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Abstract. The cylindrical resonator operating with TE011 mode is used for
complex permittivity measurement of different materials: foams, layers, dielec-
tric sheets. The measuring resonator with unloaded quality factor more than
15000 for Ku band is designed and tested. The calculation expressions are
based on an exact solution for the resonator entirely filled with foam material.
Perturbation technique is used when thin disk samples are placed in the mid-
dle of the resonator height. The measurement error for foam materialsis 0.1%
for permittivity and 5–10% for dielectric loss. The error for layers and sheets
measurements is in the limits of 2–4% for permittivity and 10% for loss fac-
tor. The described measuring procedures are easy for practical realization and
ensure enough accuracy for estimation of complex permittivity in the range of
12–13 GHz.

PACS number: 77.22.-d

1 Introduction

The dielectric materials used in modern microwave technique can be estimated
and measured with different methods in dependence on material shape, permit-
tivity, and loss factor values. The well-known dielectric post resonator method
[1] operating with TE011mode used as a reference source for estimation of per-
mittivity measurement accuracy is applicable omly for low loss materials with
cylindrical shape. The other reference method is that of long cylindrical res-
onator with a disk sample placed on the resonator bottom, where TE01p mode is
excited with quality factor greater than6× 104 [2]. This method is used mainly
for characterization of standard samples (e.g., samples made of polystyrene).
Recently, a number of other resonance methods for estimation of low loss mate-
rials have been referenced [3]. Most of them are accepted in leading metrology
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institutions like NIST [4] and NPL [5]. Nevertheless, thereis no universal solu-
tion to the problem for proper estimation of variety of materials used. Therefore,
in every case of interest additional methods are developed for definite use. The
purpose of the present paper is to propose a new inexpensive alternative for ap-
plication of cylindrical resonator operating with TE011 mode. In comparison
with the known methods, this realization of measuring procedure is relatively
simple and it is characterized with an accuracy satisfying the requirements for
the most practical applications. The application of cylindrical resonator with
TE011 mode is appropriate for evaluation of low loss dielectric materials: foams,
layers, thin sheets.

2 Description of the Measuring Resonator

The measuring resonator consists of cylindrical brass bodyand two equal brass
bottoms fixed to the body by 4 screws each (Figure 1a). The internal surface of
the resonator is polished and then Silver (10µm) and Gold (1µm) is plated. The
top and the bottom part of the resonator are separated from the cylindrical body
with a gap of 0.35 mm. Behind bottom plates (2 mm thick) are placed 2 mm
thick absorbing rings to reduce spurious resonance modes excitation. The res-
onator diameterD and lengthL are taken equal,30.05 ± 0.01 mm and 30.085
± 0.01 mm, respectively, to get the highest value for quality factor of TE011
mode around 13 GHz. The measuring setup is coupled to the resonator through
SMA connectors mounted at angle 90◦ and below the middle of the resonator
(at heightL/3). The coupling semi-loops, oriented perpendicularly to the lon-
gitudinal component of microwave magnetic field, do not penetrate inside the
resonator (Figure 1b). Thus, the coupling is small enough. The insertion loss of
the empty resonator, operating with mode TE011, is S21 = −22.5 dB.

Figure 1. Measuring cylindrical resonator operating with TE011 mode.
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At these conditions the measured resonance frequency isfexp = 13140.3 ±
0.2 MHz, which is lower than the theoretical estimationfth = 13147.7 ±
3.14 MHz calculated from [6]. The difference between measured and predicted
value of resonance frequency can be explained with the uncertainty of the res-
onator diameterD and presence of small holes (Ø 2.2 mm) for coupling loops
and air gap between the bottoms and the resonator body. The measured line-
width of the empty resonator∆fexp [-3dB] = 0.933 ± 0.01 MHz leads to the
loaded quality factorQL = 14048. Taking into account the insertion loss S21 at
resonance, the unloaded quality factor, determined from the expression

Q0 =
QL

1 − 10S21/20
, (1)

is found to beQ0exp = 15225. This value is lower than the theoretical estimation
Q0th = 21926 calculated from [6] for the above mentioned dimensions and Gold
conductivityσ = 41 MS. The difference can be explained with the internal
surface imperfection of the resonator.

The experimental check has shown that the suppression of parasitic modes in the
designed cylindrical resonator is strong enough. It was observed no excitation of
the TMmnp modes. In Table 1 are summarized data for transmission coefficient
S21 of the lowest TEmnp modes exciting in the range of 7–14 GHz. The presence
of absorber rings behind resonator bottoms reduces the level of parasitic TEmnp

modes.

Table 1. TEmnp mode excitation in cylindrical resonator withD = 30.05 mm andL =
30.085 mm.

Mode TE111 TE211 TE112 TE011 TE212

fth [GHz] 7.681 10.890 11.553 13.147 13.905
Sabs

21 [dB] -68.8 -58.2 -48.8 -22.5 -54.0
S21 [dB] -55.0 -37.5 -37.0 -22.0 -32.2

As can be seen there exists a bandwidth of about 1.6 GHz below 13 GHz, which
is free of spurious modes. Its lower limit depends on TE112 mode excited around
11.55 GHz withS21 = -48.8 dB. Fortunately, TE112 mode is not sensitive to
the sample placed in the middle of the resonator, and can be identified easily.
It is recommended not to use samples creating frequency shift greater than 1–
1.5 GHz to avoid any unwanted interference between the working mode TE011
and the spurious modes.

The measurement of resonator parameters can be done with conventional scalar
network analyzer. Thus, the resonator insertion lossS21 can be measured with
an error±0.3–0.5 dB. The measurement accuracy of resonance frequency and
resonance line-width depends on the calibration procedure. It is recommended
to repeat this procedure for narrow frequency span, for instance 5 times of mea-
sured line-width. If we use averaging mode and do several (5–10) readings, we
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can guarantee the resonance line-width accuracy within a few per cents. The
measurement of resonance line-width is free of subjective errors because most
of network analyzers include BANDWIDTH option at level -3 dB.The conven-
tional sweep oscillators cannot ensure frequency stability better than10-3–10-4.
Therefore, it is necessary to use either digital frequency meter or synthesized
sweep oscillator with frequency stability better than10-6.

The estimation of measurement error can be done with root sum-of-square tech-
nique (RSS) mentioned in [3]. Thus, knowing the complex permittivity depen-
dence from measured parameters, we can calculate permittivity and loss factor
uncertainties

∆ε′r =

[(
∂ε′

∂h
∆h

)2

+

(
∂ε′

∂L
∆L

)2

+

(
∂ε′

∂D
∆D

)2

+

(
∂ε′

∂f
∆f

)2

+· · ·
]1/2

(2)

∆(tan δε) =

[(
∂ (tan δ)

∂ε
∆ε

)2

+

(
∂ (tan δ)

∂Q
∆Q

)2

+

(
∂ (tan δ)

∂L
∆L

)2

+

(
∂ (tan δ)

∂D
∆D

)2

+ · · ·
]1/2

(3)

through the uncertainties of the: sample thickness∆h, resonator length∆L and
diameter∆D, frequency resolution∆f , quality factor error∆Q, etc.

3 Measurement of Foam Materials

Usually, the foam materials are characterized with low dielectric permittivity
εr < 1.2. These materials are easy for manufacturing samples entirely filling the
cylindrical cavity. The foam material complex permittivity ε = ε′(1−j tan δ can
be determined from the expressions in [7, pp. 521–522] derived for completely
filled cavity of arbitrary shape. Considering the measured parameters of the
empty TE011 mode cavityfexp andQ0exp as known values, the expressions in [7]
can be rewritten for determination of the foam permittivityand loss factor

εF =

(
fexp

fF

)2

(4)

tan δF =
1

Q0F
+

1

Q0 exp

4
√
εF (5)

wherefF andQ0F are the measured resonance frequency and the unloaded
quality factor of cavity entirely filled with foam.

To prove this application, measurements of different foam materials were done
and then summarized in Table 2.
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Table 2. Measurement of foam materials entirely filling cylindrical TE011 resonator with
D = 30.05 mm andL = 30.085 mm

Foam material f [MHz] εF tan(δF )

Polypropylene 12868.97 1.04280 0.0000223
Airex R82.60 12600.40 1.08755 0.0008120
Airex R82.80 12531.45 1.09955 0.0007330
Alveo NA 0605 11982.14 1.20270 0.0003830
Alveo NA 1105 12492.77 1.10637 0.0003000

The reference data are available for fire resistant foams AirexR© R82.60 and
R82.80 in [8]. The agreement for permittivity is very good. The foam materials
Airex R© R82.60 and R82.80 are characterized with permittivity 1.085 and 1.108
at 12.5 GHz,i.e. the difference is quite small: 0.23% and 0.77%, respectively.
Data for loss factor in Table 2 however are 2–3 times smaller than the reference
values 0.0017 and 0.0023 specified in [8]. No information formeasuring pro-
cedure used in [8] is available. Therefore, any comments on the reasons for the
above-mentioned disagreement are not possible at present time.

The estimation of foam permittivity uncertainty can be donewith the expression
(2) where permittivity derivatives∂ε/∂fF and∂ε/∂fexp from (4) are replaced.
We obtain a simple formula for determination of relative uncertainty

∆εF

εF
= 2

[(
∆fF

fF

)2

+

(
∆fexp

fexp

)2
]1/2

. (6)

At ∆fF = ∆fexp = 1 MHz the permittivity uncertainty of foam materials
listed in Table 2 is very low — for instance∆εF /εF = 0.000312 for material
Airex R82.80. The proposed method for measurement of foam permittivity is
characterized with better accuracy than the one in [8].

Estimation of loss factor uncertainty can be done with the expression (3), where
derivatives of (5) with respect to permittivity and loss factors should be substi-
tuted. As a result, the uncertainty of foam loss factor is determined with the
expression
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1
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. (7)

The influence of the first term under square root should be dominant because the
quality factor of the foam filled resonator is lower than thatof the empty res-
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onator. For instance, for∆Q0F /Q0F = 0.02, the measurement uncertainty for
the loss factor of material Airex R82.80 is∆(tan δF ) = 1.61 × 10-5 or 2.2%.
In comparison with permittivity error of 0.03%, we can conclude that loss fac-
tor determination is less accurate – at least 2 orders. However, even with some
increasing of uncertainties of measured resonance frequency and resonance line-
width of TE011 cylindrical resonator, we can guarantee the measurement offoam
materials with uncertainty better than 0.1% for permittivity and 5% for loss fac-
tor.

4 Measurement of Layer Materials

The estimation of layer materials can be done with the test fixture schematically
shown in Figure 2. As can be seen two equal halves of polypropylene foam
and investigated disk shape layer of thicknessd between them are used. Thus,
the sample is placed in the electric field maximum of the resonator operating
with TE011 mode. For thin enough layer (d < 0.1 mm), the frequency shift and
quality factor degradation of resonator are small enough and the application of
perturbation technique is possible for evaluation of layerpermittivity εL. The
necessary equation for deviation of cavity complex frequency of resonator, par-
tially filled with sample, which complex permittivityε′− jε′′ = ε′(1− j tan δε)
can be found in a large number of textbooks (see for instance,[7 – p. 533] or
[9]).

The necessary perturbation formula is

∆ω

ω
+ j∆

(
1

2Q

)
= −

∫∫∫
V

[(ε′ − jε′′) − ε0]E.E
∗
0dV

2
∫∫∫

Vε
ε0E.E∗

0dV
(8)

whereE0is the electric field of unperturbed resonator filled with permittivity ε0,
whileE is the field of resonator with a sample inside. For cylindrical resonator
operating with TE011 mode the azimuth componentEϕ inside layer is equal to
the fieldE0ϕ of unperturbed resonator.

Therefore, with substitution ofε0 → ε′F − jε′′F in (8) and electric fieldE0 from
[6], the perturbation equation reduces to the following expressions for determi-
nation of layer permittivity and loss factor:
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1
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− 0.5

PF

(
1
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− 1
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]
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where the perturbation factorPF = 0.5

(
d

L
+

1

2π
sin

2πd

L

)
should be as small

as possible. Note that indicesF andFL relate to parameters of resonator filled
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Figure 2. TE011 cylindrical resonator for measurement of dielectric layers.

with foam and foam + layer, respectively. Further on, the last term in (9) will
be omitted because the loss factor of foam spacerstan δF is low enough (see
Table 2). Thus, the expression for permittivity of thin layer can be simplified
additionally to

ε′L = ε′F

[
1 +

(
1 − fFL

fF

)
L

d

]
. (11)

If ε′F → 1, the equation (11) coincides with expression usually associated with
perturbation theory – for instance formula used in [10], where measurement of
very thin layer (d < 10 µm) placed in the maximum of the electric field of TE011

mode resonator is discussed.

The results of measurements for several layer materials aresummarized in Ta-
ble 3 for the case of foam polypropylene spacers. The obtained data for low
loss materials (PTFE and Polyethylene) are in agreement with reference data in
[11]. Detailed comparison is possible only for layers with definite parameters.
For instance, in [11] the molded PTFE is characterized with permittivity 2.1
and loss factor(1 − 3) × 10-4 while the medium density Polyethylene should
have permittivity 2.3–2.4 and loss factor 0.0002–0.0005. In the case of consid-
eration, however, no manufacturing information concerning measuring samples
was available for proper comparison of the data in Table 3.

The uncertainty of measured layer permittivity can be determined from expres-
sion (2), where derivatives of simplified perturbation formula (11) are substi-
tuted. Thus, the final expression for relative uncertainty of permittivity can be
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Table 3. Measurement of layers placed in the middle of TE011 resonator withD =
30.05 mm andL = 30.085 mm, filled with foam spacers (εF = 1.0428, tan δF =
0.0000223)

Material d [µm] f [MHz] εL tan δε

PTFE 44 12847.59 2.096 0.000253
Polyethylene 80 12824.44 2.363 0.000336
Polyimide 180 12698.49 3.334 0.0132
KCL-3 25 12842.77 3.461 0.0111
FR 4 120 12712.07 4.206 0.0179

presented as follows:
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)2
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In the previous chapter it was shown that the uncertainty of the foam permittivity
and measured resonance frequencies are small enough:3×10-4 and1×10-6, re-
spectively. Hence, the main influence on layer permittivityuncertainty is caused
by the second term of the square root expression,i.e. of layer thickness uncer-
tainty ∆d/d in particular. To illustrate this assumption, we can substitute the
data for PTFE from Table 3 in (12). The calculated uncertainty of permittivity
for PTFE layer at∆d = 2 µm is ∆εL/εL = 0.0227 or 2.27%. This error is
smaller than∆d/d (equal to 4.4%) and it is in agreement with the perturbation
technique which typical accuracy is 2–4%.

The estimation of layer loss factor uncertainty is more complicated because in
general case the expression (10) for loss factor cannot be simplified. For the
case under consideration, however, the second term of nominator in (10) can be
neglected because the loss factor of polypropylene holdersis very low. Thus,
replacing the derivatives of the simplified formula

tan δL =

(
ε′F
ε′L

)[
1

Q0FL
− 1

Q0F

]
L

d
(13)

into expression (3), we can obtain the following equation for calculation of the
relative layer loss factor uncertainty:
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. (14)
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The uncertainties associated with foam permittivity and resonator length in (14)
can be neglected because of their small influence on the final result. In the
general case, the influence of the layer thickness uncertainty, layer permittivity
and quality factor uncertainties are comparable. The valueof the uncertainty
depends on the layer loss factor. For low loss layers, like PTFE and Polyethy-
lene, the influence of the two last terms in (14) is dominant because the quality
factorsQ0F andQ0FL are comparable. Therefore, the measurement of low
loss layers needs considerable reducing of quality factor uncertainty∆Q0/Q0.
The calculations show that low loss factor uncertainty∆(tan δL)/ tan δL for
PTFE layer decreases from 0.466 to 0.106 if∆Q0/Q0 falls down from 0.005
to 0.001. Layers with moderate values of losses (Polyimide and FR 4) are less
sensitive to quality factor uncertainty as the role of the last terms in (17) is much
smaller. For example Polyimide layer should have∆(tan δL)/ tan δL = 0.036
at ∆d/d = 0.028 and∆Q0/Q0 = 0.01. With that in mind, we can conclude
that measurement of layer loss factor is less accurate. The errors can be keeping
less than 10% if quality factor uncertainty is properly ensured.

5 Measurement of Dielectric Sheets

The measurement of thin dielectric sheets (d < 1 mm) is done with disk sample,
which diameter isD = 30 mm. The disk sample is fixed by two screws through
removable holder at heighth ≈ L/2 (Figure 1a). The measurement method is
not sensitive against small deviation of the central position (within 0.1–0.2 mm)
because the azimuth componentEϕ of TE011 mode is changed slightly along
the resonator axis. The use of perturbation formula (8) leads to the following
approximate expression for determination of permittivityand loss factor of the
thin sheet:

ε′Sr = 1 + 2
fe − fS

fe

[
d

L
− 1

π
cos

π (2h+ d)

L
sin

πd

Leff

]−1

, (15)

tan δS =
1

εS

(
1

Q0S
− 1

Q0e

)[
d

L
− 1

π
cos

π (2h+ d)

L
sin

πd

Leff

]−1

. (16)

Here, the subscriptse andS relate to the parameters of empty and filled res-
onator, respectively. Note, that when2h + d = L andd ≪ L the obtained
formulae coincide with expressions (11) and (13), whereε′F = 1.

The measurements of some dielectric sheet materials are shown in Table 4. The
permittivity values for isotropic materials PTFE, Polystyrene and RO3003 are
close to the reference data. With that in mind, we can estimate the accuracy for
permittivity of dielectric sheets materials within the limits 2–4%. The differ-
ences for substrate materials Arlon 350, Duroid 5870 and ComClad are greater
– 5.28%, 8.97%, and 5.54%, respectively. These differencescan be explained
with the anisotropy of substrate materials. It is known thatsubstrate materials
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are reinforced for improving their mechanical stability. Therefore, the data in
Table 4 can be interpreted as permittivity in the plane of substrate, which should
be greater than reference values for permittivity measuredin the direction nor-
mal to the substrate plane [12].

Table 4. Measurement of sheet materials placed in the middle of TE011 resonator with
D = 30.05 mm andL = 30.085 mm.

Material d [mm] f [MHz] εS εS [Ref] tan δε tan δε [Ref]

PTFE 0.944 12681.42 2.119 2.1–2.2 2.28×10-4 (2–4)×10-4

Polyethylene 0.950 12459.49 2.646 2.55–2.7 9.64×10-4 10-3 – 10-4

Rogers 3003 0.260 12903.45 3.099 3.00± 0.04 0.00102 0.0013
Arlon 350 0.557 12488.05 3.685 3.50± 0.15 0.0026 0.0026
Duroid 5870 0.765 12626.87 2.539 2.33± 0.02 0.00102 0.0012
ComClad 0.530 12737.90 2.744 2.60± 0.04 0.00423 (2.5–4)×10-4

The estimation of uncertainty for measured complex permittivity can be done
with expressions (2) and (3), where corresponding derivatives are substituted.
Thus, for sample placed in the middle of the resonator we can use the equations
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, (17)
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. (18)

The main influence on permittivity error is due to the uncertainty of disk
thickness∆d. For instance, if PTFE sample is characterized with uncertainty
∆d = 0.02 mm (or 2.13%), we can calculate the corresponding permittivity
uncertainty∆εS = 0.0238 (or 1.13%), i.e. the measurement error is small
enough and even less than uncertainty of the sample thickness itself. The un-
certainty (18) of the loss factor is greater because of the last term under square
root. The estimation for PTFE sample gives loss factor uncertainty value 7.57%
at∆Q0/Q0 = 0.01. Therefore, we should keep uncertainty of sample thickness
and quality factor as small as possible to minimize the uncertainties of sheet
permittivity and loss factor.
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6 Conclusion

A measuring cylindrical resonator operating with TE011 mode is designed and
tested. The empty resonator is characterized with unloadedquality factorQ0e >
15000 at 13 140 MHz and 1.5 GHz bandwidth free of unwanted modes. New
alternatives for application of cylindrical resonator areproposed and demon-
strated for measurement of low loss materials in the range of12–13 GHz. The
complex permittivity of foam material is measured with a sample entirely fill-
ing the resonator. The error for permittivity is rather low –typically less than
0.1% if digital frequency meter or synthesized sweep oscillator is used. The
characterization of foam dielectric loss factor depends onquality factor uncer-
tainty. The use of conventional network analyzer ensures errors less than 5%
for the loss factor. The characterization of dielectric layers and thin sheets is
done with a disk sample placed in the middle of the resonator height. The use
of perturbation theory formulae gives acceptable accuracyfor determination of
dielectric parameters. Typical error for permittivity is afew percents, while the
uncertainty of loss factor is below 10% in most of the cases. The used measuring
setup and the designed cylindrical resonator are low cost and easy for realization
and manipulation.
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