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Abstract. Recent results about the coexistence of ferromagnetism and uncon-
ventional superconductivity with spin-triplet Cooper pairing are reviewa
the basis of the quasi-phenomenological Ginzburg-Landau theowmy.siijper-
conductivity in the mixed phase of coexistence of ferromagnetism aodndin
ventional superconductivity is triggered by the spontaneous magnetizatie
mixed phase is stable, whereas the other superconducting phasesuthiiy u
exist in unconventional superconductors are either unstable or nigéastael-
atively low temperatures in a quite narrow domain of the phase diagraithand
stability properties are determined by the particular values of Landampara
ters. The phase transitions from the normal phase to the phase ofteaegis
is of first order while the phase transition from the ferromagnetic phateeto
coexistence phase can be either of first or second order depentihg con-
crete substance. The Cooper pair and crystal anisotropies arentel@eamore
precise outline of the phase diagram shape and reduce the degenefdtien
ground states of the system. The results are discussed in view of apjplitatio
itinerant ferromagnetic compounds, such as LU&@eZn,, URhGe.

PACS number: 74.20.De, 74.20.Rp, 74.25.Dw, 74.25.Ha

1 Introduction

1.1 Notes about unconventional superconductivity

The phenomenon of unconventional Cooper pairing of fersyioa., the for-

mation of Cooper pairs with nonzero angular momentum wasréhieally pre-
dicted [1] in 1959 as a mechanism of superfluidity in Fermiiéts. In 1972 the
same phenomenon — unconventional superfluidity dueptavave (spin triplet)
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Cooper pairing ofHe atoms, was experimentally discovered in the mK range of
temperatures (for details and theoretical descriptiorRefs. [2—4]). Note that,

in contrast with the standargdwave pairing in usual (conventional) supercon-
ductors where the electron pairs are formed by an attraetietron-electron
interaction due to a virtual phonon exchange, the widelyepted mechanism

of the Cooper pairing in superfluitHe is based on an attractive interaction be-
tween the fermions’He atoms) as a result of a virtual exchange of spin fluctua-
tions. Certain spin fluctuation mechanisms of unconveati@ooper pairing of
electrons are assumed also for the discovered in 1979 heawyoin supercon-
ductors (seee.g, Refs. [5-7]) as well as for some classes of high-tempezatur
superconductors (see.g, Refs. [8-16]).

The possible superconducting phases in unconventionalsopductors are de-
scribed in the framework of the general Ginzburg-Landau)(&ffective free
energy functional [13] with the help of the symmetry groupsdry. Thus a va-
riety of possible superconducting orderings was preditediifferent crystal
structures [17-22]. A detailed thermodynamic analysis 8] of the homoge-
neous (Meissner) phases and a renormalization group igateh [11] of the
superconducting phase transition up to the two-loop appration have also
been performed (for a three-loop renormalization groupyasig see Ref. [23];
for effects of magnetic fluctuations and disorder, see [8}), 2Ve shall essen-
tially use these results in our present consideration.

1.2 Experimental predictions

In 2000, experiments [26] at low temperaturds £ 1 K) and high pressure
(P ~ 1 GPa) demonstrated the existence of spin triplet superaimgustates

in the metallic compound UGe The superconductivity is triggered by the spon-
taneous magnetization of the ferromagnetic phase that®atumuch higher
temperatures. It coexists with the superconducting phagieei whole domain
of its existence beloW’ ~ 1 K (see also the experiments from Refs. [27, 28],
and the discussion in Ref. [29]). The same phenomenon ofeexis of super-
conductivity at low temperatures and high pressure in thealo of the(T, P)
phase diagram, where the ferromagnetic order is preseatolserved in other
ferromagnetic metallic compounds (ZrZf80] and URhGe [31]) soon after the
discovery [26] of superconductivity in UGe

In superconducting ternary and Chevrel compounds the imfli®f magnetic
order on superconductivity is also substantial (s=g, [32-35]), but in the
newly found ferromagnetic substances the phase transéioperature®) to

the ferromagnetic state is much higher than the phase ti@nsemperature
(Trgs) from ferromagnetic to a mixed state of coexistence of feagnetism
and superconductivity. For example, in UG&rs = 0.8 K, while the critical
temperature of the phase transition from paramagnetiatorfeagnetic state in
the same material i$; = 35 K [26, 27]. It can be assumed that in these sub-
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stances the material parametér defined as the usual critical temperature of the
second order phase transition from normal to uniform (Mesgsupercondict-
ing state in a zero external magnetic field, is much lower thamphase transition
temperaturd rs. The above mentioned experiments on the compoundsUGe
URhGe, and ZrZp do not give any evidence for the existence of a standard
normal-to-superconducting phase transition in a zeraeatenagnetic field.

It seems that the superconductivity in the metallic comgisumentioned above
always coexists with the ferromagnetic order and is entdhmgeit. In these
systems, as claimed in Ref. [26], the superconductivitpabdy arises from the
same electrons that create the band magnetism and can benatoslly un-
derstood rather as a triplet than spin-singlet pairing ph@mon. The metallic
compounds UGg URhGe, and ZrZpare itinerant ferromagnets. An unconven-
tional superconductivity is also suggested [36] as a ptessibtcome of recent
experiments with Fe [37], in which a superconducting phasdieen discovered
at temperatures beloK and pressures between 15 and 30 GPa. Both vortex
and Meissner superconductivity phases [37] are found ihitjte-pressure crys-
tal modification of Fe with a hexagonal close-packed latficewhich the strong
ferromagnetism of the usual bcc iron crystal probably dieaps [36]. It can be
hardly claimed that in hexagonal Fe the ferromagnetism apeérsonductiv-
ity coexist, but the clear evidence for a superconductigtglso a remarkable
achievement.

The reasonable question whether these examples of supletity and co-
existence of superconductivity and ferromagnetism ark bulsurface effects
can be stated. The earlier experiments performed beford 86thot answer
this question. Recent experiments [38] show that surfapersonductivity ap-
pears in ZrZg and its presence depends essentially on the way of preparsti
the sample. But in our study it is important that bulk supatiativity can be
considered well established in this substance.

1.3 Ferromagnetism versus superconductivity

The important point in all discussions of the interplay gbsrconductivity and
ferromagnetism is that a small amount of magnetic impwitian destroy su-
perconductivity in conventionalsfwave) superconductors by breaking up the
(s-wave) electron pairs with opposite spins (paramagnetuiity effect [39]).
In this aspect, the phenomenological arguments [40] anddhelusions on the
basis of the microscopic theory of magnetic impurities-swave superconduc-
tors [39] are in a complete agreement with each other ésgeRefs. [32—-35]).
In fact, a total suppression of conventionalvwave) superconductivity should
occur in the presence of an uniform spontaneous magnetizaf, i.e., in a
standard ferromagnetic phase [40]. The physical reasothfersuppression
is the same as in the case of magnetic impurities, hamelyppbesite elec-
tron spins in thes-wave Cooper pair turn over along the veciof in order
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to lower their Zeeman energy and, hence, the pairs break .dovmerefore,
the ferromagnetic order can hardly coexist with convergiGuperconducting
states. Especially, this is valid for the coexistence ofarm superconducting
and ferromagnetic states where the superconducting oesteneter)(x) and

the magnetizatiod do not depend on the spatial vectar

But yet a coexistence afwave superconductivity and ferromagnetism may ap-
pear in uncommon materials and under quite special ciramoss. Further-
more, let us emphasize that the conditions for the coexistef nonuniform
(“vertex”, “spiral”, “spin-sinusoidal” or “helical” [3233]) superconducting and
ferromagnetic states are less restrictive than those foctiexistence of uni-
form superconducting and ferromagnetic orders. Coexistari nonuniform
phases has been discussed in details, both experimentesorg,tim ternary and
Chevrel-phase compounds where such a coexistence seetadikply (for a
comprehensive review, see, for example, Refs. [32-35,41])

In fact the only two superconducting systems, for which thgeeimental data
allow assumptions in favor of the coexistence of supercotinty and ferro-
magnetism are the rare earth ternary boride compound /B Rdénd the Chervel
phase compound HoM&s (for a more extended review, see Refs. [33,42]). In
these compounds the phase of coexistence appears in a vieoy t@mperature
region just below the Curie temperatufg of the ferromagnetic phase transi-
tion. At lower temperatures the magnetic moments of theearth 4f electrons
become better aligned, the magnetization increases anghilae supercon-
ductivity pairs formed by the conduction electrons digjnie.

1.4 Unconventional superconductivity triggered by ferromagnetic order

We shall not consider all important aspects of the long stengroblem of co-
existence of superconductivity and ferromagnetism ratfeeshall concentrate
our attention on the description of the newly discoveredxisbence of ferro-
magnetism and unconventional (spin-triplet) supercotiditicin the itinerant
ferromagnets UGg ZrZn,, and URhGe. Here we wish to emphasize that the
main object of our discussion is the superconductivity esgdhcompounds, and
at a second place in the rate of importance we put the probferoexistence.
The reason is that the existence of superconductivity meitint ferromagnets
is a highly nontrivial phenomenon. As noted in Ref. [43] thparconductivity
in these materials appears to be difficult to explain in teafprevious theo-
ries [32, 33, 35], and requires new concepts to interpre¢xiperimental data.

We have already mentioned that in ternary compounds therfexgtetism comes
from the localized 4 electrons, while the s-wave Cooper pairs are formed by
conduction electrons. In UGend URhGe the b electrons of U atoms form
both superconductivity and ferromagnetic order [26, 31). ZtZn, the same
double role is played by thel&lectrons of Zr. Therefore, the task is to describe
this behavior of the band electrons at a microscopic levele ay speculate
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about a spin-fluctuation mediated unconventional Coopkingaas it is in the

case offHe and heavy fermion superconductors. These importargsss$o not

have yet a reliable answer, and for this reason we shall eoofinconsideration
to a phenomenological level.

In fact, a number of reliable experimental data, such as ttemence length
and the superconducting gap measurements [26, 27, 30,811} &vor of the

conclusion about a spin-triplet Cooper pairing in theseaflietcompounds, al-
though the mechanism of pairing remains unclear. We shsdlrgmlly use this
reliable conclusion. This point of view is consistent wikte texperimental ob-
servation of coexistence of superconductivity only in the temperature part
of the ferromagnetic domain of the phase diagrami{), which means that
a pure (non-ferromagnetic) superconducting phase is n&drabd, a circum-
stance, that is also in favor of the assumption of a spinetrguperconductivity.
Our investigation leads to results which confirm this gehgidure.

On the basis of the experimental data and conclusions gesstar the first time
in Refs. [26, 29] and shortly afterwards confirmed in Refg, B, 30, 31], one
may reliably accept that the superconductivity in thesematig compounds is
considerably enhanced by the ferromagnetic order paramdteand, perhaps,
it could not exist without this “mechanism of ferromagnétigger,” or, in short,

“ M -trigger”; see Refs. [44—-46], where this concept has betodnced for
the first time. The trigger phenomenon is possible for sppiet Cooper pairs
where the electron spins point parallel to each other and thin along the
vector of the spontaneous magnetizatith does not produce a breakdown of
the spin-triplet Cooper pairs, but rather stabilizes thewh @erhaps, stimulates
their creation. We shall describe this phenomenon at a phenological level.

1.5 Phenomenological studies

A phenomenological theory that explains the coexistenéercdmagnetism and
unconventional spin-triplet superconductivity of GL typas been developed
recently in [43,47] where possible low-order couplingsasstn the supercon-
ducting and ferromagnetic order parameters are deriveld tvé help of gen-

eral symmetry group arguments. On this basis several impbf¢atures of the
superconducting vortex state of unconventional ferroretigrsuperconductors
were demonstrated [43,47].

In our review we shall follow the approach from Refs. [43, 4FJinvestigate
the conditions for the occurrence of the Meissner phase@ddrhonstrate that
the presence of ferromagnetic order enhanceg-thave superconductivity. We
also establish the phase diagram of ferromagnetic supguctors in a zero ex-
ternal magnetic field and show that the phase transitiondatiperconducting
state can be either of first or second order depending on ttieydar substance.
We confirm the predictions made in Refs. [43, 47] about themsgtry of the
ordered phases.
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In our study we use the mean-field approximation [13] and knmsults about
the possible phases in nonmagnetic superconductors \ytettfp-wave) pair-
ing [6,11,12,18]. Our results [44, 45, 49] show that takintpiaccount the
anisotropy of the spin-triplet Cooper pairs modifies, bueslmot drastically
change the thermodynamic properties of the coexistencseplespecially in
the temperature domain above the superconducting cridogberaturd’;. The
effect of crystal anisotropy is similar, but we shall not raan overall thermo-
dynamic analysis of this problem because we have to consigerete systems
and crystal structures [6, 18], for which there is not enoirfbormation from
experiment to make conclusions about the parameters ofigmeyt Our results
confirm the general concept that the anisotropy reducesdbeed of ground
state degeneration, and depending on the symmetry of tlstatrpicks up a
crystal direction for the ordering.

There exists a formal similarity between the phase diagrambtain and the
phase diagram of certain improper ferroelectrics [50-8%.shall make use of
the concept in the theory of improper ferroelectrics, whbestrigger of the pri-

mary order parameter by a secondary order parameter (ttteieleolarization)

has been initially introduced and exploited; see Refs. $53—The mechanism
of the M-triggered superconductivity in itinerant ferrogmets [44—46] is for-

mally identical to the mechanism of the appearance of stratbrder triggered
by the electric polarization in improper ferroelectriceds.g, Refs. [53-55]).

Our investigation is based on the GL free energy functiofialinconventional
ferromagnetic superconductors, presented in Sec. 2. hyarsthall establish the
uniform phases which are described by it. More informatibaua the justifica-
tion of this investigation is presented in Sec. 2.2. We woitk\a quite general
GL free energy, and the problem is that there is not enouginrimdtion about the
values of the parameters of the model for concrete compo{u@s,, URhGe,
ZrZny) where the ferromagnetic superconductivity has been dised. On the
one hand, the lack of information makes impossible a detaitanparison of
the theory to the available experimental data, but on therdtand, our results
are not bound to one or more concrete substances and can ledappany
unconventional ferromagnetic superconductor. In Sec. 8igeuss the phases
in nonmagnetic unconventional superconductors. In SebedM-trigger ef-
fect [44—46] will be described when only a linear couplinglod magnetization
M to the superconducting order paramaetes considered; here the spatial de-
pendence of order parameters and all anisotropy effectigaoeed. In Sec. 5
we analyze the influence of quadratic coupling of magnetindb the supercon-
ducting order parameter on the thermodynamics of the feagmatic supercon-
ductors. The application of our results to experimefiglP) phase diagrams
is discussed in Sec. 5.3. In Sec. 6 the anisotropy effectsudli@ed. Our main
attention is focussed on the Cooper-pair anisotropy. Nudé dertain types of
crystal anisotropy may produce more than one ferromagpbtse [56-58] but
here we shall not dwell on this interesting topic. In Sec. 7sarmmarize our
conclusions.
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2 Ginzburg-Landau Free Energy

Following Refs. [18, 43-47] in this Chapter we discuss thergmenological
theory of spin-triplet ferromagnetic superconductors pstify our considera-
tion in Sections 3-6.

2.1 The Model

The general GL free energy functional, we shall use in oulyaig is

Fly, M] = / (i, M) 1)

where the free energy densifi{:), M) ( hereafter called “free energy”) of a
spin-triplet ferromagnetic superconductor is a sum of feens [18, 43, 47],
namely:

2

£, M) = [5(0) + JUM) + (e, M) + &~ BM. (@)

In Eq. (2) the three dimensional complex vector= {v;;j = 1,2, 3} repre-
sents the superconducting order paramdiet: (H + 47M) =V x A is the
magnetic inductionH is the external magnetic fieldd = {A;;j =1,2,3}is
the magnetic vector potential. The last two terms on r.H.£qo (2) are related
with the magnetic energy, which includes both diamagnetit paramagnetic
effects in the superconductor; segj, [32,59].

The energy parfs(¢) in Eq. (2) describes the superconductivity fdr= M =
0. It can be written in the form

b,
Js() = Fyraa() + ashbl? + S 1l* + (072 + zw 3

Here
fgraa(¥) = K1(Div);)* (Dith;) + K [(Div)i)* (Djv;)
+ (Dsthy)* (Djihs)] + Ks(Dihs)* (Dstps)  (4)
where a summation over the indiceg = 1, 2, 3 is assumed, and the symbol

2le|
D.: = ﬁ —A;
J 0x; + c

)
denotes a covariant differentiation. In Eq. (8),> 0 andas = a4 (T — T),
wherea, is a positive material parameter affigl is the critical temperature of

the standard second order phase transition, which may etdiir= M = 0;
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H = |H|, and M = |M|. The quantities:; andv, describe the anisotropy
of the spin-triplet Cooper pair and the crystal anisotropgpectively, [11,18].
The parameter¥’;, (j = 1,2, 3) in Eq. (4) are related with the effective mass
tensor of the anisotropic Cooper pairs [18].

The superconducting part (3) of the free enefgy, M) is derived from sym-
metry group arguments and is independent of particularas@pic models;
seege.g, Refs. [6,18]. According to classifications [6, 18], thv@ave supercon-
ductivity in the cubic point groug;, can be realized through one-, two-, and
three-dimensional representations of the order parameétex expressions (3)
and (5) incorporate all three possible cases. The coeffclenu,, andv, in
Eq. (3) are different for weak and strong spin-orbit cougdinbut in our investi-
gation they are considered as undetermined material péeesnevhich depend
on the particular substance.

The free energy of a standard isotropic ferromagnet is diyethe termf£(M)
in Eq. (2)

3
b
fé(M)=CfZ|Vij\2+af(T})M2+5fM4 (6)

j=1

whereV; = 0/0z; andby > 0. The quantitya;(T}) = ay(T — T}) is
expressed by the material parametgr> 0, and the temperatu@}, which is
different from the critical temperatuf€ of the ferromagnet, and this point will
be discussed below. We have already added a negative te2mA(?) to the
total free energy (v, M) and that is obvious by settind = 0 in EqQ. (2). The
negative energy-{27.M?2) should be added t@:(M ). In this way one obtains
the total free energyr(M) of the ferromagnet in a zero external magnetic field
that is given by a modification of Eq. (6) according to the rule

felag) = [ [ag(T}) — af(Ty)] 7

whereay = af (T — T}), and
2
Ty =T; +— 8
F=Tr+ o 8

is the critical temperature of a standard ferromagneticpli@nsition of second
order. This scheme was used in studies of rare earth ternargaunds [32,59—
61]. Alternatively [62], one may use from the beginning tb&at ferromagnetic
free energyfr(ay, M) as given by Egs. (6) - (8), but in this case the magnetic
energy included in the last two terms on r.h.s. of Eq. (2) &hba replaced with
H?/8r. Both approaches are equivalent.

The interaction between the ferromagnetic order paramefeand the super-
conducting order parameteris given by [43,47]

[, M) = inoM.(¢p x %) + SM [y, 9)
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The ~o-term in the above expression is the most substantial forddserip-
tion of the experimentally found ferromagnetic supercandrs [47], and the
5 M?|¢|?-term makes the model more realistic in the strong couplmg ks it
gives the opportunity to enlarge the phase diagram inctutoth positive and
negative values of the parameter. In this way the domain of the stable ferro-
magnetic order is extended down to zero temperatures fod@range of values
of material parameters and the pressHre- a situation that corresponds to the
experiments in ferromagnetic superconductors.

In Eq. (9) the coupling constant > 0 can be represented in the forg =

47 J, whereJ > 0 is the ferromagnetic exchange parameter [47]. In general,
the parameted for ferromagnetic superconductors may take both positige a
negative values. The values of the material paramef&rsi(y, o, oy, b, us,

ve, by, Kj, 70 andd) depend on the choice of the concrete substance and on
thermodynamic parameters as temperaifusnd pressuré’.

2.2 Way of treatment

The total free energy (2) is a quite complex object for théoaginvestigation.
The possible vortex and uniform phases of the model cannatJastigated
within a single calculation, rather one should focus on cetgcproblems. In
Ref. [47] the vortex phase was discussed with the help of titerion [63] for

a stability of this state near the phase transition Tihg H ); see also, Ref. [64].

In the case off = 0 one should apply the same criterion with respect to the
magnetizationM for small values ofi)| near the phase transition liffé; (M)

as performed in Ref. [47].

Here we shall be interested in the uniform phases when ther marameters
1» and M do not depend on the spatial vectorc V', whereV is the volume
of the superconductor. We shall restrict our analysis tcctivesideration of the
coexistence of uniform (Meissner) phases and ferromagoetier. We shall
make a detailed investigation in order to show that the maapgrties of the
uniform phases can be well determined within an approxionatihen the crys-
tal anisotropy is neglected. Some of the main features ofittilorm phases
in unconventional ferromagnetic superconductors can lisbhe outlined even
when the Cooper pair anisotropy is also neglected.

The assumption of a uniform magnetizatibfi is always reliable outside a quite
close vicinity of the magnetic phase transition and underciindition that the
superconducting order parametgiis also uniform,i.e. that vortex phases are
not present in the respective temperature domain. Theshbtoos are directly
satisfied in type | superconductors, but in type Il supercetats the tempera-
ture should be sufficiently low and the external magnetiafsgdould be zero.
Nevertheless, the mentioned conditions for type Il supstaotors may turn out
to be insufficient for the appearance of uniform supercotidgstates in mate-
rials with quite high values of the spontaneous magnetimatin such situation
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the uniform (Meissner) superconductivity and, hence, texistence of this su-
perconductivity with uniform ferromagnetic order may nppaar even at zero
temperature. Up to now type | unconventional ferromagnatjgerconductors
have not been found, whereas the experimental data for teattg discovered
compounds UGg URhGe, and ZrZsare not enough to conclude definitely ei-
ther about the lack or the existence of uniform superconlgystates at low and
ultra-low temperatures.

If real materials can be modelled by the general GL free gnéry- (9), the
ground state properties will be described by uniform statdésch we shall in-
vestigate. The problem about the availability of such stateeal materials at
finite temperatures is quite subtle at the present stagesefireh when the ex-
perimental data are not enough. Recently in Ref. [65] anraxeatal evidence
was given for the coexistence of uniform superconductiaityg ferromagnetism
in UGe,. Thus, we shall assume that uniform phases may exist in socet
ventional ferromagnetic superconductors. Moreover, we @ emphasize that
these phases appear as solutions of the GL equations camcisg to the free
energy (1) - (9). These arguments completely justify oudygtu

In case of a strong easy axis type of magnetic anisotropys asUGe [26],
the overall complexity of mean-field analysis of the freerggef (), M) can
be avoided by performing an “Ising-like” descriptiod = (0,0, M), where
M = £| M| is the magnetization along the-axis.” Because of the equivalence
of the “up” and “down” physical statest M), the thermodynamic analysis can
be performed within the “gaugeXt > 0. When the magnetic order has a con-
tinuous symmetry we can take advantage of the symmetry ebtakree energy
f(, M) and avoid the consideration of equivalent thermodynanaitestthat
occur as a result of the respective symmetry breaking atthseptransition point
but have no effect on thermodynamics of the system. In theoigiz system one
may again choose a gauge, in which the magnetization veatothe same di-
rection asz-axis (M| = M, = M) and this will not influence the generality of
thermodynamic analysis. Here we shall prefer the alteraaescription within
which the ferromagnetic state may appear through two ebarivap anddown
domains with magnetizations! and (—.M), respectively.

We shall make the mean-field analysis of the uniform phasddtanpossible
phase transitions between such phases in a zero externa¢ticafield (H = 0),
when the crystal anisotropy is neglected & 0). The only exception will be
the consideration in Sec. 3, where we briefly discuss the agnetic supercon-
ductors (M # 0).

We shall use notations, in which the number of parameteexdgaed. For this
reason we introduce
b= (bs +us + vs) (10)
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and redefine the order parameters and the other quantities following way:

i = b4y = gie® . M =b/ M, (11)
r= s t= a5 w*E v = s
\/5’ \/@7 b b b b
Yo 4

byt T @)

Having in mind that the order parametefsand M are considered uniform,
and using Egs. (10) and (11), we can write the free energyitefig), M) =
F(, M)/V in the form

M) = 16 4 S6" + 26102 Msin, — 1)
+71¢2M2 +tM2 + %MZL
—2w[@3 p3SiM (02 — 01) + p3SIN (01 — 03)
+@3p3Sin (02 — 03)]
—0[@263 + pIP% + 923 (12)

Note, that in the above expression the order parameétensd M are defined
per unit volume.

The equilibrium phases are obtained from the equationsaté st

af(ﬂo)
Olte

=0 (13)

where the series of symbolscan be defined as, for example,= {u.} =
(M, ¢1, ..., ¢3, 01, ..., 03); 1o denotes an equilibrium phase. The stability matrix

F of the phaseg, is defined by

2
Flon) = {Fupluo)} = 5L (14)

An alternative treatment can be done in terms of reg) @nd imaginary ¢)
parts of the complex numbers; = 1 + i), The calculation with modulp,

and phase angleg of v; is more simple but in cases of strongly degenerate
phases some of the angl@sremain unspecified. Then an alternative analysis
with the help of the components; and+}/ should be done.

The thermodynamic stability of the phases that are solst@hEgs. (13) is
checked with the help of the matrix (14). An additional slibianalysis is
done by the comparison of free energies of phases thatys#ti8j and ren-
der the stability matrix (14) positive in one and the same @onof parameters
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{r,t,v,m,w,v}. This step is important because the complicated form of the
free energy generates a great number of solutions of EgsafiBwe have to
sift out the stable from metastable phases that corresptivat & global or local
minima of the free energy, respectively [13].

Some solutions of Egs. (13) have a marginal stabiligy, their stability matrix
(14) is neither positively nor negatively definite. This fsem a result of the de-
generation of phases with broken continuous symmetryelfé¢lason for the lack
of clear positive definiteness of the stability matrix is gsely the mentioned
degeneration of the ground state, one may reliably condhuakethe respective
phase is stable. If there is another reason, the analydie ahatrix (14) will be
insufficient to determine the respective stability propefthese cases are quite
rare and occur for particular values of the paramefers v, ...}.

3 Pure Superconductivity

Let us setM = 0 in Eq. (12) and briefly summarize the known results [11, 18]
for the “pure superconducting case” when the magnetic aralenot appear and
magnetic effects do not affect the stability of the unifoide{ssner) supercon-
ducting phases. The possible phases can be classified byrulctuse of the
complex vector order parametér= (11,12, ¥2). We shall often use the mod-
uli vector (¢1, g2, ¢3) with magnitudep = (¢7 + ¢3 + ¢2)'/? and the phase
angless;.

The normal phase (0,0,0) is always a solution of the Egs. (k33 stable for

r > 0, and corresponds to a free enerfjy= 0. Under certain conditions, six
ordered phases [11, 18] occur for< 0. Here we shall not repeat the detailed
description of these phases [11, 18] but we shall briefly manheir structure.

The simplest ordered phase is of the type, 0,0) with equivalent domains:
(0,42,0) and(0,0,3). Multi-domain phases of more complex structure also
occur, but we shall not always enumerate the possible deamalfor exam-

ple, the “two-dimensional” phases can be fully represefbtgdomains of the
type (¢1,12,0), but there are also other two types of domairig, 0, 3)

and (0, v9,13). As we consider the general case when the crystal anisotropy
is presentv # 0), this type of phases possesses the progerty= |v;|.

The two-dimensional phases are two and they have differeatdnergies. To
clarify this point let us consider, for example, the phége, 15,0). The two
complex numbersy; and, can be represented either as two-component real
vectors, or, equivalently, as rotating vectors in the caxplane. One can easily
show that Eq. (12) yields two phases: a collinear phase, wher- 6,) =
wk(k = 0,+£1,...), i.e. when the vectorg; and- are collinear, and another
(non-collinear) phase when the same vectors are perpdadicueach other:

(62 — 01) = 7(k + 1/2). Having in mind that¢: | = |$2| = ¢/+/2, the domain
(1,3, 0) of the collinear phase is given lgy-1, 1,0)¢/+/2, whereas the same
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domain for the non-collinear phase will bei, 1,0)$/+/2. The two domains of
these phases have similar representations.

In addition to the mentioned three ordered phases, thres otbered phases ex-
ist. For these phases all three componenthiave nonzero equilibrium values.
Two of them have equal to one another modylii.e., ¢1 = ¢» = ¢3. The third
phase is of the type; = ¢2 # ¢3 and is unstable, so it cannot occur in real sys-
tems. The two three-dimensional phases with equal moduifiebrder param-
eter components have different phase angles and, heniegedifstructure. The
difference between any couple of angssis given by+r/3 or £27/3. The
characteristic vectors of this phase can be of the fatif/?, e=7/3 1)¢/\/3
and (e*7/3 e=27/3 1)¢/+/3. The second stable three-dimensional phase is
“real”, i.e. the componentg); lie on the real axis(#; — 0;) = =k for any
couple of angle®; and the characteristic vectors &grel, +1,1)¢/v/3. The
stability properties of these five stable ordered phases y&sented in details
in Refs. [11,18].

When the crystal anisotropy is not present=€ 0), the picture changes. The
increase of the level of degeneracy of the ordered statés keaan instability
of some phases and to a lack of some noncollinear phasestvwmtiand three-
dimensional real phases, wheils — 0;) = 7k, are no longer constrained by
the conditionp; = ¢;, but rather have the freedom of the variation of the moduli
¢; under the conditiop? = —r > 0. The two-dimensional noncollinear phase
exists but has a marginal stability [11]. All other noncodlar phases, even in
the presence of a crystal anisotray# 0), either vanish, or are unstable; for
details, see Ref. [11]. This discussion demonstrates tigatitystal anisotropy
stabilizes the ordering along the main crystallographredtions, lowers the
level of degeneracy of the ordered state related with thatspeous breaking
of the continuous symmetry, and favors the appearance afoflorear phases.

The crystal field effects related to the unconventional stgreducting order
were established for the first time in Ref. [18]. In our coesation of uncon-
ventional ferromagnetic superconductors in Sec. 4-7 w# &tie advantage
of these effects of the crystal anisotropy. In both cases 0 andv # 0 the
matrix (14) indicates an instability of the three-dimemsibphases (alp; # 0)
with an arbitrary ratiosp; /¢,;. As already mentioned, for # 0 the phases
of type o1 = ¢ # ¢3 are also unstable, whereas for= 0, even the phase
¢$1 = P2 = ¢3 > 0 is unstable.

4 M-Triggered Superconductivity

We shall consider the Walker-Samokhin model [47] when onhe t
M ¢1¢2—coupling between the order parametgrand M is taken into account
(v > 0,v1 = 0) and the anisotropie&w = v = 0) are ignored. The uniform
phases and the phase diagram in this case were investigd®edd. [44,45,49].
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Here we summarize the main results in order to make a cleapaason with
the results presented in Sec. 5 and Sec. 6. Our main aim issdwiption of
a trigger effectwhich consists of the appearance of a “compelled supetmsnd
tivity” caused by the presence of ferromagnetic order (hdéms is a standard
uniform ferromagnetic order); see also Refs. [44, 45, 4%melthis effect has
been already established and briefly discussed. As medtiontge Introduc-
tion, a similar trigger effect is known in the physics of iroper ferroelectrics.
We shall set; = 0 and use the notatioch= A6 = (62 — 6;).

4.1 Phases

The possible (stable, metastable and unstable) phases$vareig Table 1 to-
gether with the respective existence and stability comiti The normal, or
disordered phase, denoted in Table 1¥yalways exists (for all temperatures
T > 0) and is stable for > 0, » > 0. The superconducting phase denoted
in Table 1 by SC1 is unstable. The same is valid for the phase@fistence
of ferromagnetism and superconductivity denoted in Takily CTO2. The N—
phase, the ferromagnetic phase (FM), the supercondudtiaggs (SC1-3), and
two of the phases of coexistence (CO1-3) are generic phasasiée they ap-
pear also in the decoupled cage = 0). When theM ¢, ¢o—coupling is not
present, the phases SC1-3 are identical and representhd byder parameter
¢ with componentsp; that participate on equal footing. The asterisk attached
to the stability condition of the second superconductipifyase (SC2) indicates
that our analysis is insufficient to determine whether thiase corresponds to a
minimum of the free energy.

Table 1. Phases and their existence and stability propefties(p.—0: ), k = 0, 1, ...].

N ¢;j =M =0 always t>0,7>0
FM $; =0, M* = —t t<0 r> 0,7 > re(t)
sc1 ¢ =M=0,¢>=—r r<0 unstable
SC2 $=—-r0=nk,M=0 r<0 (t>0)"
SC3 $r1=¢2=M=0,¢3=—r r<0 r<0,t>0
co1 1 = a2 =0, r <0, r<0
#3 = —r, M? = —t t<0 t<0
co2 ¢1=0,02=—r r<0 unstable
0 =0, =7k, M?=—t t<0
FS 207 =2¢% = ¢* = —r + M M > r 3M? > (=t +~%/2)
$3=0,0 =2r(k—1/4) M >0
yr = (y* = 2)M — 2M?
FS' 201 =203 =¢" = —(r+9M), —yM>r  3M?> (—t++%/2)
¢$3=0,0=2n(k+1/4) M <0

yr = (2t —y*)M + 203
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0.5

M i M,

Figure 1.h = vr/2 as a function of\f for v = 1.2, andt = —0.2. The parameters, t,
and~ are given by Eq. (11).

It will be shown that the phase SC2, two other purely supetaoting phases
and the coexistence phase CO1, have no chance to becongsfstgbj~ 0. This

is so, because the phase of coexistence of supercondyiatitferromagnetism
(FS in Table 1), that does not occur for= 0, is stable and has a lower free
energy in their domain of stability. A second doméif < 0) of the FS phase
is denoted in Table 1 by FS Here we shall describe only the first domain FS.
The domain FSis considered in the same way.

The cubic equation for magnetization of FS-phase (see Thbls shown in
Figure 1 fory = 1.2 andt = —0.2. For anyy > 0 andt, the stable FS
thermodynamic states are given by\M) < r,, = r(M,,) for M > M,, > 0,
whereM,,, corresponds to the maximum of the functigid/). The dependence
of M, (t) andMy(t) = (—t +~2/2)/? = \/3M,,(t) ont is drawn in Figure 2
for v = 1.2. The functions-,,,(t) = 4M2 (t)/~ for t < v2/2 (depicted by the
line of circles in Figure 3), and

re(t) = 7[t//2, (15)
for t < 0 define the borderlines of stability and existence of FS.
4.2 Phase diagram

We have outlined the domain in the {) plane where the FS phase exists and is
a minimum of the free energy. Fer< 0 the cubic equation fok/ (see Table 1)
and the existence and stability conditions are satisfiedrfigr\/ > 0 provided

t > 2. Fort < ~? the conditiond > M, has to be fulfilled, here the value
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Figure 2. The magnetizatioW versust for v = 1.2: the dashed line represent, the

solid line represents/.,, and the dotted line correspondsitf,, .
T

24

° M

FS

>

e 05 05 1 t

Figure 3. The phase diagram in the plafe-§ with two tricritical points (A and B) and
a triple pointC; v = 1.2. The parameters ~ [T' — Ts(P)] andt ~ [T — Ty (P)]

are defined by Eq. (11). The domains of existence and stability of theephd, FM
and FS are shown. The line of circles represents the funetig) given by Eq. (17).
The dotted line represents the functiar(t) given by Eq. (15). To the left of poinB,

the same dotted curve corresponds to a FM-FS phase transition ofdsexter. The
equilibrium lines of N-FS and FM-FS phase transitions of first order arengoy the

solid linesAC andC B, respectively.
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My = (—t +~%/2)'/? of M is obtained from(M,) = 0. Thus, forr = 0 the
N-phase is stable far > v2/2, and FS is stable far < v2/2. Forr > 0, the
requirement for the stability of FS leads to the inequalitie

max (%,Mm) <M < My (16)

where M,,, = (My/+/3) and M, should be the positive solution of the cubic
equation of state from Table 1/,, > 0 gives a maximum of the function
r(M); see also Figures 1 and 2.

The further analysis defines the existence and stabilityadomwf FS below the
line AB denoted by circles (see Figure 3). In Figure 3 the ewfscircles starts
from the point A with coordinatesyg/2, 0) and touches two other (solid and
dotted) curves at the point B with coordinatés & —+2/4, rg = v2/2). The
line of circles represents the functie(M,,,) = r,,,(t), where

B 4 ,72 3/2

The dotted line represents(t) defined by Eq. (15). The inequality< r,,(t) is
a condition for the stability of FS, whereas the inequatitg r.(¢) for (—t) >
4?2 /4is a condition for the existence of FS as a solution of thegethype equation
of state. This existence condition for FS is obtained froh > r (see Table 1).

In the region on the left of the point B in Figure 3, the FS phsatisfies the
existence condition M > r only below the dotted line. In the domain confined
between the lines of circles and the dotted line on the lethefpoint B the
stability condition for FS is satisfied but the existencedition is broken. The
inequalityr > r.(t) is the stability condition of FM fof) < (—t) < 4%/4. For
(—t) > ~*/4 the FM phase is stable for all> r. ().

In the region confined by the line of circles AB, the dotte@lfor0 < (—¢) <
v2/4, and thet—axis, the phases N, FS and FM have an overlap of their stabilit
domains. The same is valid for FS, the SC phases and COL ihitHejtiadrant

of the plane {, ). The comparison of the respective free energies-far 0
shows that the stable phase is FS, whereas the other phasestastable within
their domains of stability.

The part of thet-axis given byr = 0 andt > ~2/2 is a phase transition line
of second order which describes the N-FS transition. Thessaamsition for

0 < t < ~%/2 is represented by the solid line AC which is the equilibrium
transition line of a first order phase transition. The equilim transition curve

is given by the function

Feq(t) = % (37— (2 +160) 7] My 1), (18)
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Here ) "
Meg(t) = —— [72 =8t +~ (42 + 16t) "/ 19
alt) =5 NG {v v (v ) } (19)
is the equilibrium jump of the magnetization. The order @& M+FS transition
changes at the tricritical point A.

The domain above the solid line AC and below the line of cadm¢ > 0 is
the region of a possible overheating of FS. The domain ofamaing of the
N-phase is confined by the solid line AC and the axes (0, » > 0). At the
triple point C with coordinates [0;.,(0) = v%/4], the phases N, FM, and FS
coexist. Fort < 0 the straight line

2
i, (t) = VZ +1t|, ts<t<O, (20)
describes the extension of the equilibrium phase tramsiii® of the N-FS first
order transition to negative valuesiofFort < tp the equilibrium phase transi-
tion FM-FS is of second order and is given by the dotted lin¢hanleft of the
point B, which is the second tricritical point in this phasagtam. Along the
first order transition line}, () given by Eq. (20), the equilibrium value off

is M., = 7/2, which implies an equilibrium order parameter jump at the-FM
FS transition equal toy(/2 — \/H). Along the dotted line of the second order
FM-FS transition, the equilibrium value @ff is equal to that of the FM phase
(Mg = \/H). The FM phase does not exist bel@; and this is a shortcoming
of the model (12) withy; = 0.

The equilibrium FM-FS and N-FS phase transition lines inuFégg3 can be
expressed by the respective equilibrium phase transiémperaturedy, de-
fined by the equations. = r(T.,), req = 7(Teq), 72, = 7(Teq), and with the
help of the relationM., = M (T.,). This limits the possible variations of the
parameters of the theory. For example, the critical tempeea(l,, = 1¢)
of the FM-FS second order transition?(/4 < —t) is obtained in the form
T. = (Ts + 4mJ M /ay), or, usingM = (—ay/bs)'/?,

T 1/2

T.=T,— & +

5 (21)

(%)2 +T*(Ty — T)

HereT; > Ty, andT* = (47.J)%ays/a2b; is a characteristic temperature of the
model (12) withy; = w = v = 0. A discussion of Eq. (21) is given in Sec. 5.3.

The investigation of the conditions for the validity of EQ1] leads to the con-
clusion that the FM-FS continuous phase transitionfat —t) will be possible
only if the following condition is satisfied:

Ty —Ts >=(c+/<)T* (22)
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whereg = bfa§/4bsa§. Therefore, the second order FM-FS transition should
disappear for a sufficiently large-coupling. Such a condition does not exist for
the first order transitions FM-FS and N-FS.

The inclusion of the gradient term (4) in the free energy (®)udd lead to a
depression of the equilibrium transition temperature. Wesragnetization in-
creases with the decrease of the temperature, the vortexs$tauld occur at
temperatures, lower than the equilibrium temperaifygeof the Meissner state.
For example, the critical temperaturg.J corresponding to the vortex phase of
FS-type has been evaluated [47] to be lower than the criéraperature (21):
(T. — T.) = 4wpupM/a,, whereup = |e|h/2mc is the Bohr magneton. For
J > g, we havel, ~ T..

Forr > 0, namely, for temperatureg > T, the superconductivity is triggered
by the magnetic order through thecoupling. The superconducting phase for
T > T, is entirely in thg(t, ) domain of the ferromagnetic phase. Therefore, the
uniform supeconducting phase can occurfor- T only through coexistence
with the ferromagnetic order.

The properties of the magnetic susceptibility and the fjpdweat near the phase
transition lines shown in Figure 3 have been investigateldafs. [46, 49] and
here we shall not dwell on these topics. Note that the refdts49] for the
thermodynamic quantities should be extended to includeptiysical effects
considered in the next parts of this review. Such a condideraequires some
numerical analysis.

In the next Sections we shall focus on the temperature rdhge T, which
seems to be of main practical interest. We shall not dwelhensuperconduc-
tivity in the fourth quadrantt > 0,7 < 0) of the (¢,r) diagram, where pure
superconducting phases can occur for systems With> T}, but this is not
the case for UGe URhGe and ZrZp. Also, we shall not discuss the possible
metastable phases in the third quadi@nt 0, < 0) of the (¢, r) diagram.

4.3 Note about a simplified theory

The analysis in this Section can be done following an appmai@ scheme
known from the theory of improper ferroelectrics; seay, Ref. [55]. In this
approximation the order parametef is considered small enough which makes
possible to ignoré/*-term in the free energy. Then, one easily obtains from the
data for FS presented in Table 1 or by a direct calculatiomefrespective re-
duced free energy that the order parameteasd M of FS—phase are described
by the simple equalities = (yM — ¢?) and M = (/2t)¢?. For ferroelectrics
working with oversimplified free energy gives a substardigharture of theory
from experiment [55]. The same approximation has been tlcapplied to
ferromagnetic Bose-Einstein condensates [66, 67].

For ferromagnetic superconductors the domain of relighilf this approxima-
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tion could be the close vicinity of the ferromagnetic phasagition,i.e., for
temperatures near the critical temperatiilye This discussion can be worth-
while only if the primary order parameter also exists in thme narrow temper-
ature domain¢ > 0). Therefore, the application of the simplified scheme can
be useful in systems, whellg > 7.

ForT, < Ty, the analysis can be simplified if we suppose a relativelyllsrmakie

of the modulusp of the superconducting order parameter. This approximatio
should be valid in some narrow temperature domain nearrbefisecond order
phase transition from FM to FS.

5 Effect of Symmetry Conserving Coupling

Here we shall include in our consideration both linear anadgatic couplings
of magnetization to the superconducting order parametéchwmeans that both
parameters and~; in free energy (12) are different from zero. In this way we
shall investigate the effect of the symmetry conservjpgerm in the free en-
ergy on the thermodynamics of the system. Whes equal to zero, but; # 0
the analysis is easy and the results are known from the thraddricritical and
tetracritical points [13, 53, 68, 69]. For the problem of xistence of conven-
tional superconductivity and ferromagnetic order, thelymis(v = 0,~v; # 0)
was made in Ref. [32].

At this stage we shall not take into account any anisotrofgcef because we
do not want to obscure the influence of quadratic interadtipnonsidering too

many parameters. For,v; # 0 andw = 0, v = 0 the results again can be
presented in an analytical form, only a small part of phasgrdim should be

calculated numerically.

5.1 Phases

The calculations show that for temperatufies> T%, i.e., for » > 0, we have
again three stable phases. Two of them are quite simple:aimeat (V-) phase
with existence and stability domains shown in Table 1, ardRl phase with
the existence conditioh< 0 as shown in Table 1, and a stability domain defined
by the inequality-'" < r. Here

r) =yt + v/, (23)

and one can compare it with the respective expression (5),fe= 0. In this
paragraph we shall retain the same notations as in Sec. wjthua superscript
(1) in order to distinguish them from the cagg= 0 The third stable phase for
r > 0 is a more complex variant of the mixed phase FS and its dom&in F
discussed in Sec. 4. The symmetry of the FS phase coincidieshat found in
[47.
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We have to mention that for < 0 there are five pure superconducting (= 0,
¢ > 0) phases. Two of them(p; > 0,092 = ¢35 = 0) and(¢; = 0,2 >
0, ¢3 > 0) are unstable. Two other phasés; > 0,¢2 > 0,¢3 = 0,05 = 01 +
mk) and(py > 0,pg > 0,p3 > 0,0, = 6, + 7k, 3 — arbitrary;k = 0, +1, ...)
show a marginal stability for > ~;r.

Only one of the five pure superconducting phases, the pha3edd@n in Ta-
ble 1, is stable. In the case ¢f # 0, the values of); and the existence domain
of SC3 are the same, as shown in Table Ihfoe= 0, but the stability domain is
different and is given by > ~;r. When the anisotropy effects are taken into ac-
count the phases exhibiting marginal stability within tliegent approximation
may become stable. Besides, three other mixed ph@ddest 0,¢ > 0) exist

for r < 0 but one of them is metastable (fof > 1,¢ < v,7, andr < v;1t) and
the other two are absolutely unstable.

Here the thermodynamic behavior for< 0 is much more abundant in phases
than for improper ferroelectrics with two component prignarder parameter
[53]. However, at this stage of experimental needs for ptggreof unconven-
tional ferromagnetic superconductors, the investigatibthe phases for tem-
peraturesl’” < T is not of primary interest and for this reason we shall focus
our attention on the temperature domai 0.

The FS phase foy; # 0 is described by the following equations:

¢1=¢2=%7 ¢3 =0, (24)
¢* = (FyM —r — 1 M?), (25)
(1—712)M3igfy'ylM2+ (t— 7; —w«) Mi% =0, (26)

and -
(62— 61) = F5 + 2wk, 27)

(k= 0,+1,...). The upper sign in Egs. (24) - (27) corresponds to the FS @doma
where sirifo—6,) = —1, and the lower sign corresponds to the [E@8main with
sin(f; — 1) = 1. Thisis a generalization of the two-domain FS phase distliss
in Sec. 3. The analysis of the stability matrix (14) for thpease domains shows
that FS is stable fod/ > 0 and FS is stable ford < 0, just like our result in
Sec. 4. As these domains belong to the same phase, nameadthessame free
energy and are thermodynamically equivalent, we shalliden®ne of them,
for example, FS.

5.2 Phase stability and phase diagram
In order to outline thei(r) phase diagram, we shall use the information given

above for the other two phases which have their own domaistabflity in the
(t,r) plane: N and FM. The FS stability conditions when+£ 0 become
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29M —r =y M? >0, (28)
yM =0, (29)
3(1 = y)M? + 3y M +t — v — 4% /2 > 0. (30)

and we prefer to treat Egs. (28) - (30) together with the erist condition
¢? > 0, with ¢ given by Eq. (25), with the help of the picture shown in Figdre

The most direct approach to analyze the existence andistaifiFS phase is to
express- as of function of(M, t) from the equation of state (26),

rD () = (31)

M, 3 o
(M, - +72) (1= AP)MZ, + 5971 Meg + (t — )
eq

2 2
and to substitute the above expression in the existencetahility conditions
of FS-phase. It is obvious that there is a special valuk/of

Mg, = —— (32)
2m

that is a solution of Eq. (26) for any value ofnd
2

3 (33)

ts1 =

for which this procedure cannot be applied and should beideres separately.
Note, thatM g is given by the horizontal dashed line in Figure 4. The anglys
shows that in the intervag) < t < ~%/2 the phase transition is again of first
order; here

,)/2
A1 +m)*
To find the equilibrium magnetization of first order phasasition, depicted by
the thick lineAC B in Figure 4, we need the expression for the equilibrium free
energy of FS-phase. It is obtained from Eq. (12) by setting= 0, v = 0), and
substitutingr, ¢;, as given by Egs. (24), (25) and (31). The resultis

1) = - (34)

) M?

PS = T3y — 22 {1 =2P)M* +y M° (35)
7’ 0
+2[4(1 = 77) = G IM = 29ntM +#(t = )}

whereM = M,,.
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M

t

Figure 4. The dependendd (¢) as an illustration of the stability analysis for= 1.2,

~v1 = 0.8, andw = 0. The parameters of the theomy, {,~y, 71, w, . ..) are defined by
Eq. (11). The horizontal dashed lines represent the quantifigsgiven by Eq. (32) and
Ms2 = 2Mg1. The line of circlesAS:S2 describes the positive solution of Eq. (31).
The thick line AC' gives the equilibrium magnetization for> 0. The thick lineBC
represents the equilibrium magnetization fox 0 as given by Eq. (35). The dotted
curve is the smaller positive solution of the stability condition (30). The thin dimlée
BS1 S, is the magnetizatiod! = /—¢. The arrow indicates the triple poiat. A and
B are the tricritical points of phase transition. The pdifatcorresponds to the maximum
of the curve (23) fot < 0, and the poiniS, corresponds toél)(t) = 0in Eq. (23).

For the phase transition from N to FS phag8e<( ¢t < 7?/2), M., is found by
setting the FS free energy from the above expression eqmatdoas we have by
convention that the free energy of the normal phase is zdne.value ofMé,})

for positivet is obtained numerically, and is illustrated by thick blackwe AC

in Figure 4. Whertg) <t < 0 the transition is between FM and FS phases and
we obtainMe(;) from the equationfrs = frar = (—t2/2), wherefry, is the
free energy of FM phase. The equilibrium magnetization exahovet-interval

is given by the formula

MO — T
€q 2(1+71)? (36)

and is drawn by thick lin€’ B in Figure 4. The existence and stability analysis
shows that forr > 0 the equilibrium magnetization of the first order phase

transition should satisfy the conditian\,) < M} < M.
By Mél) we denote the positive solution of') (M.q) = 0, and itst-dependence
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is drawn in Figure 4 by the curve with circles]\z[,(,}) is the smaller positive

root of the stability condition (30), and also gives the maxim of the function
réé) (M); see Eq. (31). The functiom is depicted by the dotted curveB in

Figure 4. Whernig; <t < tg) the existence and stability conditions are fulfilled
if v—t < M < Mgy, wherey/—t is the magnetization of ferromagnetic phase
and is drawn by a thin black line on the left of the point B in Ufigg 4. Here

we have two possibilitiesr > 0 for /-t < M < Mél), andr < 0 for
MY < M < Mg,. Tothe left ofts; andt > tgo, where

()

the FS phase is stable and existsfdg; < M < /—t. Herer will be positive

whenM{" < M < =t andr < 0for M{" > M > Mg,. Whent < tgs,
M < +/—t, andr is always negative.

M N

F0.5

N

) A 0 it

Figure 5. The phase diagram in ther) plane fory = 1.2, v; = 0.8 andw = 0.
The parameters of the theory, ¢, v, 71, w, .. .) are defined by Eq. (11). The domains
of stability of the phases N, FM and FS are indicatddand B are the tricritical points
of phase transitions separating the dashed lines (to the left of poémd to the right of
point A) of second order phase transitions from the solid in8C' of first order phase
transitions. The FS phase is stable in the entire domain ofith¢ below the solid and
dashed lines. The vertical dashed line, coinciding withrttais above the triple point
C, indicates the N-FM phase transition of second order.

On the basis of the existence and stability analysis we drdvigure 5 thet, r)-

phase diagram for concrete valuesyofnd~;. As we have mentioned above,
the order of the phase transitions is the same as,fer 0, see Figure 3, Sec. 4.
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The phase transition between the normal and FS phases istaftfiler and goes
along the equilibrium lineAC in the interval {4 = 4?/2 andtc = 0). The

functionréé) (t) is given by Eq. (31) WithMéé) from Figure 4.
N, FM, and FS phases coexist at the triple pd@gifwvith coordinateg = 0, and

r(cl) = ~2/4(~;+1). Onthe left ofC for tg) < t < 0the phase transition line of
first orderré}l)*(t) is found by substituting in Eq. (31) the respective equilibr

magnetization, given by Eq. (35). In result we obtain

2

My - 7 _
rle (t)_4(1+%) t. (38)

This function is illustrated by the lin&C in Figure 5 that terminates at the
tricritical point B with coordinatesg) from Eq. (34), and

@ Y2+m)

rg = TTEEAE (39)
To the left of the tricritical pointB the second order phase transition curve is
given by the relation (23). Here the magnetizatiodds= /—t and the super-
conducting order parameter is equal to zefo<{ 0). This line intersects t-axis
attgse and is well defined also for < 0. The functionrgl)(t) has a maximum
at the point(ts1,v2/4v1); hereM = Mg,. When this point is approached, the
second derivative of the free energy with respeciifotends to infinity. The
result for the curvesg) (t) of equilibrium phase transitions (N-FS and FM-FS)
can be used to define the respective equilibrium phase tiensemperatures
Trg.

We shall not discuss the region,> 0, » < 0, because we have supposed
from the very beginning that the transition temperaturetfer ferromagnetic
orderingT’ is higher than the superconducting transition temperaftyras it is
for the known unconventional ferromagnetic supercondsciut this case may
become of substantial interest when, as one may expectiietateith 7y < T
may be discovered experimentally.

5.3 Discussion

The shape of the equilibrium phase transition lines comedjmg to the phase
transitions N-SC, N-FS, and FM-FS is similar to that of therensimple case
of 47 = 0, and we shall not dwell on the variation of the size of the phas
domains with the variations of the parametgefrom zero to values constrained
by the conditiony? < 1. We shall draw the attention to the important qualitative
difference between the equilibrium phase transition liglkeewn in Figures 3
and 5. The second order phase transition lipg), shown by the dotted line
to the left of the pointB in Figure 3, tends to large positive valuesofor
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large negative values of and remains in the second quadrank( 0, > 0)

of the plane{, r), while the respective second order phase transitiorvﬁHét)

in Figure 5 crosses theaxis at the pointss and remains in the third quadrant
(t < 0,7 < 0) for all possible values of < tgo. This means that the ground
state (at O K) of systems with; = 0 will be always the FS phase while two
types of ground states, FM and FS, can exist for systemsOnithy? < 1. The
latter seems more realistic when we compare theory withraxpat, especially,
in ferromagnetic compounds like UgdJRhGe, and ZrZg, where the presence
of FM phase is observed at very low temperatures and relatone pressureP.

The final aim of the phase diagram investigation is the oaittiithe (", P) dia-
gram. Important conclusions about the shape ofThe”) diagram can be made
from the form of thg(¢, ) diagram without any additional information about the
values of the relevant material parameters, ay, ...) and their dependence on
the pressuré. One should know also the characteristic temperafyrevhich
has a lower value than the experimentally observed [26-2813 phase tran-
sition temperaturé7r»s ~ 1K) to the coexistence FS—phase. A supposition
about the dependence of the parametgranda; on the pressuré’ was made

in Ref. [47]. Our results fof; > T, show that the phase transition temperature
Trg varies with the variation of the system parameters oy, ...) from values
higher than the characteristic temperatiizedown to zero temperature. This is
seen in Figure 5.

In systems where a pure superconducting phase is not oddentemperatures
T ~TrorT ~Trg, wecansel; ~ 0in Eq. (21). By neglectind’ in Eq. (21)
and assuming thatT™*/T;) < 1, we obtain thatl, = Trs ~ (T*Ty)Y/2.
Note that the first7* /T )!/2-correction to this result has a negative sign which
means that a suitable dependence of the characteristicetatape7™ on the
pressure P may be used in attempts to describe the expeainséape of the
FM-FS phase transition line in th@", P) diagrams of UGe and ZrZn; see,
for example, Figure 2 in Ref. [26], Figure 3 in Ref. [27], Figu in Ref. [30].
The experimental phase diagrams indicate Th&f) is a smooth monotonically
decreasing function of the pressuteand?’; (P) tends to zero when the pressure
P exceeds a certain critical value & ~ 1 GPa. Postulating the respective
experimental shape of the functidfy(P), one may try to give a theoretical
prediction for the shape of the cur#g .

The lack of experimental data about important parametetseotheory forces
us to make some suppositions about the behavior of the améti(P). The
phase transition temperatufé s will qualitatively follow the shape of s (P)
provided the dependencE*(P) is very smooth. This is in accord with the
experimental shapes of these curves near the criticalyneBs where botHl’;
andTrg are very small. The substantial difference betw&gandTr s at lower
pressureP < P.) can be explained with the negative sign of the correctionte
to the leading dependen@& s (P) ~ [T*(P)T;(P)]'/? mentioned above and a
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convenient supposition for the form of the functidh(P).

Eq. (21) presents a rather simplified theoretical resulifor= Trs because the
effect of theM 2|+|? coupling is not taken into account. However, following the
same ideas, used in our discussion of Eq. (21), a more reltabbretical pre-
diction of the shape of FM-FS phase transition line can bergoan the basis of
Eq. (23). With the help of the experimentally found shap&gfP) and with the
definition of the parametersandt by Eq. (11), we can substituf® = Trg(P)
in Eqg. (23). In doing this we have applied the following appneations, hamely,
thatT, ~ 0 for any pressurd®, Trs(P.) ~ Ty(P.) ~ 0 and for substantially
lower pressure® < P.), T¢(P) > Trs(P). Then, near the critical pressure
P,., we easily obtain the transition temperatites ~ 0, as should be. For sub-
stantially lower values of the pressure, there exists aemx@ntal requirement
that(Trs — Ts) < (Ty — Trs). Using the latter we establish the approximate
formula

(Ty — Trs) = ¥°by* /3oy (40)

The same formula fofTy — Trs) can be obtained from the parametes(7xs)
given by Eq. (37). The pressure dependence of the paraniettsded in this
formula defines two qualitatively different types of beteavof Tr¢(P) at rel-
atively low pressuresi < P.): (8) Trs(P) ~ 0 below some (second) crit-
ical value of the pressure?( < P.), and (b) finiteTrs(P) up to P ~ 0.
Therefore, we can estimate the value of the pres#lire. P. in UGe,, where
Trs(P.) ~ 0. It can be obtained from the equation

TH(P) = (v*b}? /73ay) (41)

provided that the pressure dependence of the respectierisdgtarameters is
known. So, the above consideration is consistent with therttical prediction
that the dashed line in Figure 5 crosses the axis 0, and for this reason we
have the opportunity to describe two ordered phases at lowdeatures and
broad variations of the pressure. Our theory allows alsosgrg#ion of the
shape of the transition lin€zs(P) in ZrZn, and URhGe, where the transition
temperaturd rs is finite at ambient pressure. To avoid any misunderstasding
let us note that the diagram in Figure 5 is quite general amddmain containing
the pointr = 0 of the phase transition line for negativenay not be permitted
in some ferromagnetic compounds.

Up to now we have discussed experimental curves of secorat pidhse tran-
sitions. Our analysis gives the opportunity to describe &ilst order phase
transition lines. Our investigation of the free energy (E2ds to the prediction
of triple (C) and tricritical points A4 and B); see Figures 3 and 5. We shall not
consider the possible application of these results to tle@liagrams of real
substances, for which first order phase transitions andgritittal phenomena
occur; seeg.g, Refs. [65, 70], where first order phase transitions andiitiric
cal points have been observed. The explanation of the phasstion lines in
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Refs. [65, 70] requires further theoretical studies that lsa done on the basis
of a convenient extension of the free energy (12). For exantpé investigation
of vortex phases in Ref. [70] requires to take into accouvapttadient terms (4).
Another generalization should be done in order to explagrotiservation of two
FM phases [65, 70]. Note, that the experimentalists are owiptetely certain
whether the FS phase is a uniform or a vortex phase, and thisriscial point
for the further investigations. But we find quite encourggthat our studies
naturally lead to the prediction of the same variety of pheeesition lines and
multicritial points that has been observed in recent expenis [65, 70].

6 Anisotropy

Our analysis demonstrates that when the anisotropy of Cquges is taken
into account, there will be no drastic changes in the shapelitase diagram
for » > 0 and the order of the respective phase transitions. Of cpthisee
will be some changes in the size of the phase domains and theulime for
the thermodynamic quantities. It is readily seen from Fegus and 7 that the
temperature domain of first order phase transitions anceth@érature domain
of stability of FS abovd’, essentially vary with the variations of the anisotropy
parameterv. The parametetv will also insert changes in the values of the
thermodynamic quantities, such as the magnetic susciéytéod the entropy
and specific heat jumps at the phase transition points.

Besides, and this seems to be the main anisotropy effectpttend v-terms

in the free energy lead to a stabilization of the order aldmg rhain crystal
directions which, in other words, means that the degemeraif the possible
ground states (FM, SC, and FS) is considerably reduced. mbans also a
smaller number of marginally stable states.

The dimensionless anisotropy parameter u,/(bs+us) can be either positive
or negative depending on the sigmaf Obviously whernu, > 0, the parameter
w will be positive too and will be in the interval < w< 1 to ensure the positive-
ness of parametérfrom Eq. (10). Whenv < 0, the latter condition is obeyed if
the original parameters of free energy (3) satisfy the iaéityu—b, < uy < 0.

We should mention here that a new phase of coexistence ofcaumRictivity
and ferromagnetism occurs as a solution of Egs. (13). Itfineléin the follow-
ing way:

B+t =g [ (t+ 2 ) -7 (42)
LR R TP n 2w ’
1 72
2 _——_—— —_— —_—
M* = =2 {fylr <t+ 2w>} ; (43)
and
2wsin(fy — 01) = yM, cos(02 —61) # 0. (44)
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T

FM

r0.5

2

Figure 6. Phase diagram in the ¢) plane fory = 1.2, 41 = 0.8, andw = 0.4. The
meaning of lines and points is the same as given in Figure 5.

FM

-1

=2

Figure 7. Phase diagram in the ¢) plane fory = 1.2, 1 = 0.8, andw = —2. The

straight dotted line for < 0 indicates an instability of

the FS phase. The meaning of

other lines and notations is the same as given in Figure 5.

In the present approximation the phase (42) -
change when the crystal anisotropy is taken into

(44) is unstadhit this may
account.

We shall write the equations for order parametefsind¢; of the FS phase, in
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order to illustrate the changes when 0,

_ +yM —r — y M? >0

¢ w20 (45)

and

(1 —w—~7)M? (46)
2
i;meM t(1 —w) — % — Mj:g =0

where the meaning of the upper and lower sign is the same daireaqh just
below Eq. (27). The difference in the stability conditiossmore pronounced
and gives new effects that will be explained further,

2 —w)yM —r —y M?
1—w

>0, (47)

yYM — wr —wy M? >0, (48)

and
_ _ A2 2 _ A2 _
31 —w—97)M? 4+ 3y M +t(1 —w) = v2/2 —pr > 0. (49)

1—w

The calculations for the phase diagram in ¢) parameter space are done in
the same way as in the casewf= 0, and show that forw > 0 there is no
qualitative change of the phase diagram. Quantitativieey/region of first order
phase transition widens both with respect tandr as illustrated in Figure 6.
On the contrary, whem < 0 the first order phase transition region becomes
more narrow but the condition (47) limits the stability of 8 » < 0. This is
seen from Figure 7 where FS is stable above the straightdilitte for » < 0
andt < 0. So, purely superconducting (Meissner) phases occur algooaind
states together with FS and FM phases.

7 Conclusion

We investigated the M-trigger effect in unconventionatdenagnetic supercon-
ductors. This effect arises from tlé), y)o-coupling term in the GL free energy
and provokes the appearance of superconductivity in a doofahe system’s
phase diagram that is entirely occupied by the ferromagmptase. The co-
existence of unconventional superconductivity and feergnetic order is pos-
sible for temperatures above and below the critical tempezd’, that corre-
sponds to the standard second-order phase transition foomahto Meissner
phase — usual uniform superconductivity in a zero exterraagmetic field which
occurs outside the domain of existence of ferromagnetieror@ur investiga-
tion is mainly intended to clarify the thermodynamic beloa\at temperatures
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T, < T < Ty, where superconductivity cannot appear without the mashan
of M-triggering. We describe the possible ordered phasbsdRd FS) in this
most interesting temperature interval.

The Cooper pair and crystal anisotropies are investigatddtaeir main effects
on the thermodynamics of the triggered phase of coexistsnegtablished. Of
course, in discussions of concrete real materials the cégperystal symmetry
should be considered. But the low symmetry and low order ¢th B/ and
1) y-term in the free energy determines the leading featurelseotbexistence
phase and the dependence of essential thermodynamic pesper the type of
crystal symmetry is not so considerable.

Below the superconducting critical temperatdtea variety of pure supercon-
ducting and mixed phases of coexistence of supercondiyctvid ferromag-
netism exists and the thermodynamic behavior at thesevediatow tempera-
tures is more complex than in improper ferroelectrics. Tase@y < T also
needs a special investigation.

Our results are referred to the possible uniform supercctimiyand ferromag-
netic states. Vortex and other nonuniform phases need satesaudy.

The relation of the present investigation to propertiegaf ferromagnetic com-
pounds, such as UGeURhGe, and ZrZg, has been discussed throughout the
text. In these compounds the ferromagnetic critical terpee is much higher
than the superconducting critical temperat(ifg >> T), and, that is why, the
M-triggering of the spin-triplet superconductivity is yestrong. Moreover, the
~1-term is important to stabilize the FM order to the absol#eoz(0 K), as

is in the known spin-triplet ferromagnetic supercondustoignoring [47] the
symmetry conserving; -term does not allow for a proper description of the real
substances of this type. More experimental informatiorualite values of the
material parameters:{,ay, ...) included in the free energy (12) is required in
order to outline the thermodynamic behavior and the phasgraiin in terms of
thermodynamic parametefsand P. In particular, reliable knowledge about the
dependence of the parametegsanda; on the pressur®, the value of the char-
acteristic temperaturg, and the ratia:; /a¢ at zero temperature are of primary
interest.
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