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Abstract. The tensor properties of all the generators of Sp(12,R) - the group
of dynamical symmetry of the Interacting Vector Boson Model (IVBidje
given with respect to the reduction chain Sp(12;RU(6) D U(3) x U(2) D

0(@3) x (U(1) x U(1)). Matrix elements of the basic building blocks of the
model are evaluated in symmetry adapted basis along the considenredAfia

a result of this, the analytic form of the matrix elements of any operator in the
enveloping algebra of the Sp(12,R), defining a certain transition opecatobe
calculated. The procedure allows further applications of the symplecB&IV

for the description of transition probabilities between nuclear collectivesstate

PACS number: 21.60.Fw, 03.65.Fd,02.20.Sv

1 Introduction

In the algebraic models the use of the dynamical symmeteéeetl by a cer-
tain reduction chain of the group of dynamical symmetryldgeexact solutions
for the eigenvalues and eigenfunctions of the model Hamidtm which is con-
structed from the invariant operators of the subgroupserctiain.

Something more, it is very simple and straightforward tagkdte matrix ele-
ments of transition operators between the eigenstates ¢fdimiltonian, as both
—the basis states and the operators, can be defined as tpesatoos in respect
to the considered dynamical symmetry. Then the calculatfonatrix elements
is simplified by the use of the respective generalizationhef Wigner-Eckart
theorem. By definition such matrix elements give the tréamsiprobabilities be-
tween the collective states attributed to the basis stdtédediamiltonian. The
comparison of the experimental data with the calculataustt@n probabilities
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is one of the best tests of the validity of the consideredkalge model. With
the aim of such applications of the rotational limit of syexqdic extension of
IVBM, we develop in this paper a practical mathematical apph for explicit
evaluation of the matrix elements of transitional opematoithe model.

The algebraic IVBM was developed [1] initially for the deigtion of the low
lying bands of the well deformed even-even nuclei [2]. Régehis approach
was adapted to incorporate the newly observed higher twlestates, both in
the first positive and negative parity bands [3] by consitgthe basis states as
"yrast” states for the different values of the number of bsiy, that built them.
This was achieved by extending the dynamical symmetry gidup) to the
noncompactSp(12, R). The excellent results obtained for the energy spectrum
require a further investigation of the transition probiiei in the framework of
the generalized IVBM wittbp(12, R) as a group of dynamical symmetry. Thus
in the present work we consider the tensor properties of ltebea generators
(Section 2.) in respect to the reduction chain

Sp(12,R) D U(6) D U(3) x U(2) D O(3) x (U(1) x U(1)), (1)

and also classify the basis states (Section 3.) by the quantumbers corre-
sponding to the irreducible representations of its subggouln this way we
are able to define the transition operators between the bidis and then to
evaluate analytically their matrix elements (Section 4.).

2 Tensor Properties of the Generators of the Sp(12,R) Group

The basic building blocks of the IVBM [1] are the creation amihilation oper-
ators of the vector bosons}, (a) andu,, () (m = 0,+1; o = £3), which can
be considered as components dd-adimensional vector, which transform ac-
cording to the fundamentdl (6) irreducible representationis, 0,0,0,0,0]¢ =
[1]¢ and its conjugatefD, 0,0, 0,0, —1]¢ = [1];, respectively. These irreducible
representations become reducible along the chain of supgrd) defining the
dynamical symmetry of the rotational limit of the model [Z[his means that
along with the quantum number characterizing the repraiens ofU(6), the
operators are also characterized by the quantum numbehe alubgroups of
chain (1).

The only possible representation of the direct produéf () x U (2) belonging
to the representatigi]s of U(6) is [1]3.[1]2, i.e., [1]¢ = [1]3.[1]2. According to
the reduction rules for the decompositibii3) > O(3), the representatiofi|s
of U(3) contains the representatidi); of the groupO(3) giving the angular
momentum of the bosoris= 1 with a projectionn = 0, +1. The representation
[1], of U(2) defines the "pseudospin” of the bosdfis= 3, whose projection is
given by the corresponding representatio{@f1) x U(1)), i.e, a = £3. In
this way the creation and annihilation operatars(a) andu,,(«)are defined
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as irreducible tensors along the chain (1), and the usecept@s/ention and
commutation relations are the following [4]:

(1] T s ma mti—a, 15
( U, Hzma) ungngy; = (-1 UNE )y —mea @

)z ma ] _
[“[112[1]; Y UN]1)anp| = Omnda,p

Initially the generators of the symplectic grofip(12, R) were written as double
tensors [5] with respect t0(3) > O(2) andU(2) D U(1) reductions

ALM LM ~TT [1] [1]g  Bn
TTO Z Z Clmlncl (iﬁ “[1]2[1]2ma“[1]2[1]; Lv (3)
m,n o,f3
LM LM ~TT, (1] (1]
Frp, = Z Z Clmlnc 1 i “[1]2[1}2ma“[1]§[1]2n[3> 4
m,n «,3
TT [1]g am [1]g Bn
GHy =) Z; CrminClats Yuim; Yuim; - ®)

Further they can be defined as irreducible tensor operatmsrding to the
whole chain (1) of subgroups and expressed in terms of (Bard (5)

e LM _ A [ o AR LA
At 71 = Cllaiitls e Canain,Af,  ©

De LM _ ot (1] bds sl LM
F[A]3[216F]z TTo — [1]§[ ]2[1]3[16]2 \a[2T fC(1)3(1)33(L3)3FTT0 (1)

[xle LM _ [1]g xle ~[115[13[Ns ~LM
Gl 71 = Cllusisis e Cannit, G, @)

where, according to the lemma of Racah [6], the Clebsch-&@obefficients
along the chain are factorized by means of isoscalar fa¢tbys defined for
each step of decomposition (1). It should be pointed outjdt theU (6)—
[x2] [x] [A1]s [A2]s [Al: ; ing i
5/\1 ;QT& M) bTas  psfpr, @NAUB) — CR2 e, IF's, entering in
(6), (7) and (8), are equal tb1 and their values, are taken into account in what
follows.

The tensors (6), transform according to the direct profidgtof the correspond-
ing U (6) representationd ] and[1]; [4], namely

[1e x [1]g = [1, —1]6 + [0]6 ©)
where[l,—1]g = [2,1,1,1,1,0]s and[0]s = [1,1,1,1,1, 1]5 is the scalal/ (6)
representation. Further we multiply the two conjugatediamental representa-
tions of U(3) x U(2)

[s[l]e x [13[1]5
= ([s < []3)([t)2 x [1]3)
(I
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Obviously, the first thre€/(3) x U(2) irreducible representations (irreps) in the
resulting decomposition (10) belong to the—1]s of U(6) and the last one to
[0]6. Introducing the notations; (1) = p;” andu; (—3) = n;, the scalar

operator

[0] 00
A[O]g[o]z 00 N \/_chml m pmp m+n n_ m) (11)

m

has the physical meaning of the total number of bosons mldfat: J/\f;+ NZ,
whereN, = 3" pi,pm, N = 32 1 n,, and is obviously the first order invariant
of all the unitary groupd/(6),U(3) andU(2). Hence it reduces them to their
respective unimodular subgroug#/(6), SU(3) and SU(2). Something more,
the invariant operatof—1)”, decomposes the action space H of 1€12, R)
generators to the evenHvith N = 0,2,4,...,andodd H with N =1, 3,5, ...,
subspaces of the boson representationspdi 2, R) [7].

TheU(3) irreps[\]s are shorthand notations pfy, n2, n3)s, and are expressed
in terms of Elliott’s notations [8] A, 1) with A = n; — no, u = na — n3, SO

in (10) we have210]3 = (1,1) and[0]s = (0,0).The corresponding values of
L from the SU(3) > O(3) reduction rules aré = 1,2 in the(1,1) irrep and
L = 0inthe(0,0). The values ofl" are1 and0 for the U(2) irreps[2], and
[0]2 respectively. Hence, thE(2) irreps in the direct product distinguish the
equivalent/ (3) irreps that appear in this reduction, and there is not degepe
The tensors witll” = 0 correspond to th&U (3) generators

A{;lol]]g 0)2 1M = chgm PPk ) (12)
m,k
1-1]s oM
A[210]g[0]2 0 =5 Z Cimix (p)fpr + nifiny) (13)
m,k

representing the components of the angulay (12) and Elliott’s quadrupole
@ momentum (13) operators.

The tensors
A0-1e 00 _ 3 n T
[0]s]2]2 11— 52%”%” 1y
[1-1s 00  _ 3 n
Al 11 = \/;Z"mp—mNT—l (14)

Al o= fzpmp b )~ T,
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correspond to the&U (2) generators, which are the components of the pseu-
dospin operatof’. And finally the tensors

(1-1s LM _ LM
Apros 1 = D Claispihnn, (15)
m,k
-1]s LM _ Y
Aproj 101 = D Cimiknihr, (16)
m,k
and
L]\/[
Ay 100 = ZCfnﬂ”{k phpr — nihn), 17)

with L =1,2andM = —L,—L + 1, ...,L extend thdJ(3) x U(2) algebra to
theU (6) one.

By analogy, the tensors (7) and (8) transform accordingjto [4
[l x [Ll6 = [2]6 + [1, 1]s. (18)

and
[1]§ x [1]g = [=2]6 + [-1, —1]6,

respectively. But, since the basis states of the IVBM aréy faymmetric,
we consider only the fully symmetricU(6) representation§2]s and [—2]s
of the operators (7) and (8). Since the two operatbrand G are conju-

. Ixle LMyi _ _ _ Xlg L-M
gated,i.e, (Fy 057, pp, )T = ()ATHHE-MATT0 G[)\]§>[<2€71“]§T7Tg’ where
[A]ls = (A, 1), we are going to present the next decompositions only fothe
tensors (18). According to the decomposition rules for thky BymmetricU (6)

irreps [4], we have
2]6 = [2]3[2]2 + [1, 1]3[0]2 = (2,0)[2]2 + (0, 1)[0]2, (19)

which further contain in(2,0) L = 0,2 with 7" = 1 and in(0,1) - L =1
with 7 = 0. Their explicit expressions in terms of the creatigh, n;” and
annihilation operatorg;, n; ati = 0, +1 are

[2] LM LM
F[2]3[2]62 1 - ZC1m1kP:ZPk7
2 LM
ol 11 = ZCMM" ny (20)
m,k
2 LM
F[Q]g[[Q]]GQ 10 — Z Ol'mlk pmnk - n’rnpk:)
m,k
2 LM
F[1,1[]3][%}2 - Z Canszm pm”k ;p:) (21)
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The above operators and their conjugated oﬁﬁ\%’g%; ;ﬁf change the

number of bosons by two and realize the symplectic extensfidhe U (6) al-
gebra. In this way we have listed all the irreducible tengmerators in respect
to the reduction chain (1), that correspond to the infinitedioperators of the
Sp(12, R) algebra.

Next, we can introduce the tensor products

T([Xl]G[XZ]G) w(x]e LM
[Als[2T)2 TT,

_ ZT[Xl]G LiMy plxele LyM>
(M]s[2Ti]e T1(To)r™ [A2]s[2T2]2 T2(To)2
[x1] [x2]
X C[}\ll]G 2/6

wixle ~[A1]z[A2]s[A]s
3[T1]2[A2]3[T2]2  [A]3[2T]2 ~(L1)s(L2)3(L)s3
% CII\;[ll L]/VQ[Z L ~Ty T> T

M ~(To)1(To)2 To (22)

of two tensor operatork?m3[[’5];;]2 TLTJY , which are as well tensors in respect to
the considered reduction chain. We use (22) to obtain theoteproperties of
the operators in the enveloping algebra%f(12, R), containing the products
of the algebra generators. The products of second degree thit two-body
interaction of the phenomenological Hamiltonian of thisiti[4]. In this partic-
ular case we are interested in the transition operatorsdmgtwstates differing by

four bosonér[[f]]g[ﬂ]2 L AT'ITU, expressed in terms of the products of two operators
F[A 3[[22]; ) TLTJEI Making use of the decomposition (19) and the reductiorsrule

in the chain (1), we list in Table 1 all the representationthefchain subgroups
that define the transformation properties of the resulémgors.

Table 1. Tensor products of two raising operators.

[2]6 [2]e [4]6 0(3) U(2) U(1)

)\1]3[2Tﬂ2 [)\2]3[2T1}2 [)\]3[2T]2 K; L T To
(2,0)[2]2 (2,0)[2]2 (4,0)[4]2 00,2,4 | 2 0,+1,+2
(2,0)[2]2 (0,1)[0]2 (2,1)[2]2 1;1,2,3 | 1 0,+1
(0,1)[0]2 (0,1)[0]2 (0,2)[0]2 00,2 0

The basis states in tHe,. are also obtained as symmetrized tensor products of

different degrees of the tensor operatﬁmg[é];]z TLT{ZI .

3 Construction of the Symplectic Basis States of the IVBM

In order to clarify the role of the tensor operators introgtlién the previous
section as transition operators and to simplify the cataneof their matrix ele-
ments, the basis for the Hilbert space must be symmetry adépthe algebraic
structure along the considered subgroup chain (1). It idestifrom (20) and
(21), that the basis states of the IVBM in ti&, (/N—even) subspace of the
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boson representations &fp(12, R) can be obtained by a consecutive applica-

tion of the raising operatorsF, (s LM on the boson vacuum (ground)

Na[2T)s  TTo
state] 0 ), annihilated by the tensor operataﬂ%\]%‘}b 751{\0[ |0 )=0and

e LM _
psir, TT, |0 ) =0

Thus, in general a basis for the considered dynamical symrogthe [IVBM can
be constructed by applying the multiple symmetric coup(iag) of the raising
tensorsFW][32[]26Ti]2 LTJ\I{O with itself - [Fx...x F][M:E)[CgﬁT]z :,?Tj‘f . Note that
only fully symmetric tensor productfg]s = [IV]¢ are nonzero, since the raising
operator commutes with itself. The possibi€3) couplings are enumerated by
the Set[/\]g = {[nl,ng,O] = (n1 — ng,ng,);nl >ng >0 } In terms of
the notationg(\, i) the SU(3) content of thel/ (6) symmetric tensofN]g is
determined byA = n; — nsy, u = ns. The number of copies of the operatBr
in the symmetric tensor produd¥]s is N/2, whereN = nq +ng = A+2u[3].
Each raising operator will increase the number of bos@nsy two. Then, the
resulting infinite basis is denoted W] (\, u); KLM;TT, ), whereK LM
are the quantum numbers for the non-orthonormal basis dfrég@(\, 11).

The Sp(12, R) classification scheme for th&l/ (3) boson representations, ob-
tained by applying the reduction rules [3] for the irrepshia thain (1) for even
value of the number of bosoms, is shown on Table 2. Each row (fixed) of
the table corresponds to a given irreducible representafithe U (6) algebra.
Then the possible values for the pseudospin, given in themolnext to the re-
spective value ofV, areT = &, & —1,... 0. Thus whenV andT are fixed,
2T + 1 equivalent representations of the gratip’(3) arise. Each of them is
distinguished by the eigenvalues of the operdipt —7', —T + 1, ..., T, defin-
ing the columns of Table 2. The sarfi€/(3) representation§\, i) arise for the
positive and negative eigenvaluesTef

Now it is clear which of the tensor operators act as transibperators between
the basis states ordered in the classification scheme peesariable 2. The op-

eratorsF[A]3[[2;(}]2 TLTAO” with T, = 0 (21) give the transitions between two neigh-

boring cells(|) from one column, while the ones wiffy = +1(20) change the

column as well /). The tensorsi, 1[]13’[()1]]26 (12) and (13), which correspond to
the SU(3) generators do not change tHé&(3) representationg, ), but can

change the angular momentuirinside it(=>). TheSU(2) generating tensors

A[O]S[E:]G(M) change the projectidh, (—) of the pseudospif and in this way
distinguish the equivalertU (3) irreps belonging to the different columns of

the same row of Table 2. Inside a given cell the transitiomwbenh the different

SU(3) irreps({) is realized by the operators, 1[]13_[21]]5 (15), (16) and (17), that
represent thé/(6) generators. The action of the tensor operators orbTH€3)
vectors inside a given cell or between the cells of Table 2alds schematically

presented on it with corresponding arrows. In physical igpfibns sequences
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of SU(3) vectors are attributed to sequences of collective statlemdiag to
different bands in the nuclear spectra. By means of the ahoadysis, the ap-
propriate transition operators can be defined as apprepraahbinations of the
tensor operators given in Section 2.

4 Matrix Elements of the Transition Operators in Symmetry
Adapted Basis

Matrix elements of theSp(12, R) algebra can be calculated in several ways.
A direct method is to use th&p(12, R) commutation relations [1] to derive
recursion relations. Another is to start from approximaigrin element and
proceed by successive approximations, adjusting the xnalgiments until the
commutation relations are precisely satisfied [9]. Thedthirethod is to make
use of a vector-valued coherent-state representatiomtiglp[10] to relate the
matrix elements to the known matrix elements of a much simfeyl algebra.

However, in the present paper we use another technique limulagon of the
matrix elements of theSp(12, R) algebra, based on the fact that the representa-
tions of theSU (3) subgroup in IVBM are build with the help of the two kinds
of vector bosons, which is in some sense simpler than thetreation of the
SU(3) representations in IBM [11] anfip(6, R) symplectic model [12].

In the preceding sections we expressed¥pél2, R) generators /!, GEI
A:LF% and the basis states as components of irreducible tensgspact to the
reduction chain (1). Thus, for calculating their matrixreknts, we have the

advantage of using the Wigner-Eckart theorem in two stepstte SU(3) —
SO(3) and SU(2) — U(1) x U(1) reduction we need the standafd/(2)

Table 2. Classification of the basis states.

[NT | T,\..+£4] +3 £2 1] © I
00 J F[Q],[fgi (0,0)
1 [2]6 g (2,0) (2,0)
20 I o (0,1)
2 ,0) - 4,0) (4,0)
41 - A[Q,l]s[Q]Z ‘U’ (271) (271)
0 - - (0,2)
3 (6,0) (6,0) (6,0) (6,0)
2 Al tle - (4,1) 1) | (41
6 [0)312]2
1 — - - (2 2) (272)
0 - - - (0,3)
4 (8,0) (8,0) (8,0) (8,0) (8,0)
3 - (671) (671) (671) (671)
8 2 - - (4,2) (4,2) (4,2)
1 - - - (273) (273)
0 - - - - (0,4)
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Clebsch-Gordan coefficient (CGC)

(N ) K LM TT TRy e [INT (A, p)s K LM; TT)
6 ‘M ~T'TG
= (v MAcu>;KfLwIﬁﬂpt|u JO\ 1); KL)YCLi1 1 Crny - (23)

For the calculation of the double-barred reduced matrimelgs in (23) we use
the form [13]

(NN 1) K LT, " lINT - () K

= (NN T ITINTO, ) O Ve, (24)

where C[?L”) ]L( ’“Q,L, is a reducedSU(3) Clebsch-Gordan coefficient
(CGC), which is known analytically in many special caseq,[[¥5], [16], [17]
and computer codes are available to calculate them nuriigrit8], [19], and
[20]. Hence, for the evaluation of the matrix elements (28)he Sp(12, R)
operators only their reduced triple-barred matrix elerman¢ required. In order
to evaluate them we first obtain the matrix elements of thetwe " (o) and
annihilationu,,, () operatorgm = 0,+1;a = +3) of the vector bosons that
build them. The latter act in the Hilbert spagéof the boson representation
of the algebra ofSp(12, R) with a vacuum|0> defined byu,, («)|0) = 0. In
the notationsy/ (1) = p; andu; (—3) = n;", an orthonormal basis i is

2
introduced in the following way [7]:

(p)™ ()"
mv) = y 0), (25)
i,kl_o[,:tl mi! V!

wherer = {m,m,7_1} run over the set of three nonnegative numbers for
which N, = Z m;, and the same is valid for = {11, vy, v_1} with N,, = Z

v;, whereN,, and N,, give the number of bosons of each kind, and the total
number of bosons that build each stateVis= N, + N,,. These numbers are
eigenvalues of the corresponding operatlfd\;,s: ST 0t Pms Nj, = > ntnm,
andN = J/V\p+ N, (112):

Nylm,v) = Ny|mv),  Nylmw) =N, |m,v). (26)

N|m,v) = N |r,v) (27)

As a result of the above relations the basis states) can be labelled with the
guantum numberd/, N,,, N,,. In the considered reduction chain (1) the labels of
the SU(3) — (A, u) irreps are related to the numbers of the introdueethdp
-vector bosons in the followingway= N, — N,,, u = N, N = A+2p [3]. It

is simple to see that the eigenvalues in (B§)= n, andN,, = ny, wheren;, ny
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defined thé/(3) tensor propertieg\]; in the tensor operators (6), (7) and (8) and
the symmetry adapted basis states, given in Table 2. AlseiteavalueN in
(26) corresponds to the totally symmetti¢6) irrep [V] that defines the tensor
operators and the basis states tensor properties. Hendmsiee (25) can be
equivalently labelled by{NT; (A, 1)) with dim(X, ) = S(A+p+2)(A+1)(u+

1) included in the normalization of the states. The action gf @mponent of
the boson creation and annihilation operators is stanggidén by

' (N 4+ 1) dim(A, p) N
pﬂm,u,u»—\/ I 4 1 (¥ )

:\/(2u+)\+1)()\+ﬂ+2)()‘+1)|[N+1]'(/\+1 ), (28)

(A+p+3)(A+2)
i |[N]; (A, )
_ e A DA+ p42) (A1) (p+1) L
B \/ )\(/\+M+l)(u+2) ‘[N—’_]-]v ()‘ 1,,Uz+1)>, (29)
. e A+ p+2)(A+1) .
pil[N]; (A ) = \/ NOF D) [N=1];(A=1,p)), (30)

. _ [@CuAAN)A+1)(p+1) ,
nZHN], (A7M)> - \/ ()‘+2)M |[N_1], ()\-1—1,/1,—1». (31)

With the help of relations ( 28)(31) we can evaluate the corresponding matrix
elements of the building blocks of the IVBM. They correspdadhe triple-
barred reduced matrix elements in (24) as they depend onthet/ (6) —
SU(3) quantum numbers. The above expressions for the action aféfagion
and annihilation operators are very simple and useful, §sasingle resulting
state is obtained. Th&p(12, R) generators, explicitly presented in Section 2
as tensor operators in terms of bilinear productg;ofn;", p; andn;, can be
considered as coupldd(6) — SU(3) tensors (22) and their matrix elements
calculated using the above expressions where the staténmggtom the action

of the operators taken as an intermediate state [13].

5 Conclusions

In the present paper we investigate the tensor propertideedlgebra genera-
tors of Sp(12, R) with respect to the reduction chain (I9p(12, R) is the group
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of dynamical symmetry of the IVBM and the considered chairsatbgroups
was applied in [3] for the description of positive and negatarity bands in
well deformed nuclei. The basis states of the model Hanidtoare also clas-
sified by the quantum numbers corresponding to the irretkiopresentations
of its subgroups and in this way the symmetry adapted basikisnlimit of
the IVBM is constructed. The action of the symplectic get@raas transition
operators between the basis states is presented. SimpjeiGiaexpressions
for the matrix elements of the basic building blocks of thedel@re obtained as
well. Making use of the latter and respective generalizatithe Wigner-Eckart
theorem one is able to evaluate explicitly the matrix eletmef the transition
operators expressed in terms of tensor operators. By defirstich matrix el-
ements give the transition probabilities between the ctile states attributed
to the basis states of the Hamiltonian. In this way usefulhexaatical tool is
developed, which will allow future applications of the sylewiic IVBM in the
description of different collective features of the nuclegstems. Furthermore,
we hope that such investigations will contribute for deapeterstanding of the
physical meaning of the mathematical structures of the irenattt more correct
evaluation of its limits of applicability.
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