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Abstract. We present here the first attempts for a classification of quantum
algebras in the spirit of the Cartan classification of semisimple Lie algebras. We
introduce a ‘perturbative’ quantization procedure of Lie bialgebras where ana-
lyticity in the deformation parameter plays an essential role. Our classification
is up to Hopf algebra isomorphisms preserving a form-invariant coproduct. As
an example we classify the three dimensional quantum algebras. Also we extend
this method to Drinfel’d doubles in order to work in higher dimensions.

PACS number: 02.20.Sv

1 Introduction

It is well known the important role played by the Cartan classification of
semisimple Lie algebras in Physics. But, for quantum algebras there is not a sim-
ilar scheme. So, we present here some results about the construction and classi-
fication of quantum universal enveloping algebras or quantum algebras [1–4].

Any quantum algebra (Uz(a),Δ) with deformation parameter z determines a
unique Lie bialgebra structure (a, η), i.e., a Lie algebra a and a skew-symmetric
linear map (cocommutator) η : a → a ⊗ a, which is the first order skew sym-
metric part of the coproduct Δ

η(X) :=
1
2
(Δ(X) − σ ◦ Δ(X)), mod z2, ∀X ∈ a, (1)

with σ(X ⊗Y ) = Y ⊗X . Hence, quantum deformations of a Lie algebra a can
be classified according to this “semi-classical” limit.

We are interested in the inverse problem, that is, to obtain general procedures
for the “quantization” ( to construct the associated quantum algebra) of a given
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Lie bialgebra (a, η). Such an object only exists [2] for coboundary triangular
bialgebras the Drinfel’d twist operator gives in a canonical way the associated
quantum algebra [3]. For quasitriangular and non-coboundary Lie bialgebras the
twist operator approach to quantization is not available.

We present a ‘perturbative’ quantization procedure of Lie bialgebras as well as
an operational procedure à la Cartan for classification of quantum deformations.

The paper is organized as follows. In section 2 we present the quantization
method, which has a ‘perturbative’ character since the compatibility equations
for coproduct and commutation rules are solved order by order. In Section 3
we consider the quantization of all the non-isomorphic three dimensional (3D)
complex Lie algebras which are equipped with a relevant type of cocommutator
η. The classification of such quantizations is made using equivalence transfor-
mations that are defined through invertible maps in Uz(a) that preserve a form-
invariant coproduct for the basis elements of the algebra. In some sense we have
followed for quantum algebras the “Cartan” approach to the classification of Lie
algebras within U(a), where only linear transformations in the space of gener-
ators leaving invariant their (primitive) coproduct are performed. Next section
is devoted to quantize of 4D and 6D Drinfel’d doubles (DD) obtaining quantum
doubles [2]. Note that a classical double [5] is just a reformulation of Lie bial-
gebras in terms of a (double) dimensional Lie algebra endowed with a suitable
pairing. This “duplication” process can be iterated since the double Lie algebra
can be in turn equipped with a quasitriangular Lie bialgebra structure by means
of a canonical classical r-matrix. Finally, some remarks close the paper.

2 The Quantization Method

Let a be a Lie algebra and U(a) its universal enveloping algebra [6]. Defining
the coproduct (Δ0), counit (ε) and antipode (γ) for all X ∈ a by

Δ0(X) = 1 ⊗X +X ⊗ 1, Δ0(1) = 1 ⊗ 1,

ε(X) = 0, ε(1) = 1, γ(X) = −X,

and extending by linearity all these (anti) automorphisms to the full U(a), we
equip U(a) with a Hopf algebra structure.

An element Y of a Hopf algebra is called primitive if Δ(Y ) = 1⊗Y +Y ⊗1. The
only primitive elements of U(a) under Δ0 are the generators of a (Friedrichs
theorem [7]). A basic property of the Hopf algebra U(a) is cocommutativity:
σ ◦ Δ0 = Δ0.

A quantum algebra (Uz(a),Δ) is a Hopf algebra of formal power series in the
deformation parameter z with coefficients in U(a) and such that [2]

Uz(a)/zUz(a) � U(a).
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Hence, U(a) is obtained (as Hopf algebra) in the limit z → 0, and the first order
in z of the coproduct is directly related to the cocommutator of an underlying
Lie bialgebra (a, η) through definition (1). So, by “quantization” of a given Lie
bialgebra (a, η) we mean a quantum algebra (Uz(a),Δ) such that (1) is fulfilled.

The general quantization procedure that we propose is based on three essential
ingredients whatever the dimension of the Lie bialgebra is. They are:

1. Generalized cocommutativity. The quantum coproduct Δ has to verify

σ̃ ◦ Δ = Δ (2)

where
σ̃ = T ◦ σ, T (z) = −z.

For a Lie bialgebra (a, η), assumption (2) implies that the first order deformation
of the coproduct will be just given by the cocommutator

Δ(X) = Δ0(X) + η(X) +O[z2], X ∈ g. (3)

The generalized cocommutativity (2) together with the coproduct is an algebra
homomorphism with respect to the deformed commutation rules [·, ·]z implies
that [·, ·]z has to be an even function in z.

2. The choice of a basis in Uz(a). We introduce a basis in Uz(a) given by the
completely symmetrized monomials instead the usual Poincaré-Birkhoff-Witt
basis Xα

1 X
β
2 . . . Xζ

l . Thus,

Sym
{∑

cαβ...ζ X
α
1 X

β
2 . . . Xζ

l

}
=

∑
cαβ...ζ Sym {Xα

1 X
β
2 . . . Xζ

l },

where

Sym {A1 . . . An} :=
1
n!

∑

p∈Sn

p(A1 . . . An),

with Sn the permutation group of n elements.

This symmetrization Ansatz has not been previously considered.

3. Deformed commutation rules. We assume

[X,Y ]z =
1
z
Sym (f(zX1, zX2, . . . , zXl)), (4)

where f is a meromorphic function and also odd in z.

The quantization procedure for a Lie bialgebra (a, η) that we present, based on
these three assumptions, can be sketched as follows:

• The first order coproduct is of the form (3).
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• Order by order in the deformation parameter, get the relations coming
from the coassociativity

(Δ ⊗ id) ◦ Δ = (id⊗ Δ) ◦ Δ.

And solving them recursively by taking into account the invariance under
σ̃ of the solution, construct the full quantum coproduct.

• Obtain, again order by order, the deformed commutation rules by solving
the compatibility equations coming from the fact that the coproduct has to
be an algebra homomorphism.

3 Three Dimensional Quantum Algebras

Let us consider an arbitrary complex 3D Lie algebra L with generators A,B,C
and commutators

[A,B] = c1A+ c2B + c3C,

[A,C] = b1A+ b2B + b3C,

[B,C] = a1A+ a2B + a3C.

(5)

The structure constants ai, bi, ci, i = 1, 2, 3, are complex numbers verifying
some relations coming from the Jacobi identity.

When a set of values for the structure constants is fixed, a linear transformation
Xi = Xi(A,B,C) with complex coefficients can be found in such a way that
the Lie algebra (5) is reduced to one of the cases that appear in the complete
classification of the 3D complex Lie algebras given in the Jacobson book [6].
On the other hand, from the complexified form of the classification of 3D Lie
bialgebras by Gomez [8], one realizes that a cocommutator of the form

η(A) = 0, η(B) = z A ∧B, η(C) = ρ z A ∧ C, z, ρ ∈ C,

defines a Lie bialgebra structure for each of the types of Lie algebras given
in Jacobson’s classification provided that different linear transformations Xi =
Xi(A,B,C) are defined and that ρ takes appropriate values.

3.1 Quantization

Following step by step the procedure introduced in Section 2, firstly, we assume
that the quantum coproduct will be of the form (3). It can be written as

Δ(A) = 1 ⊗A+A⊗ 1,

Δ(B) = ezA ⊗ B +B ⊗ e−zA,

Δ(C) = eρ zA ⊗ C + C ⊗ e−ρ zA.

(6)
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To obtain the deformed commutation rules we realize that the first order coprod-
uct has to be compatible with the non-deformed commutation rules, because the
σ̃-invariance of the coproduct implies that the first deformed term in the com-
mutation rules has to be of order z2. We get the following relations

b2(1 − ρ) = 0, c3(1 − ρ) = 0,

b1 = −ρ a2, a3 = ρ c1, b3 = −ρ c2.
The Jacobi identity imposes the relation

(1 − ρ)[a2c1(1 + ρ) − a1c2] = 0.

We can distinguish three cases according to the values of ρ:

1. ρ �= ±1:

b2 = 0, c3 = 0, b1 = −ρ a2, a3 = ρ c1,

b3 = −ρ c2 a2c1(1 + ρ) − a1c2 = 0.

2. ρ = +1:
b1 = − a2, a3 = c1, b3 = − c2.

3. ρ = −1:
b2 = 0, c3 = 0, b1 = a2

a3 = − c1, b3 = c2, a1c2 = 0.

In all these cases, no additional conditions between the structure constants are
found when the quantization procedure is extended to higher orders.

The deformed commutators can be obtained. We display the most general fami-
lies of 3D quantum algebras compatible with the deformed coproduct (6)

1. ρ �= ±1:

1.1) c2 �= 0:

[A,B] = c1 sinh(zA)/z + c2B,

[A,C] = −a2 sinh(z ρA)/z − ρ c2 C,

[B,C] =
a2 c1
c2

sinh[z(1 + ρ)A]
z

+ a2 Sym [B cosh(z ρA)]

+ρ c1 Sym [C cosh(zA)].
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1.2) c2 = 0, a2 = 0 (equivalent to the case with (c1 = 0, c2 = 0)):

[A,B] = c1 sinh(zA)/z,

[A,C] = 0,

[B,C] = a1
sinh[z(1 + ρ)A]

z(1 + ρ)
+ ρ c1 C cosh(zA).

2. ρ = +1:

2.1)
[A,B] = c1 sinh(zA)/z + c2B + c3 C,

[A,C] = −a2 sinh(zA)/z + b2B − c2 C,

[B,C] = a1 sinh(2zA)/(2z)

+Sym {(a2B + c1 C) cosh(zA)}
3. ρ = −1:

3.1) c2 �= 0:

[A,B] = c1 sinh(zA)/z + c2B,

[A,C] = b1 sinh(zA)/z + c2 C,

[B,C] = Sym {(b1B − c1 C) cosh(zA)}.
3.2) c2 = 0:

[A,B] = c1 sinh(zA)/z,

[A,C] = b1 sinh(zA)/z,

[B,C] = a1A+ Sym {(b1B − c1 C) cosh(zA)}.

3.2 Equivalence and classification

Two quantum algebras are said to be equivalent (isomorphic) if there exists an
invertible (nonlinear in many cases) map between their corresponding quantum
universal enveloping algebras as Hopf algebras. But such equivalence classes
are huge. Hence, we shall consider the equivalence subclass defined through the
restricted set of Hopf algebra isomorphisms of quantum universal enveloping
algebras that preserve a form-invariant coproduct. Through such restricted iso-
morphisms we shall look for representatives with “irreducible” deformed com-
mutation rules having a minimal number of non-zero terms.
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Case 1: ρ �= ±1

After the transformation [9]

A = αA, B = βB + δ
sinh(A)

z
, C = νC + η

sinh(z ρA)
z ρ

,

ẑ = α−1z, α, β, δ, ν, η ∈ C.

(7)

the coproduct (6) becomes form-invariant, i.e.

Δ(A) = 1 ⊗A + A⊗ 1,

Δ(B) = eẑA ⊗ B + B ⊗ e−ẑA,

Δ(C) = eẑρA ⊗ C + C ⊗ e−ẑρA,

We have the following cases:

1.1) c2 �= 0

The change of basis (7) reduces to

A = A/c2, B = c2B+c1
sinh(zA)

z
, C = c2C+a2

sinh(zρA)
zρ

, ẑ = c2z.

1.1.1) This change of basis gives the Lie commutators

[A,B] = B, [A, C] = − ρ C, [B, C] = 0,

which correspond to a quantization of the family of Lie algebras of
Type III in [6]. Its corresponding bialgebra is non-coboundary (i.e.,
there is no classical r-matrix).

1.2) c2 = 0

We obtain two quantum algebras.

1.2.1) a2 = 0, c1 �= 0

[A,B] = sinh(ẑA)/ẑ, [A, C] = 0, [B, C] = ρ C cosh(ẑA).

The underlying Lie bialgebra is coboundary and non-standard: the
classical r-matrix r = ẑA ∧ B verifies the classical Yang-Baxter
equation. This is another quantum deformation of the same family
of Lie algebras of the previous case.

1.2.2) a2 = 0, a1 �= 0, c1 = 0

[A,B] = 0, [A, C] = 0, [B, C] =
sinh[ẑ(1 + ρ)A]

ẑ(1 + ρ)
.

It is a coboundary deformation with standard r-matrix r = ẑB ∧ C
(i.e. r fulfills the modified classical Yang-Baxter equation).
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For ρ = 0 we get two deformations of the extended Borel algebra and one of the
Heisenberg-Weyl algebra (both Lie algebras belong to Type II in [6].

The complete classification of the cases corresponding to the values ρ = ±1 are
not displayed here. The interested reader can be found them in Ref [10].

4 Quantization of Drinfel’d Double (bi)Algebras

We start presenting some basic definitions about Drinfel’d double (bi)algebras.

4.1 Drinfel’d double (bi)algebras

Let (g, δ) be Lie bialgebra and {xi} a basis of g. This Lie bialgebra can be
characterized by a pair of structure tensors (f lmn , ckij )

[xi, xj ] = f ijk x
k, δ(xn) = cnlmx

l ⊗ xm,

which verify a compatibility condition related with the cocycle condition for δ

fabk c
k
ij = faki cbkj + fkbi c

a
kj + fakj cbik + fkbj c

a
ik. (8)

Fixing a basis {Xi} for the dual algebra g∗ through the pairing

〈Xi, Xj〉 = 0, 〈xi, xj〉 = 0, 〈xi, Xj〉 = δij , ∀i, j,
(g∗, η) is also a Lie bialgebra with structure tensors (f, c)

[Xi, Xj ] = ckijXk, η(Xn) = f lmn Xl ⊗Xm.

This duality allows the pair (g, g∗) and its associated vector space g ⊕ g∗ to be
endowed with a Lie algebra structure by

[xi, xj ] = f ijk x
k, [Xi, Xj ] = ckijXk, [xi, Xj ] = cijkx

k − f ikj Xk. (9)

This Lie algebra,D(g), is called the Drinfel’d double Lie algebra of (g, δ). Now,
g and g∗ are subalgebras of D(g), and the compatibility condition (8) is just the
Jacobi identity for D(g).

If g is a finite dimensional Lie algebra, then D(g) can be equipped with a (qu-
asitriangular) Lie bialgebra structure (D(g), δD) generated by the classical r-
matrix

r =
∑

i

xi ⊗Xi (10)

or, equivalently, by its skew-symmetric counterpart r̃ = 1
2

∑
i x

i ∧Xi, where
r̃ = r − 1

2Ω, being Ω related with the Casimir operator for the DD algebra
C =

∑
i (x

iXi +Xi x
i) by Ω =

∑
i (x

i ⊗Xi +Xi ⊗ xi).
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The cocommutator δD derived from (10) is

δD(xi) = δ(xi) = cijk x
j ⊗ xk δD(Xi) = −η(Xi) = −f jki Xj ⊗Xk.

This ‘double Lie bialgebra’ has as sub-Lie-bialgebras (g, δ) and (g∗, η).

4.2 Quantum DD Algebras

To quantize Drinfel’d double algebras we shall proceed, in general, as follows:

1. Obtain a quantum coproduct and deformed commutation rules for each of
the Hopf subalgebras associated to (g, δ) and (g∗, η).

2. Find the deformed counterparts for the “crossed” commutation rules
[xi, Xj].

We will use the Gomez results and notation for two dimensional (2D) and three
dimensional (3D) Lie bialgebras [8].

4.3 Quantum two-dimensional DD algebras

We show the quantization procedure for the 2D DD algebras, which are dis-
played In Table I (λ �= 0).

Table I. Two-dimensional DD algebras.

b2 �R2 gl(2)
[x0, x1] x1 x1

[X0, X1] X0 λX1

[x0, X0] x1 0
[x0, X1] −x0 −X1 −X1

[x1, X0] 0 λx1

[x1, X1] X0 −λx0 +X0

The case b2 �R2

A coproduct with the generalized cocommutativity property (3) would be:

Δ(x0) = e−z x
1 ⊗ x0 + x0 ⊗ ez x

1
, Δ(X0) = 1 ⊗X0 +X0 ⊗ 1,

Δ(x1) = 1 ⊗ x1 + x1 ⊗ 1, Δ(X1) = e−z X0 ⊗X1 +X1 ⊗ ez X0 .

The quantum commutation rules compatible with the previous coproduct and
deforming the Table I commutators can be split into two subsets:

122



Towards a Cartan Classification of Quantum Algebras

Quantum subalgebras:

[x0, x1] =
sinh(zx1)

z
, [X0, X1] =

sinh(zX0)
z

.

Quantum crossed relations:

[x0, X0] =
sinh(zx1)

z
, [x1, X0] = 0,

[x0, X1] = − cosh(z X0)x0 − cosh(z x1)X1, [x1, X1] =
sinh(zX0)

z
.

As far as we know, this is a new four-generators quantum algebra.

The gl(2) case

The quantization leads to the coproduct:

Δ(x0) = 1 ⊗ x0 + x0 ⊗ 1, Δ(x1) = ezλ x
0 ⊗ x1 + x1 ⊗ e−zλx

0
,

Δ(X0) = 1 ⊗X0 +X0 ⊗ 1, Δ(X1) = e−zX0 ⊗X1 +X1 ⊗ ez X0 ,

and quantum commutation rules:

Subalgebras
[x0, x1] = x1, [X0, X1] = λX1.

Crossed relations

[x0, X0] = 0, [x1, X0] = λx1,

[x0, X1] = −X1, [x1, X1] =
sinh(z(−λx0 +X0))

z
.

This quantum algebra has been studied in [11]. The case λ = 0 is isomorphic to
the “standard case” [12].

4.4 Quantum three dimensional DD algebras

We present here only the quantization of the 3D DD algebras with g = r3(ρ)
displayed in Table II. For a complete presentation of the results see Ref. [13].

Table II includes the pairs of corresponding 3D dual Lie algebras (g, g∗) (first
row), the Lie algebra characterization of the DD algebras (second row) and
Gomez’s notation [8] for the all the possible Lie bialgebras (third row). The
non-deformed Lie brackets are presented by columns (λ �= 0 and ω = ±1).
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Table II. DD algebras with g = r3(ρ).

(g, g∗) (r3(ρ), n3) (r3(ρ), r3(−ρ)) (r3(ρ), r3(−ρ))
DD r3(ρ) � R3 r3(ρ) � R3 sl2 ⊕ sl2

[8] Nr. 5 6 7

[x0, x1] x1 x1 x1

[x0, x2] ρ x2 ρ x2 ρx2

[x1, x2] 0 0 0
[X0, X1] 0 X0 λX1

[X0, X2] 0 0 −λρX2

[X1, X2] (1 + ρ)X0 ρX2 0
[x0, X0] 0 x1 0
[x0, X1] (1 + ρ)x2 − X1 −x0 − X1 −X1

[x0, X2] −(1 + ρ)x1 − ρX2 −ρX2 −ρX2

[x1, X0] 0 0 λx1

[x1, X1] X0 X0 −λx0 + X0

[x1, X2] 0 0 0
[x2, X0] 0 0 −λρx2

[x2, X1] 0 ρ x2 0
[x2, X2] ρ X0 ρ(−x1 + X0) ρ(λx0 + X0)

Case (r3(ρ), n3)

Coproduct:

Δ(x0) = 1 ⊗ x0 + x0 ⊗ 1 − z(1 + ρ)(x1 ⊗ x2 − x2 ⊗ x1),

Δ(X0) = 1 ⊗X0 +X0 ⊗ 1,

Δ(x1) = 1 ⊗ x1 + x1 ⊗ 1,

Δ(X1) = ezX0 ⊗X1 +X1 ⊗ e−zX0 ,

Δ(x2) = 1 ⊗ x2 + x2 ⊗ 1,

Δ(X2) = ezρX0 ⊗X2 +X2 ⊗ e−zρX0 .

Commutation rules:

Subalgebras:

[x0, x1] = x1, [X0, X1] = 0,

[x0, x2] = ρx2, [X0, X2] = 0,

[x1, x2] = 0, [X1, X2] =
sinh(z(1 + ρ)X0)

z
.
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Non-zero crossed relations:

[x0, X1] = (1 + ρ)x2 cosh(zX0) −X1, [x1, X1] =
sinh(zX0)

z
,

[x0, X2] = −(1 + ρ)x1 cosh(zρX0) − ρX2, [x2, X2] =
sinh(zρX0)

z
.

Case (r3(ρ), r3(−ρ))

Coproduct:

Δ(x0) = ezx
1 ⊗ x0 + x0 ⊗ e−zx

1
, Δ(X0) = 1 ⊗X0 +X0 ⊗ 1,

Δ(x1) = 1 ⊗ x1 + x1 ⊗ 1, Δ(X1) = ezX0 ⊗X1 +X1 ⊗ e−zX0 ,

Δ(x2) = e−zρx
1 ⊗ x2 + x2 ⊗ ezρx

1
, Δ(X2) = ezρX0 ⊗X2 +X2 ⊗ e−zρX0 .

Commutation rules:

Subalgebras:

[x0, x1] =
sinh(zx1)

z
, [X0, X1] =

sinh(zX0)
z

,

[x0, x2] = ρx2 cosh(zx1), [X0, X2] = 0,

[x1, x2] = 0, [X1, X2] = ρX2 cosh(zX0).

Non-zero crossed relations:

[x0, X0] =
sinh(zx1)

z
, [x1, X1] =

sinh(zX0)
z

,

[x0, X1] = − cosh(z X0)x0, [x2, X1] = ρx2 cosh(zX0),
− cosh(z x1)X1,

[x0, X2] = −ρX2 cosh(zx1), [x2, X2] = − sinh(zρ(−x1 +X0))
z

.

This DD algebra is self-dual for ρ = 0.

Case (r3(ρ), r3(−ρ))

Coproduct:

Δ(x0) = 1 ⊗ x0 + x0 ⊗ 1, Δ(X0) = 1 ⊗X0 +X0 ⊗ 1,

Δ(x1) = e−zλx
0 ⊗ x1 + x1 ⊗ ezλx

0
, Δ(X1) = ezX0 ⊗X1 +X1 ⊗ e−zX0 ,

Δ(x2) = ezλρx
0 ⊗ x2 + x2 ⊗ e−zλρx

0
, Δ(X2) = ezρX0 ⊗X2 +X2 ⊗ e−zρX0 .
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Commutation rules:

Subalgebras:
[x0, x1] = x1, [X0, X1] = λX1,

[x0, x2] = ρx2, [X0, X2] = −λρX2,

[x1, x2] = 0, [X1, X2] = 0.

Non-zero crossed relations:

[x1, X0] = λx1, [x2, X0] = −λρx2,

[x0, X1] = −X1, [x1, X1] =
sinh(z(−λx0 +X0))

z
,

[x0, X2] = −ρX2, [x2, X2] =
sinh(zρ(λx0 +X0))

z
.

5 Conclusions

The quantization procedure here presented can be, in principle, applied to higher
dimensions without further hypotheses. However, the complete classification of
Lie bialgebra structures is only known for a restricted number of higher dimen-
sional Lie algebras. In a general situation one would expect that this “order by
order” quantization procedure will have to be simultaneously solved for both the
quantum coproduct and the deformed commutation rules. But in the 3D case the
full quantum coproduct (6) has been obtained independently. On the other hand,
from the point of view of Drinfel’d doubles, note that non-simple Lie algebras
look to play a relevant role for the classification of quantum groups.
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