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Abstract. We consider some infinitesimally unitarizable Uy (so(1,2)) highest
weight modules and provide realizations of them on £%(Z /(N —1)Z), the finite
dimensional Hilbert space of square integrable functions on the finite circle. Ac-
tions of the U, (so(1,2)) generators on basis functions are given. In particular
the Cartan generator is given as an explicit function of the adjacency operator.
We also show how these representations at roots of unity go over into discrete
series representations of so(1,2) as N goes to infinity and ¢ goes to one. We
conclude with an application of these results to the Casimir effect for a massless
scalar field on the two-dimensional Einstein universe, and make some comments
about possible generalizations of these results to higher dimensions.

PACS number: 02.20.Uw

1 Some Representations of U,(so(1,2))
The q-deformation U 4 (so(3, C)) may be defined as the associative algebra over
C with generators H, X + and relations [1, 2]:
[H, X*] = +2X*, (1)
(X, X 7] = [Hg- ©)
Let I be the unit element in U, (so(3, C)). The Casimir element of U, (so(3, C))
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The real form Uy(so(2, 1)) of U,(so(3,C)) is defined as follows. The genera-
tors of Uy (so(2,1)) are given by the following expressions:
7

1 .
L32 = — §(X+ — X_), L13 = §(X+ + X_)7 L21 = %H (4)
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Thus
X+ = L3 +iLss. (5)

The operators :L2, iLi13, tL3s are preserved under the following antilinear anti-
involution w of U4(so(3,C))

wH)=H, wX*)=-XT. (6)
For the coproduct on U 4(s0(3, C)) we take [1,2]
A(H) = HRI + I®H, AXE) = XEeqh + ¢ TeXE. (7)

For ¢ = 1 (M € Z, M > 2),let ¢ = exp(27mi/m) and set M = m for m odd,
and set M = m/2 for m even. Defineoc = £(d—1) =AM (d=1,2,..., M)
and let V; = linear span of the |s3 > (s3 = 0,0 — 1,...,0 — (d — 1)). The
action dr” of the basic generators H and X * on Vj is given by [3]

drn®(H)|ss >= —2s3|s3 >,  dn®(XF)|s3 >= [—o*s3]yls3t1 > . (8)

These finite dimensional highest weight modules are all infinitesimally unitary
[4].

Let H. be the complex Hilbert space with orthonormal basis consisting of the
set of vectors: (e = 0, 1)

{{m>m =n +€, n =0,+1,+2,---}. 9

For o € C the following formulae define a representation dw? < of U, (so(1,2))
on H,:

dn”“(H)lm > = 2m|m > (10)

A7 (XE)m > = [~o+m],/m+1> . (11)

Indeed, these formulae specify the action of the generators H and X in the

representation dw? ¢ of Uy(so(1,2)), which is defined on the dense subspace
(€.s. means linear span)

D¢ =tds{lm>m =n+¢€, n=0+1,£2,..} CH. (12)
It is easy to check that the commutation relations (1) and (2) are satisfied, and
for the action of Casimir element in the representation d7 - one finds

d“vf(A)—{[ n 1}2 l}xI (13)
0 d =7t 3 L1 ,
where I is the identity operator on H..

The representation d7?€ is irreducible if and only if 20 # 2¢( mod 2) [5]. If
20 = 2¢( mod 2), then dw?€ is indecomposable or (fully) reducible, and
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we now discuss the composition series for these cases. We let 0 = £ with
2¢ = 2¢( mod 2) and ¢ > 0. We define
WhE = Ls{im>|—L<m <}, (14)
Vﬁf = Lls{lm>]|—-£<m}, (15)
Vi = Ls{lm>|m <1}, (16)

W€ is a finite dimensional invariant subspace of D% on which U,(so(1,2))
acts irreducibly. Uy (so0(1,2)) acts irreducibly via the quotient action of dr* on
V{f JWEE and VE< S Wihe, Vﬂ’e and V“¢ are the essential extensions' of W*<
given in Egs. (15) and (16), respectively.

For ¢ = 1 the dn®* acting on V%/Wh¢ and V¢ /Wh<are the well known
(unitarizable) holomorphic and anti-holomorphic discrete series representations
of so(1,2). We denote the irreducible representations of U,(so(1,2)) on V’f
and V¢ by dﬂzil’e and dr ‘71, respectively. For the case { = — 3 all of
this which is stated applies except that the finite dimensional subspace W€ is
trivial, i.e. it is the zero vector.

2 Models of the Representations

2.1 Geometrical description of discrete series
representations of so(1,2)

We now present a geometrical construction [6, 7, 9—-12], which is valid for all
SO(p, q) groups. We restrict the discussion to the relevant non-trivial lowest di-
mensional case which is used for the description of certain discrete series repre-
sentations of so(1, 2). This description is important for us, since, as we shall see
in Section 2.2, the model for roots of unity representations dn? for o = —1 in-
troduced above is just a “discretization” of this geometric construction for these
so(1,2) discrete series. We shall make use of the discrete model (for the roots
of unity representations) in the physical applications given in Section 3.

Let X denote the real vector space of dimension four on which a symmetric non-

singular bilinear form B( - , - ) having signature (2, 2) is defined. Let SO(X)
be the special (pseudo-)orthogonal group of X. One has the isomorphism
SO(X) ~50(2,2). (17)

If G = SOy(2, 2) denotes the identity component of SO(2, 2) then one has the
covering map
m1500(2,2)~ — S00(2,2) (18)

Let (dm(Uq(A), W) be a representation of an algebra A on a vector space W. An essential
extension of the representation (dm(.A), W) is a representation of .4 on a vector space V, which
has W as an invariant subspace, but which has no complementary invariant subspace, and for which
the quotient representation on V//W has no nontrivial invariant subspace.
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defining a representation on X of SOy (2,2)™, the simply connected covering
group of SOy (2,2).

Now let C' C X be the 3-dimensional cone defined by
C = {z € X|Q(z) =0}, (19)

where Q(z) = (1/2)B(x, x) is the quadratic form associated with B( - , - ).
Let X* and C'* be the sets of nonzero elements in X and C, respectively, and let
Proj(X) be the real projective variety of all one-dimensional subspaces in X.
Then we have the map

X* — Proj(X) r—T. (20)

Let M C Proj(X) be the image of C* under (20). M is a 2-dimensional
subvariety of Proj(X), and the action of SO (2,2)™~ on X induces an action
of SOy(2,2)™ on Proj(X). Since obviously C' is stable under the action of
S500(2,2)~, M must be stable under the action of SO¢(2,2)~ on Proj(X).
It is easy to see that SO((2,2) is transitive on C*, and hence SOy (2,2) (and
S00(2,2)~ ) is transitive on M. M is naturally diffeomorphic to (S* x S1)/Z
where the Z, action is the product of antipodal maps on the S1’s of the first and
second factors. We denote S x S by M. The two-dimensional space time M,
which is the simply connected covering space of M is topologically IR x IR, and
it is the two-dimensional Einstein universe.

The line bundle L*(M) over M associated with the character
A= A 1)
of IR* is the bundle whose fibre over 7 is the set of all pairs
(Az,[\[*) € C x C, (22)

(s € C). Denote by I'*(M) the space of smooth sections of L*(M). There
is a unique isomorphism between I'*(M) and the space of smooth functions
f + C* — C which satisfy the homogeneity condition

fQx) = A7 f (). (23)

I'*(M) is an SOp(2,2)~ module with respect to the representation 74 defined
by

(ms(9) F)(@) = fg™'w) 24)
(f €T*(M), g € SO¢(2,2), z € C*, and g~ ' z denotes the action of g~* on
x € (7). We denote the associated representation of the Lie algebra s0(2, 2)
by drs. Let C'j (M) be the space of all K finite elements of C'*° (M) for which

p(w) = (=1)*¢(-w) (25)
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(w € M). (K ~ SO(2) x SO(2).) C5(M) is an s0(2,2) module with the

representation on C, (M) being dr.

If weletv = (u_q,up) € S* and u = (u1,uz) € S', then a point in M is
determined by
u? +ud =ud 4+ ul =1, (26)

We may introduce spherical coordinates on M as follows:
U_1 = COST, ug = sin T, u1 = sin p, Uz = COS P 27)
with the ranges of the angular parameters being

0<71<2m, 0<p<2m.

A basis for C% (M) is given by the K —finite functions
Gnm (7, p) = €T (28)

with n,m = 0,+1,42,43,..., and with (—=1)"*™) = 1. We let Hx (C
C%(M)) be the linear span of the set of all ¢, ., (7, p) for which

0? 0?
(5= - a—pz)asn,m(n p) =0, (29)

which leads to the spectral equation
n*—m?=0. (30)

Hy is an s0(2,2) (and therefore so(1,2)) invariant subspace of C'% (M), and
we have the decomposition

Hyx = (Hj ® Hg) ® Ho ® (HfY & Hy ), (31)

where H ?{ and H; are the spaces spanned by the basis elements (28) for which
n = m(m>0)andn = —m (m < 0), respectively, and H;g/ and HI}/ are
the spaces spanned by the basis elements (28) for which —n = m (m > 0) and
—n = —m (m < 0), respectively, and, finally Hy is the one-dimensional space
spanned by the constant function, which is given by (28) withn = m = 0.

In Ref. [13], we have explicitly proved that the various factors of the decom-
position, Eq. (31), for the various cases given above are, except for the one-
dimensional representation on Hj, the essential extensions of the holomor-
phic discrete series representations dw}r’ezo and dr~ "= of U,(s0(1,2)) (with
q = 1) described in Section 1. For example, for case of n = m > 0, the vector
|m >e€ H, in Section 1 corresponds to the function ¢, o (7, p), i.e.

G (7, p) = ™) = (|7, p >, |m >) (32)
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where ( -, - ) is, for m # 0, the inner product for the space Vf’o defined in
Section 1.

The Einstein energy is just the generator of rotations of the S on M, and it is

0
E=i—. 33

or (33)
The completion of each one of the four infinite dimensional factors in (31) with
respect to their discrete series norms are representation spaces for irreducible,
positive and negative energy representations of SOg(2, 2) which describe mass-
less particles (and antiparticles) on IM, where positive (resp. negative) energy
means

(1, Exp) > 0 (resp. (¢, Ep) <0) (34)
for 1) an arbitrary vector in the representation space. The [ ?é are positive energy
representations and the H Ii(' are negative energy representations of SOy (2, 2).

2.2 Geometrical description of the representations at roots of unity

The model for realizing representations of U,(so(1, 2)) at roots of unity consists
of replacing the spatial part S* of the two-dimensional Einstein universe, M, by
a lattice of NV points symmetrically placed along S*. We call this lattice of points
the discrete circle.

To obtain a finite approximation on the discrete circle of a massless scalar field
in M we consider N particles each of mass m occupying positions at the N
lattice sites of the discrete circle introduced above, and assume motion of the
lattice points produced by a linear restoring force (Hooke’s law) between the
nearest neighbors. This is an exactly solvable model for which the linear wave
equation in M is obtained upon taking the limit N — oo (see Ref. [13]).

Lett = %T and let ¢;(t) be the angular displacement of the i-th particle of
mass m from its equilibrium position. Then, it is an easy exercise in elementary
physics to show that the equation of motion for the 7th mass point is

me; — kg1 + 2kdi —kpi_1 =0  (i=1,2,...,N). (35)
Define the adjacency operator A by
Agi = diy1 + di-1, (36)
and also define the operators ¢, and A, by
§g=(N—-1)32*A-21), (37)
and

(38)
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Then we can rewrite (35) as the equation

ma;(t) = k(A —21)¢;i(t) = ﬁéqdn(t) ) (39)

We now proceed to solve these N differential-difference equations for the N
unknowns ¢; (t). We use separation of variables [14] and we let

$i(t) = €™ T f(5). (40)
Then substitution of (40) into (39) gives the eigenvalue problem
—m(N —1)%w? . .
“ R ) = 6,1 G). @

which is equivalent to the following system of N linear equations in the N un-
knowns f():

—mw? (1) +2kf(1) —kf(2) —kf(N—=1)=0
—mw?f(2) +2kf(2) = kf(3) = kf(1) =0
—mw?f(3) +2kf(3) — kf(4) —kf(2) =0

(42)

—mw?f(N =1)+kf(N—1)—kf(N)—kf(N—-2)=0
—mw?f(N)+2kf(N)—kfi —kf(N—1)=0.

The allowed frequencies (or eigenvalues) are:

k . am
wa—2\/asm(N_1) (a=0,1,2,...,N —2). (43)

For each a the eigenvector is given by

fa(j) = =1 (44)

It is shown in Ref. [13] that in the limit N — oo the system of equations,
Eqgs (42), goes over into the wave equation

10% 0%

— 2y Y 4

c ot s 0 )
where ¢ = ¢(t,s) = imy_.c @(t,s;) with ¢(t,s;) = ¢;(t), and for the wave
speed we have

2rR |k
= i —. 4
T N N-1Vm (40)
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Notice that for ¢, (t, s;) := e« f,(i) we have with n? = m? = o> and n > 0,
m < 0: 4
Jim_ g (t,s;) = €T, 47)

where the e/("™=™#) are the K —finite function introduced in (28). Also we have
as N — oo

C

We verify the orthogonality and completeness relations for the f,(j) €
L2(Z)(N - 1)Z):

P , 1 ifa=0b
T 0) = 8at) =4 " 9)
= otherwise
and
N-1
fa(1)faG") = 6;(3") - (50)
a=1

Now we realize on £?(Z/(N — 1)Z) the finite dimensional representation dr®
(0 = —1) of Uy(so(1,2)) which is defined in Section 1. Let ¢ = e¥T be an
(N — 1)th root of unity, then we have

(V-1 sin(—2—) = [a sm( — N7

T N-1
Let M = N — 1 € Z. With s3 = —a we let |ss > in Section 1 (c.f. Eq. (8))
correspond to the function ¢, (¢, ;) = e f,(i). Thus

) .

(S

s3=-1,-2,-3,...,—(N—-1) <+ a=1,23,....N—1. (52)

We define (N _ 1

AN-D arcsin (\ / —Aq) , (53)
0

where /—A, is the unique positive square root of the Hermitian operator —A,

and by arcsin we mean the principal value. Further define operators X+ and

X~ on £L%(Z/(N — 1)Z) by their following action on the basis |s3 >:

H =

X*E|s3 >= [0t s3]ylss 1> . (54)

Then with these definitions it is trivial to verify that Eqs. (10) and (11) are satis-
fied. In particular
H‘Sg >= —283|S3 > . (55)

We have thus provided a realization of dn® on £2(Z/(N — 1)Z). With this
realization it is easy to see that as N — oo this representation of Uy (so(1,2))
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goes over into the realization of the holomorphic discrete series representation
dwil’o of so(1,2) given in Section 1. The details are given in Ref. [13]. We
may give a similar construction for the lowest weight representation drn? (cf.
[3,4]) and to show that it goes over into the corresponding realization of the
antiholomorphic discrete series representation dr Y of s0(1,2) described in
Section 1.

3 Applications to the Casimir Effect

We start with a real massless scalar field ¢(t, s) on M and consider the inter-
val which is an arc of the circle S' (the spatial part of the Einstein universe)
satisfying 0 < s < L. We shall impose Dirichlet boundary conditions on this
region

¢(t,0) = ¢(t, L) =0. (56)
We assume that the circumference C' of the circle is commensurate with L, i.e.
C = ML and that M is an odd whole number.
The standard quantization of the field ¢ is performed by means of the expansion

o0

ot ) =3 {and, (t.s) + alof (t.9) . (57)

n=0

where now ¢(t, s) is an operator valued distribution which for fixed (¢, s) € M
acts on the Fock space as a densely defined self-adjoint operator. The quantities
a,, and a] satisfy the commutation relations

[an, al.] = nm (58)
and
[Gn,am] = [al,al] = 0. (59)

The energy operator is given by

H= i heon [aLan + %} I, (60)
n=0

where I is the identity operator on Fock space. H is formally self adjoint. The
vacuum state is defined by the equation

anln >=0. 61)

Thus the total vacuum or zero point energy is
=iy (62)
=_ W, -
2 n=0
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Now the equation
St =10,L]U(SM\[0, L]) (63)

leads to the following interpretation: the total zero point energy is the sum of two
parts. The first part is E’, which is the energy associated with the interval [0, L].
The second part, E”, is the energy associated with S*\[0, L], the complement
of [0, L] in S1. Thus the Casimir energy is

Eit =E + E", (64)

where each of the terms E’ and E” are given by divergent sums similar to
Eq. (62).
In the presence of the boundary conditions the fields on each side of the bound-

aries decouple from each other, and we can think of the space H x splitting into
the direct sum of two identical copies of itself

Hle ® HY, (65)

and similarly there are two independent Fock spaces with quantized fields
@' (t, s) and ¢" (t, s) satisfying boundary conditions:

¢'(t,0) =¢/(t, L) =0 (66)
¢"(t,0) = ¢"(t,C — L) = 0. (67)

The boundary conditions provide constraints on the fields ¢'(¢, s) and ¢” (¢, s),
so they are not completely independent of one another, i.e. both fields ¢’ (¢, s)
and ¢" (¢, s) must go to the zero operator continuously in the operator topology
as s — 0,andas s — L or s — C — L for ¢/ (¢, s) or ¢" (t, s) respectively.

Our regularization scheme uses the approximation of massless scalar fields on
M by representation spaces of Uy (so(1,2)) for ¢ a root of unity that was de-
scribed in the previous section. Let /N be an even positive integer and g an
(N — 1)-th root of unity, i.e. ¢ = exp[27i/(N — 1)]. For the discrete circle and
we have

SjG[O,L], Sj:Rej, Gj:— (j:1,2,...,N—1). (68)
We have

L=— = = = = Mj=N-1 (69)

L=Ro = "L (70)
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The boundary condition at zero implies that ¢/ (¢, z) is an odd function of z,

i.e. [13,15] )
TNT

2R
and the boundary condition at the other end on the interval [0, L] gives [13,15]

¢ (t,z) = e™n tsin(

) (71)

¢'(t,L) =0 = sin (%) =0 (72)

so that n must be a multiple of M/2.

On the finite circle equations such as (62) become finite sums (where oo becomes
replaced by N — 1) and using the above results about the allowed integer values
we can perform the finite sums to obtain a closed form for our regularization of
the total zero point energy, Eq. (64): [13]

Epf = % {Cot (4(]7\;7]\{1)) ot (4(N —Z?{M - 1))} 7

In order to extract the finite part of Eq. (73) in the limit N — co we now use the
following expansion of cot z, valid for real z, such that 22 < 72:

1w B,
_ - _1\p 4 2p—1

cotx = . + 2;( 1) )] (22) , (74)

where By, are Bernoulli numbers. We obtain

4(N —1)%hc  heM B, 1 1
reg __ _

Bt = —50g Ut e 09
where o(+2 ) means terms with power 2~ or smaller. Now we use M = 22£

—1
and By = % and obtain for the term involving L and not depending upon N

whe L
B =57 (1 5mm—g)- (76)

This agrees with the known results [15].
4 Conclusions and Further Developments

It would be interesting to develop an analogous treatment for our regularization
scheme in the higher dimensional cases based on higher dimensional quantum
symmetries. This probably will require detailed and explicit knowledge about
the ¢ deformations of massless representations of SO (2, n —1)~. For the phys-
ically important case of n = 4 this is what we have done in Refs. [16, 17]:
namely, an explicit constructions of the ¢ deformations of U, (so(2, 3)) massless
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representations for generic |¢| = 1 and for ¢ a root of unity. We also mention the
possibility of a role for the matrix quantum group SOy (r, s) dual to U, (so(r, s))
and noncommutative space-time in our regularization scheme for the Casimir ef-

fect.

For this purpose it would be interesting to have an explicit construction of

the induced representations of SO, (2, 3) (work with V.K. Dobrev, in progress).
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