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Abstract. The general solutions of the Schrödinger equation with the modified
Hulthén plus Scarf potential are obtained in terms of Jacobi polynomials by
using Nikiforov-Uvarov method. We have also looked for exact solutions of the
Schrödinger equation for the PT and non PT -symmetric potentials of the kind
mentioned above. The results are compared with ones obtained before.
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1 Introduction

The exact solution of the Schrödinger equation with any potential is an im-
portant subject in nonrelativistic quantum physics. Many authors have studied
the Schrödinger equation for various potentials such as the Eckart potential[1],
the Scarf potential[2], the Pöschl-Teller potential[3], the parabolic type poten-
tial[4], the Morse potential[5] etc. Different techniques have been used in solv-
ing the above mentioned potential cases. Recently, an alternative method which
is known as the Nikiforov-Uvarov method has been introduced in solving the
Schrödinger equation.

In this paper, our aim is to solve the Schrödinger equation for the generalized
Hulthén plus Scarf potential via the Nikiforov-Uvarov method, for which the
corresponding eigenvalue problem can be solved exactly. In this study we have
discussed the PT [6-15] and non PT -symmetric potentials. We have deduced
the energy eigenvalues of Hulthén potential[16] and Scarf potential[17] sepa-
rately. We have also shown that for particular cases the result is consistent with
ones obtained before.

The organization of this paper consists of eight sections: in Section 2, we review
the Nikiforov-Uvarov method briefly. In Section 3, we consider the Hulthén plus
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Scarf potential and obtain its eigenvalue and eigenfunctions for the correspond-
ing Hamiltonian by the Nikiforov-Uvarov method. In Section 4, we study the
solution of PT -symmetric Hulthén potential plus Scarf potential. In Section 5,
we discuss the solution of non PT -symmetric Hulthén plus Scarf potential. In
Sections 6 and 7, we obtain the eigenvalues and eigenfunctions of the Hulthén
potential and the Scarf potential respectively. Section 8 contains some conclud-
ing remarks.

2 Nikiforov-Uvarov Method

The differential equations whose solutions are the special functions of hypergeo-
metric type can be solved by using the Nikiforov-Uvarov method which has been
developed by Nikiforov and Uvarov[18]. In this method, the one-dimensional
Schrödinger equation is reduced to an equation by an appropriate coordinate
transformation x = x(s),

ψ′′(s) +
τ̃(s)
σ(s)

ψ′(s) +
σ̃(s)
σ2(s)

ψ(s) = 0, (1)

where σ(s) and σ̃(s) are polynomials, at most of second degree, and τ̃(s) is
a polynomial, at most of first degree. In order to obtain a particular solution
to Eq.(1), we set the following wave function as a multiple of two independent
parts:

ψ(s) = φ(s)y(s). (2)

Using Eq. (1) and Eq. (2) we have

σ(s)y′′(s) + τ(s)y′(s) + λy(s) = 0, (3)

which demands that the following conditions be satisfied:

φ′(s)
φ(s)

=
π(s)
σ(s)

(4)

τ(s) = τ̃(s) + 2π(s), τ ′(s) < 0. (5)

The condition τ ′(s) < 0 helps to generate energy eigenvalues and corresponding
eigenfunctions. The condition τ ′(s) > 0 has been widely discussed in [19]. The
λ in Eq.(3) satisfies the following second-order differential equation:

λ = λn = −nτ ′(s) − n(n− 1)
2

σ′′(s), n = 0, 1, 2, . . . (6)

The polynomial τ(s) with the parameter s and prime factors show the differen-
tials at first degree be negative. It is to be noted that λ or λn are obtained from
a particular solution of the form y(s) = yn(s) which is a polynomial of degree
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n. The second part yn(s) of the wavefunction (2) is the hypergeometric-type
function whose polynomial solutions are connected by Rodrigues relation

yn(s) =
Cn
ρ(s)

dn

dsn
[σn(s)ρ(s)], (7)

where Cn is the normalization constant and the weight function ρ(s) satisfies
the relation as

d

ds
[σ(s)ρ(s)] = τ(s)ρ(s). (8)

On the other hand, in order to find the eigenfunctions, φn(s) and yn(s) in Eqs.(4)
and (7) and eigenvalues λn in (6), we need to calculate the functions

π(s) =
(
σ′ − τ̃

2

)
±

√(
σ′ − τ̃

2

)2

− σ̃ + kσ (9)

k = λ− π′(s). (10)

In principle, since π(s) has to be a polynomial of degree at most one, the expres-
sion under the square root sign in Eq. (9) can be put into order to be the square
of a polynomial of first degree [18], which is possible only if its discriminant
is zero. Thus, the equation for k obtained from the solution of Eq. (9) can be
further substituted in Eq. (10). In addition, the energy eigenvalues are obtained
from Eqs. (6) and (10).

3 Modified Hulthén Potential Plus the Scarf Potential

The modified Hulthén potential plus the Scarf potential is given by

V (x) = −(V1 + iV2)
e−2ax

1 − qe−2ax
+ V3cosech2

qax. (11)

The Schrödinger equation becomes

d2ψ

dx2
+
[
E + (V1 + iV2)

e−2ax

1 − qe−2ax
− V3cosech2

qax

]
ψ = 0, (12)

where � = 2m = 1. Setting the following notations:

ε = − E

4a2
, α =

V1

4a2
(> 0), β =

V2

4α2
(> 0)

γ =
V3

4a2
(> 0) and s = e−2ax (13)

with ε > 0(E < 0) for bound states, Eq. (12) becomes

d2ψ

ds2
+

1 − qs

s− qs2
dψ

ds
+

1
(s− qs2)2

[
− (q2ε+ (α+ iβ)q)s2
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(α+ iβ − 4γ + 2qε)s− ε
]
ψ = 0. (14)

After the comparison of Eq. (14) with Eq. (1), we have

τ̃(s) = 1 − qs, σ(s) = s− qs2,

σ̃(s) = −(q2ε+ (α+ iβ)q)s2 + (α+ iβ − 4γ + 2qε)s− ε. (15)

Substituting these polynomials into Eq. (9), we have

π(s) = −qs
2
±1

2
[
(2
√
ε− μP )qs− 2

√
ε
]

(16)

if
k = (α+ iβ) − 4γ + μq

√
εP ,

where

μ = +1,−1 and P =

√

1 +
4V3

qa2
.

For bound state solutions, it is necessary to choose

π(s) = −qs
2
−1

2
[
(2
√
ε− μP )qs− 2

√
ε
]

(17)

if
k = (α+ iβ) − 4γ + μq

√
εP .

The following track in this selection is to achieve the condition τ ′(s) < 0 There-
fore τ(s) becomes

τ(s) = 1 + 2
√
ε−

[
2 + 2

√
ε− μP

]
qs (18)

and then its negative derivatives become

τ ′(s) = −
[
2 + 2

√
ε− μP

]
q. (19)

A particular solution can be obtained by using Eqs. (6), (10), (17) and (18)

λ = λn = n
[
2 + 2

√
ε− μP

]
q + n(n− 1)q (20)

and
λ = (α+ iβ) − 4γ + μq

√
εP − q

2
− q

2
(2
√
ε− μP ). (21)

Comparing Eqs. (20) and (21), we have

n
[
2 + 2

√
ε− μP

]
q+n(n−1)q = (α+iβ)−4γ+μq

√
εP− q

2
− q

2
(2
√
ε−μP )

⇒ (2n+ 1 − μP )
√
ε+ n(n+ 1) +

1
2
−
(
n+

1
2

)
μP =

(α+ iβ) − 4γ
q
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⇒ 4(2n+ 1 − μP )
√
ε+ (2n+ 1 − μP )2 =

4(α+ iβ) − 16γ
q

− 1 + P 2.

Substituting the values of α, β, γ, ε and P we obtain the energy eigenvalues:

En = −a
2

4

[(
2n+1−μ

√

1 +
4V3

qa2

)
− (V1 + iV2)

qa2
(
2n+ 1 − μ

√
1 + 4V3

qa2

)

]2

, (22)

where (n = 0, 1, 2, .......), q≥1. From Eqs. (5), (8), and (15) we obtain the
weight function

ρ(s) = s2
√
ε(1 − qs)−μP (23)

and from Eqs. (4), (15), and (17), we have

φ(s) = s
√
ε (1 − qs)

1
2 (1−μP )

. (24)

Now using the properties of Jacobi Polynomial [20,21]

P (c,d)
n (x)=

(−1)n(1 − x)−c(1 + x)−d

2nn!
dn

dxn
[
(1 − x)n+c(1 + x)n+d

]

P (2
√
ε,−μP )

n (1−2qs)=
(−2q)ns−2

√
ε(1 − qs)μP

n!
dn

dsn
[
sn+2

√
ε(1 + x)n−μP

]
.

(25)

The wave functions are obtained from Eqs. (2), (7), (23-25)

ψn(s) = Nns
√
ε (1 − qs)

1
2

“
1−μ

q
1+

4V3
qa2

”
P

“
2
√
ε,−μ

q
1+

4V3
qa2

”

n (1 − 2qs), (26)

where Nn is normalization constant to be determined from the normalization
condition ∫ 1

0

|ψn(s)|2ds = 1. (27)

Two different forms of Jacobi Polynomials [20,21] are

P (c,d)
n (x)=2−n

n∑

p=0

(−1)n−p
(
n+c
p

)(
n+d
n−p

)
(1−x)n−p(1+x)p (28)

P (c,d)
n (x)=

Γ(n+c+1)
n!Γ(n+c+d+1)

n∑

r=0

(
n
r

)
Γ(n+c+d+r+1)

Γ(r+c+1)

(
x−1

2

)r
, (29)

where

(
n
r

)
=

n!
r!(n− r)!

=
Γ(n+ 1)

Γ(r + 1)Γ(n− r + 1)
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P (2c,2d)
n (1 − 2qs) = (−1)nΓ(n+ 2c+ 1)Γ(n+ 2d+ 1)

×
n∑

p=0

(−1)pqn−p

p!(n− p)!
sn−p(1 − qs)p

Γ(p+ 2d+ 1)Γ(n+ 2c− p+ 1)
(30)

P (2c,2d)
n (1 − 2qs) = (−1)n

Γ(n+ 2c+ 1)
Γ(n+ 2c+ 2d+ 1)

×
n∑

r=0

(−1)rqr

r!(n− r)!
Γ(n+ 2c+ 2d+ r + 1)

Γ(2c+ r + 1)
sr (31)

1 = N2
q (−1)n

Γ(n+ 2c+ 1)2Γ(n+ 2d+ 1)
Γ(2c+ 2d+ 1)

×
n∑

p,r=0

(−1)p+rqn−p+rΓ(n+2c+2d+r+1)Inq(p, r)
p!r!(n− p)!(n− r)!Γ(p+2d+1)Γ(r+2d+1)Γ(n+2c−p+1)

, (32)

where

Inq(p, r) =

1∫

0

sn+2
√
ε+r−p(1 − qs)p−μP+1ds, c =

√
ε, d = −1

2
μP . (33)

Using the following integral of hypergeometric function:
∫ 1

0

sa−1(1 − s)c−a−1(1 − qs)−bds = 2F1(a, b; c; q)
Γ(a)Γ(c− a)

Γ(c)
, (34)

provided
Re(c) > Re(a) > 0, |arg(1 − q)| < π,

which gives
∫ 1

0

sa−1(1 − qs)−bds =
1
a

2F1(a, b; a+ 1; q). (35)

Using Eq. (33) and Eq. (35), we have

Inq(p, r) =
1

(n+ 2
√
ε+ r − p+ 1)

× 2F1(n+ 2
√
ε+r−p+1, μP−p−1;n+2

√
ε+r−p+2, q) (36)

Now when V2 = 0, and V1, V2, a ∈ R the real eigenvalues are

En=−a
2

4

[(
2n+ 1 − μ

√

1 +
4V3

qa2

)
− V1

qa2
(
2n+ 1 − μ

√
1 + 4V3

qa2

)

]2

,

n ≥ 0, q ≥ 1. (37)
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4 PT -symmetric non-Hermitian case

In this case, we set the potential parameters in Eq.(11) as V2 = 0, q∈R and
a→ia, then Eq.(11) becomes

V (x) = −V1
cos 2ax− q − i sin 2ax

1 + q2 − 2q cos 2ax

+ 4V3
−2q + (1 + q2) cos 2ax− i(1 − q2) sin 2ax

(1 + q2 − 2q cos 2ax)2
. (38)

Then V (x) satisfies the relation (PT )V (x)(PT )−1 = V (x), where PxP−1 =
−x; PpP−1 = −p = T pT −1; T iIT −1 = −iI ,x† = x, i† = −i, p∗ =
−p, p† = p. The energy eigenvalues and eigenfunctions of the potential (38) are

En=
a2

4

[(
2n+ 1 − μ

√

1 − 4V3

qa2

)
+

V1

qa2
(
2n+ 1 − μ

√
1 − 4V3

qa2

)

]2

, (39)

where

n <
1
2

√
4V1

qa2
+
μ

2

√

1 − 4V3

qa2
− 1

2
, (40)

ψn(s) = Ans
√
ε(1 − qs)

1
2 (1−μ

q
1− 4V3

qa2 )
P

(2
√
ε,−μ

q
1− 4V3

qa2 )

n (1 − 2qs), (41)

where the normalization constant An is connected by the relation

1=A2
n(−1)n

Γ(n+ 2c+ 1)2Γ(n+ 2d+ 1)
Γ(2c+ 2d+ 1)

×
n∑

p,r=0

(−1)p+rqn−p+rΓ(n+2c+2d+r+1)Inq(p, r)
p!r!(n− p)!(n− r)!Γ(p+2d+1)Γ(r+2d+1)Γ(n+2c−p+1)

(42)

with

Inq(p, r) =
1

(n+ 2
√
ε+ r − p+ 1)

× 2F1(n+ 2
√
ε+ r − p+ 1, μP − p− 1;n+ 2

√
ε+ r − p+ 2, q),

c =
√
ε, d = −1

2
μP , P =

√

1 − 4V3

qa2
. (43)
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5 Non PT -Symmetric Non-Hermitian Case

Now let us consider the case, V1 = 0, a→ia, such potentials are written as
complex functions

V (x) = −V2
sin 2ax+ i(cos 2ax− q)

1 + q2 − 2q cos 2ax

+ 4V3
−2q + (1 + q2) cos 2ax− i(1 − q2) sin 2ax

(1 + q2 − 2q cos 2ax)2
. (44)

This type of potential is non PT -symmetric. From Eq. (22), one can easily
obtain the energy eigenvalues as

En=−a
2

4

[
V 2

2

q2a4
(
2n+ 1 − μ

√
1 − 4V3

qa2

)2−
(
2n+1−μ

√

1 − 4V3

qa2

)2

−i2V2

qa2

]

.

(45)
The wave functions are

ψn(s) = Bns
√
ε(1 − qs)

1
2 (1−μ

q
1+

4V3
qa2 )

P
(2

√
ε,−μ

q
1+

4V3
qa2 )

n (1 − 2qs), (46)

and the normalization constant Bn is connected by the relation

1 = B2
n(−1)n

Γ(n+ 2c+ 1)2Γ(n+ 2d+ 1)
Γ(2c+ 2d+ 1)

×
n∑

p,r=0

(−1)p+rqn−p+rΓ(n+ 2c+ 2d+ r + 1)Inq(p, r)
p!r!(n− p)!(n− r)!Γ(p+2d+1)Γ(r+2d+1)Γ(n+2c−p+1)

(47)

with

Inq(p, r) =
1

(n+ 2
√
ε+ r − p+ 1)

×2F1(n+ 2
√
ε+ r − p+ 1, μP − p− 1;n+ 2

√
ε+ r − p+ 2, q),

c =
√
ε, d = −1

2
μP , P =

√

1 +
4V3

qa2
(48)

6 Hulthén Potential

Setting V3 = 0, the potential (11) becomes Hulthén potential

V (x) = −(V1 + iV2)
e−2ax

1 − qe−2ax
. (49)
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The energy eigenvalues and wave functions of this potential are obtained from
Eqs. (22) and (26), by setting μ = −1

En = −a2

[
(n+ 1) − (V1 + iV2)

4qa2 (n+ 1)

]2

, n ≥ 0, q ≥ 1, (50)

ψn(s) = Dns
√
ε (1 − qs)P (2√ε,1)

n (1 − 2qs), (51)

where the normalization constant Dn is given by

1 = D2
n(−1)n

Γ(n+ 2c+ 1)2Γ(n)
Γ(2c)

×
n∑

p,r=0

(−1)p+rqn−p+rΓ(n+ 2c+ r)Inq(p, r)
p!r!(n− p)!(n− r)!Γ(p)Γ(r)Γ(n+ 2c− p+ 1)

(52)

with

Inq(p, r) =
1

(n+ 2
√
ε+ r − p+ 1)

× 2F1(n+2
√
ε+r−p+1, μ−p−2;n+2

√
ε+r−p+2, q), c=

√
ε. (53)

We are now going to consider different forms of generalized Hulthén potential,
viz at least one of the parameters is purely imaginary. When a→ia and V2 =
V3 = 0, then V (x) becomes

V (x) = V1
q − cos 2ax

1 + q2 − 2q cos 2ax
+ iV1

sin 2ax
1 + q2 − 2q cos 2ax

. (54)

Then (PT )V (x)(PT )−1 = V (x). The real energy eigenvalues are given by

En = a2

(
n+ 1 +

V1

4qa2(n+ 1)

)2

, q ≥ 1, (55)

where

n = 0, 1, 2, . . . <
1
2

√
V1

a2q
− 1 (56)

we set V1 = V3 = 0, in Eq.(11), and a→ ia, then Eq. (11) takes the form

V (x) = −V2
sin 2ax

1 + q2 − 2q cos 2ax
+ iV2

q − cos 2ax
1 + q2 − 2q cos 2ax

. (57)

Such a potential is called as non-PT -symmetric potential. The complex energy
eigenvalues are given by

En = −a2

[
V 2

2

16q2a4(n+ 1)2
− (n+ 1)2 − i

V2

2qa2

]
. (58)
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But it has real plus imaginary energy spectra. When we consider the real part of
energy eigenvalues an acceptable result is obtained when

n <
1
2

√
V1

a2q
− 1

condition. However, the energy spectrum is not seen at the imaginary part of
energy eigenvalues, since it is independent of n.

7 Scarf Potential

Assuming V1 = V2 = 0, the potential (11) turns into Scarf potential

V (x) = V3cosech2
qax. (59)

The energy eigenvalues and wave functions of this potential by setting μ = 1

En = −a
2

4

[

2n+ 1 −
√

1 +
4V3

qa2

]2

, (60)

ψn(s) = Lns
√
ε (1 − qs)

1
2

“
1−

q
1+

4V3
qa2

”
P

“
2
√
ε,−

q
1+

4V3
qa2

”

n (1 − 2qs). (61)

The normalization constant Ln is connected by the relation

1 = L2
n(−1)n

Γ(n+ 2c+ 1)2Γ(n+ 2d+ 1)
Γ(2c+ 2d+ 1)

×
n∑

p,r=0

(−1)p+rqn−p+rΓ(n+ 2c+ 2d+ r + 1)Inq(p, r)
p!r!(n− p)!(n− r)!Γ(p+2d+1)Γ(r+2d+1)Γ(n+2c−p+1)

(62)

with

Inq(p, r) =
1

(n+ 2
√
ε+ r − p+ 1)

× 2F1(n+ 2
√
ε+ r − p+ 1, μP − p− 1;n+ 2

√
ε+ r − p+ 2, q)

c =
√
ε, d = −1

2
μP , P =

√

1 +
4V3

qa2
. (63)

When a→ia and V1 = V2 = 0, then V (x) satisfies the relation

(PT )V (x)(PT )−1 = V (x).
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The positive energy eigenvalues are then given by

En =
a2

4

[
2n+ 1 −

√

1 − 4V3

qa2

]2
, n < 0, 1, 2, . . . ,

1
2

(
√

1 − 4V3

qa2
− 1

)
.

(64)
Next we set V3→iV3 and q → iq in (11), then the potential is non-PT -
symmetric potential. The energy eigenvalues are given by

En = −a
2

4

[

2n+ 1 −
√

1 − 4V3

qa2

]2

. (65)

8 Conclusion

In this paper, the Schrödinger equation with the Hulthén potential plus the Scarf
potential have been solved by using the Nikiforov-Uvarov method. Some in-
teresting results including PT -symmetric and non-PT -symmetric versions of
the Hulthén potential and the Scarf potential have also been discussed. The
energy eigenvalues of the Hulthén potential and the Scarf potential have been
presented separately. It is interesting to see that Eqs.(50) and (51) are consistent
with[22], and for V2 = 0, δ = 2a and V1 = Z2eδ, Eq.(50) is consistent with[23]
also for � = 2m = 1 and A1 = 0, Eq.(60) is consistent with[17]. Under
some restrictions of the potential parameters, we have shown that the non-PT -
symmetric Hulthén and Scarf potentials have real energy spectra. In Figures 1-5,
the, Hulthén plus Scarf potential, Hulthén potentials and Scarf, are presented for
various potential parameters.
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Figure 5. Scarf potential for V3 = 10, a = 1, q = 4
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Birkhäuser, Basel.
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