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Abstract. We present a cylindrically symmetric solution to the dilaton-axion
gravity equations. The found solution is (quasi)regular on the axis ofrmm
try, asymptotically flat and free from curvature singularities. From esjaay

point of view the solution describes a nonrotating cosmic string interacting with

gravitational and dilaton-axion waves.

PACS number: 04.62.+v

1 Introduction

Grand unified theories predict the existence of cosmicgdriarmed as a conse-
guence of phase transitions in the early Universe. Cosmingstattracted much
attention due to the possible physical consequences defatthem: they act

as gravitational lenses, may produce fluctuations in theawiave background,

and may be responsible for galaxy formation in the Universe.

The straight cosmic strings are characterized by theiusadihich is related
to the Compton wavelength of Higgs scalar governing the sgimnbreaking,

therefore, the radius is extremely small, aba0t2?” m. That is why, from

macroscopic point of view, a cosmic string may be descritsed hne source
and its gravitational field would have cylindrical symmetmiyhe space-time of
an isolated cosmic string is described by flat space with ayevedt out. In other
words, the metric has a conical singularity on the symmetig. aThe deficit

angled¢ is related to the string’s energy density per unit lengththrough the

formuladg = 8me.

One would expect that the strings would interact with thetemaand the ra-
diation surrounding them. Exact solutions of Einstein’siatpns, describing
rotating cosmic strings interacting with gravitationalmea, were found by Xan-
thopoulos [1, 2]. These solutions are asymptotically fldtPetrov typeD,

admitting quasiregular axis, and are free from curvatungudarities. Later
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on, Xanthopoulos and Papadopoulos [3], using an analytitiraeation of the
Tomimatsu-Sato solutions, obtained exact solutions, lwtiéscribe a beam-like
shaped pulse of gravitational radiation scattered by dingtacosmic string.
Petrov typel solutions, which describe soliton-like waves interactimigh a
nonrotating cosmic string, were given and discussed in Rtating cosmic
strings interacting with gravitational and electromagn&taves were studied
in [5].

The four-dimensional effective string actions attractaachinterest in recent
years as a possible generalization of the Einstein geraledivity [6—17]. Solu-
tions describing isolated static cosmic strings within éffective string actions
were discussed in [19]. Rotating cosmic strings interactirith gravitational
and scalar (dilaton) waves were studied in [20].

In the present paper we consider the so-called dilatonraytiavity. We present
a new solution, which can be interpreted as a nonrotatingimostring interact-
ing with gravitational and dilaton-axion waves.

2 General Equations and Exact Solutions

The dilaton-axion gravity in the Einstein frame is descatilbg the action

S = / d*z/—g (R — 29" 0,0 — %64“’g“b8ax8bx> (@)

whereg,;, is the space-time metri@; is the Ricci scalar curvature, agdandy
are the dilaton and axion field, respectively.

We consider space-times with two commuting space-likanglvectors Ky =
0/0z and K, = 0/9¢ and adopt the following Ansatz for the metric:

ds? = PP (—di? + dp?) + p?dep? + d22. 2)

It turns out that the solution takes much simpler form in tbecalled prolate
coordinatesy andy, in which the metric can be written in the form

dn? du?
d82 — le(”l»lJ«) (_?77772 + 'u2/i 1) +p2(77,,u)d¢2 +d22 (3)

where

P = (L+nH)p—1), (4)
tn,p) = po, (5)

and the range of the coordinatesndy is given by

—oo < n<4oo, pu>1. (6)
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In more explicit form we have

207 = (P2 — 2+ 1)2 + 412 + 2 — p* — 1, @)
20 = /(P2 — 2+ 1)2+ 42 — 12 + p* + 1, 8
and
e = QLfQ 9
n? + p

Taking into account all the above assumptions, we obtairfidli@ving system
of partial differential equations:

= Oy [(L+1*)0np] + 0, [(1* — 1)0ue]

= 2 SO0 + (4 - D@7, (10)
-0y [64“’(1 + 772)8,,)(] +0, [64*"(;12 —1)dux] =0, (11)
1 jngaﬂf—’_ ng_ 1877f

1
= e D) * 2Ptk + 3¢ o, (12

1
200y f +2u0,f =2+ (1+1?) {2(&7@)2 + 564“"(8nx)2]

1) 20,0 + 3000 9

We have found the following solution to the above system:

1
F(np) = 5 In [N*(A%0* + B — 1] (14)
1 A2,r]2 + B2Iu2 -1
2Bp (16)

x(n; ) = (Ap—1)2 + B2p?’

HereN # 0, A andB are constants, witl32 — A2 = 1.
3 Physical Interpretation

In order to discuss the physics behind the found solutionneed to analyze
the behavior of the metric, the so-called “C-energy”, theyMemd Ricci scalars
near the axis, near the spacial infinity and in the vicinityhaf null infinity.
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3.1 The metric and the scalar fields
Behavior near the axis: p <<|t|,p — 0.

It is obvious that the norm of the azimuthal Killing vec@fd¢ is
o 0 9
9(8_¢7 %) =0,
and therefore, the axjs= 0 is a (quasi)regular surface of space-time. Moreover,
near the axis the metric becomes

17)

2
ds? ~ N2 A2 <—dt2 Fdp? + NZ e d¢2) +d2 (18)
The behavior of the dilaton and axion field near the axis ismiby the expres-
sions:
1 A%(1+¢%)
Pl [m} , (19)
2B

X (1— At)?2+ B* (20)

The deficit angle or surplus is

27
VIped 1
Supis = 21 — lim w — o (1 - ) L@
p—0 fo VIppdp | NA|

Therefore, there is a conical singularity on the axis messhy (21), which sig-
nals the existence of a cosmic string. In order to avoid thmplgs and negative
energy density of the string, we have to tak¥ A |> 1. The valugl NA |=1
eliminates the deficit anglé€. the string disappears) and the solution describes
cylindrical gravitational waves.

Asymptotic behavior: p >>|¢ |, p — oo .

One can find that the asymptotic form of the metric is

2
ds? ~ N?B? <—dt2 +dp® + Ng 53 d¢2> +dz?. (22)

This explicit form shows that the metric is asymptoticalbtfiwith deficit angle
or surplus, given by

27
Jaiad
5¢w:2w—limw:2ﬂ'(l— L > (23)
p—00 fo /Ippdp | NB |

10f course, this solution is not asymptotically simple in thesseof Penrose.
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The asymptotic forms of the dilaton and axion field are given b

1
alort (24)
2
~—. 25
X~ 5 (25)
Since| B |>| A |, we have
0Poc > 0Qazis (26)

which reflects the contribution of the gravitational waves.

The choicd N |=| B | would eliminate the asymptotic deficit angle. However,
this choice would cause a surplus near the axis and therafgative string
energy density.

Behavior near the null infinity: p =| ¢ |— co.

Considering the past and future null infinity, we find thedaling expressions:

N? 1
_or VT a2 2 _
2B 1
ey (28)
A 1
‘p%:FAz_,_Bz% (29)

where the upper sign is for the future null infinity. The bebawf the metric
component and the scalar fields near the null infinities sh@t the solution
presents gravitational and dilaton-axion waves (distucba), propagating along
the null directions. This is confirmed by the next subsedtiscussions.

3.2 The C-energy

The so-called C-energy [21] is given by

1
C(t,p) = B In | goog== |=T'(t, p). (30)

It measures the energy of a cylindrically symmetric graidteal system. More
precisely,C(t, p) is proportional to the energy density per unit length coreei
in a cylinder of radiug. It is useful to introduce the null coordinates

v=t+p, (32)

119



Cosmic Strings Interacting with Gravitational and Dilatérion Waves

so that the past null infinity correspondsi#to— —oo with finite v, while the

future null infinity corresponds to — +oo with finite w. The quantityd,,C =
3 (8,C — 0,C) measures the energy radiated away.

In our case the explicit form of the functiai(¢, p) is

1

N2 (A2n2 + B22 — 1)
C(t,p) = 5 n e (33)
We also have
2
o e V) (e = 1) [n\/u2—1+u\/1+772} o
' IR LTy T |
2
5 VA7) (2 - 1) [n\/uz—l—u\/lﬂﬂ .5
' e o I
Behavior near the axis: p <|t |, p — 0.
In this region one obtains
1 p?
~-—In|N?(A24+ L
o= g | (4 + o )| (%0
1 2tp?
~— 7
S YE (R <p+ 1+t2) ’ (37)
1 2tp?
O ————— | p— . 38
WO~ S a )y ('0 1+t2) (38)

These explicit expressions show that there is no energy flthesaxis, neither
at the time-like infinity| ¢ |— oco. The C-energy takes a constant value on the
axis itself,

Cam‘szlnlNA‘.

(39)
Asymptotic behavior: p>>|t |, p — oo .
One can show that
Czln[NB(lﬁ-ﬁ)], (40)
9,0 =~ —ﬁ (1 + %) : (41)
9,0 =~ ﬁ (1 — %) : (42)
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Making use of these formulas, we find that at spacial infipity co there is no
energy flux, and that the C-energy tends to the constant value

Coo=In| NB|. (43)

Behaviour near the null infinity: p =| t |— oc.

In the region under consideration we have

C~tm (1N2> (A2 + B - 1) . (44)
2 2 p
We also find that
0,C ~ — ! 1+ ! (45)
T2 (A2 1 B?) 2(A2 + B?)p |’
1
0O ST R ()
near the future null infinity, and
0,C =~ S (47)
YT U8(A2 + B2)p?’
0,0~ — 1 iy L (48)
YT 2(42 4+ B?) 2(A2+ B?)p’

for the past null infinity. These expressions imply that atjplast and future null
infinities there are incoming and outgoing radiations, eesigely. Taking also

the considerations in the previous subsections into a¢caeermay conclude
that our solution describes gravitational and dilatoreaxivaves, which origi-

nate at the past null infinity, converge towards the axis$ttiag), and propagate
to the future null infinity.

3.3 The Weyl scalars

After elaborate calculations, we find the Weyl scalars farsmlution

T N R—
\IIO - _2(,”2 +M2)2(A2772 + BQMQ — 1) [/’L\/l +77 - 77\//’(‘ - 1:| ’ (49)

1 el

Uy = —
276 (P + D)L - An)? + BYEP(AZE + B22 — 12
[[(1 _ An2)2 —BQ/,LQ] (AQ,,]Q _ BQMQ —|—A2 +BQ>

+4B% % (1 — An)?(A%n? — p® + A% + 1)] ) (50)
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L

2(n2 + p2)2(A22 + B2y —

) [u\/1+n2+n\/u2—1]2- (51)

The Weyl scalars are regular everywhere. The same holdaddRicci scalars
since, as one could see, the scalar fields, their derivaavekthe metric compo-
nents are also regular everywhere. The space-time is trergEe from curva-
ture singularities. The investigation of the Weyl scalarthe three characteristic
regions (near the axis, asymptotic region and near the miitiies) confirms
the conclusion of the previous subsection.

One can check that the space-time is of Petrov fpe
4 The String Frame

Our considerations were in the Einstein frame so far. Thathg we should
also comment the picture in the string frame. Both framegeeded through
the conformal transformation

gab = e_mpgalr (52)
The explicit calculations show that the deficit angles irhtfcdmes are the same:

5(5(1,901'3 = 5¢aw1’,s7

The behavior of the string frame C-energy and Weyl scalatisarcharacteristic
regions is qualitatively the same as in the Einstein frante ghysical interpre-
tation therefore also holds in the string frame.

5 Conclusion

In this paper we have presented a new exact cylindricallynsgtric solution to
the dilaton-axion gravity equations. The solution is astotipally flat, regular
on the axis of symmetry, and free from curvature singuksitilt can be inter-
preted from a physical point of view as a nonrotating cosrtriog interacting
with gravitational and dilaton-axion waves.

Note Added: During the review process of this paper, the author foundemo
general classes of solutions describing rotating cosmitegst interacting with
gravitational and dilaton-axion waves [22].
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