(t))]
cosh( 3

2
ax) sinh2(at)

, (16)

ã1 =
3a
2

Φ1/2(t) tanh( 3
2
ax)

sinh2(at) cosh( 3
2
ax)

, (17)

σ̃11 = a
Φ1/2(t) coth(at)

sinh2(at) cosh( 3
2
ax)

, (18)

σ̃22 = σ̃33 = − 1
2
σ̃11. (19)

∗ This does not contradict the singularity theorems since the strong energy condition is violated in
the Jordan frame.
† Here and below we use the parameterizations F (Φ) = Φ.
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All quantities are calculated in the natural orthonormal tetrad:

ẽ0 = |g̃00|1/2 dt,

ẽ1 = g̃1/2
11 dx,

ẽ2 = g̃
1/2
22 dy,

ẽ3 = g̃1/2
33 dz.

(20)
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