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Abstract. The level density of the odd-odd nucleus 196Au is investigated in the
interacting boson-fermion-fermion model (IBFFM) which accounts for collec-
tivity and complex interaction between quasiparticle and collective modes.The
IBFFM spin-dependent level densities show high-spin reduction with respect
to Bethe formula.This can be well accounted for by a modified spin-dependent
level density formula.

PACS number: 21.10.-k, 27.80.+w

1 Introduction

The Interacting boson model (IBM) of Arima and Iachello [5,7] and its exten-
sions the interacting boson-fermion model (IBFM) [6] and the interacting boson-
fermion-fermion model (IBFFM) [8] are of a particular interest for studies of the
low-energy nuclear structure. This approach corresponds to a real physical sys-
tem; it has a microscopic basis and successfully describes the low-lying nuclear
phenomenology, accounting also for collective features.

In the present work the nuclear level densities are calculated in the framework of
IBFFM for the odd-odd nucleus 196Au. The odd-odd nuclei are characterized by
level density which is high already in the low-energy region. This case displays a
full complexity of the interwoven shell-model and collective degrees of freedom
and thus provides an interesting testing ground for the pattern of nuclear level
density.

The general interest in the problem of nuclear level densities is based on several
reasons. Nuclear level densities are important in nuclear reaction calculations, in
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particular in heavy-ion reactions [9], astrophysics applications [10] and in many
applied problems in the areas of fission and fusion reactor design [11]. However,
our first – hand knowledge of the density of levels is confined to a rather small
region of excitation energy and angular momentum [3].

In the present work the IBFFM pattern of total and spin dependent level densi-
ties is investigated and compared to the pattern found in previous investigations
in the framework of combinatorial, thermodynamic and spectral distribution ap-
proaches.

2 IBFFM Calculations

The calculation for 196Au was performed in the interacting boson-fermion-
fermion model IBFFM [5] by coupling valence-shell proton and neutron quasi-
particles to the boson core of the interacting boson model (IBM) of Arima and
Iachello [7].

The IBFFM Hamiltonian for an odd-odd nucleus reads

HIBFFM = HIBFM(π) +HIBFM(ν) −HIBM +HRES(πν). (1)

Here, HIBFM(π) and HIBFM(ν) denote the IBFM Hamiltonian [6] for the neigh-
bouring odd-even and even-odd nuclei of 197Au and 197Hg, respectively. HIBM

denotes the IBM Hamiltonian [7] for the even-even core nucleus 198Hg and
HRES(πν) denotes the residual proton-neutron interaction. The calculation was
performed using the computer code “IBFFM” [13], which employs the TQM
representation of IBM.

In the first step of the IBFFM calculation, the boson core was fitted to the low-
lying levels in the even-even nucleus 198Hg. Adjusting the model parameters to
the experimental properties of these nuclei and to recent data on the low-spin
states of 196Au. O(6) boson parameters for 198Hg are A = 0.186 MeV, B =
−0.5913 MeV, C = 0.0602 MeV. In order to reduce the size of computations,
the total boson number was reduced to N = 5 and the value of the parameter A
was accordingly renormalized.

In the second step of our calculation, we have adjusted the parameters in
IBFM(π) of Eq. (1) to the low-energy spectrum of the odd-even nucleus 197Au.
The energies and occupation probabilities of the proton quasiparticles πd 3/2,
πs1/2, πh11/2 and πd5/2 are taken: ε(πd3/2) = 0.47 MeV, ε(πs1/2) =
0.82 MeV, ε(πh11/2) = 1.26 MeV , ε(πd5/2) = 2.77 MeV and ν2(πd3/2) =
0.70, ν2(πs1/2) = 0.85, ν2(πh11/2) = 0.88, ν2(πd5/2) = 0.99, respectively.

The boson-fermion interaction strengths were fitted to the low-lying energy
spectrum of 197Au: Aπ

0 = 0.07, Γπ
0 = 0.26 for positive parities, Γπ

0 = 0.26
for negative parities, Λπ

0 = 0.85 and χ = 1.0 for both parities.

In the third step of our calculation, the parameters in IBFM(ν) of Eq. (1) were
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adjusted the low-energy spectrum in the even-odd nucleus 197Hg. In the present
IBFM calculation for 197Hg the energies and occupation probabilities of neutron
quasiparticles ν p1/2, ν f5/2, ν p3/2, ν i13/2, d ν f7/2 are taken: ε(ν p1/2) =
0.74 MeV, ε(ν f5/2) = 0.83 MeV, ε(ν p3/2) = 1.18 MeV , ε(ν i13/2) =
1.38 MeV, ε(d ν f7/2) = 2.20 MeV and ν2(ν p1/2) = 0.45, ν2(ν f5/2) = 0.43,
ν2(ν p3/2) = 0.40, ν2(ν i13/2) = 0.89, ν2(d ν f7/2) = 0.96, respectively. The
boson-fermion interaction strengths derived for the low-lying energy spectrum
of 197Hg are: Aν

0 = 0.04, Γν
0 = 0, 26, Λν

0 = 0.07 and χ = 1.0. These values
are exactly early parameterizations for 198Au.

In the fourth steps of our calculation the residual proton-neutron interaction the
dominant interaction are spins Hσσ and tensors HT interactions. In the present
work for spin interaction is taken value Hσσ = 0.7 for 198Au and for tensor
interaction HT = −0.025 for positive and HT = −0.01 for negative parities.

In the end fifth step of our calculation we compute the full energy spectrum by
diagonalization of the Hamiltonian (1) in the IBFFM basic state

|(jπjν)jπν , ndνI; J〉. (2)

Here, the proton quasiparticle jπ and the neutron quasiparticle jν are coupled
to the angular momentum jπν and nd d-bosons are coupled to the angular mo-
mentum I with additional seniority quantum number ν. The two-quasiparticle
angular momentum jπν and the boson angular momentum I are coupled to the
total angular momentum J . The basis states (2) contain also the n s = N − nd

s-bosons with the angular momentum equal to zero. The total number of IBFFM
levels in the present calculation is 7582.

In the present work we investigate the nuclear level density associated with this
energy spectrum.

The parameters for IBFFM calculation are taken from the first, second, third and
fourth step from IBM, IBFM(π), IBFM(ν) and HRES(πν).

3 IBFFM Total Level Density

The IBFFM levels capture most of the states in the low-energy region [8]. How-
ever, with increasing energy an increasing fraction of states is expected to lie
outside the frame of the IBFFM model space. In particular, one could expect ad-
ditional states arising from an extension to the IBM2 approach [9], with neutron
and proton bosons with different values for the single boson energies, before
invoking extension of the boson space, octupole and other degrees of freedom.
Thus, the present IBFFM energy spectrum represents only a subset of the total
energy spectrum of 196Au. The actual level density of the nucleus increases with
the excitation energy, but the IBFFM level density, similarly as in the case of
shell-model level densities [10], is based on a finite spectroscopic space. There-
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Figure 1. Calculated total level density of 196Au as a function of excitation energy. The
IBFFM results (closed circles) are shown for energy intervals of 0.2 MeV. A Gaussian
(3) was fitted to IBFFM below 7.2 MeV (for positive parities – left) and 6.2 MeV (for
negative parities – right) of excitation energy (solid curve). Bethe formula (5) and the
constant temperature formula (4) were fitted to IBFFM below 2 MeV of excitation energy
(dashed and dot curves, respectively).

fore, as already pointed out, beyond some excitation energy E, higher-lying
configurations outside the model space should also be included.

Hence the IBFFM level densities should coincide with the actual level densities
of the system only up to some excitation energy E and then the actual space
(196Au space) rapidly diverges from the IBFFM model space.

In Figure 1 (left-positive parities) the IBFFM total level density of 196Au is
presented (on a logarithmic scale) in dependence on energy. Except for the high-
energy tail, the calculated level density can be rather well fitted in the energy
range 0–7.2 MeV by the Gaussian distribution taken from [5]

ρG(E) =
d√

2π σM

exp
[ (E − εM )2

2σ2
M

]
, (3)

where E is the excitation energy, d corresponds to the dimensionality of the
space, while εM and σM are the centroid and width of the distribution, respec-
tively. The values of parameters in the Gaussian fitted to the IBFFM total level
density in the energy range 0–7.2 MeV (for positive parities) are: d = 7327,
σM = 1.41 MeV, εM = 3.99 MeV.

For negative parities (l.h.s. in Figure 1) the IBFFM total level density is rather
well fitted by the Gaussian distribution in the interval from 0–6.2 MeV, however,
there appears a significant deviation from the Gaussian near the high-energy tail
(up to 6.2 MeV) of the level density distribution.

The value of parameters in the Gaussian fitted to the IBFFM total level density
in the energy range 0–6.2 MeV (for negative parities) are: d = 7582, σM =
1.41 MeV, εM = 4.11 MeV.
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The near Gaussian Distribution of the total level density calculated in IBFFM is
in accordance with previous investigations of level densities for light nuclei in
shell model calculations and in calculations for 132Pr [3].

The low energy tail of the Gaussian can be well fitted (0–2 MeV) by the constant
temperature Fermi gas model [1,12]

ρC(T ) =
1
T

exp
(E − E0

T

)
(4)

and by Bethe formula associated with the back-shifted Fermi gas model [1,7]

ρB(T ) =
exp

[
2
√
a(E − E1)

]

12
√

2σa1/4(E − E1)5/4
, (5)

where the spin cut-off parameter is given by [12]

σ2 = 0.0888A2/3
√
a(E − E1) . (6)

These two fits are shown in Figure 1 (dot and dashed line, respectively), with
parameters fitted to the IBFFM total level density of 196Au up to 2 MeV of ex-
citation energy. In the energy interval 0–2 MeV the least square fits of Gaussian
distribution (Eq. (3)), Bethe formula (Eq. (5)) and constant temperature Fermi
gas model (Eq. (4)) are comparable. The values of fitted parameters in Bethe
formula and in the constant temperature Fermi gas model for both parities are
displayed in Table 1

In Table 1 the fitted value of the level density parameter a, is somewhat larger
(a = 15.69 MeV−1 for positive parities) than the theoretical estimate [11] a ≈
A/13.5 MeV−1 = 14.51 MeV−1 and somewhat smaller (a = 12.51 MeV−1 for
negative parities) but the value for negative parities is sizeable below the overall
estimate arising from nuclear systematics. On the other hand, the IBFFM value
of the ground state back shift is E1 = −1.54 MeV is sizeable with value in [3]
and [11].

Table 1. IBFFM values for level density parameters a, E1, in Bethe formula (5) and
T , E0 in the constant temperature Fermi gas formula (4) calculated for 196Au (for both
parities) below 2 MeV of excitation energy, in comparison with the estimates based on
systematics by von Egidy et al. [11] and also [3,12]

IBFFM 196Au
Π = + Π = − Ref. [3] Ref. [11] Ref. [12]

a (MeV−1) 15.69 12.51 10.43 12.85 12.75
E1 (MeV) -1.54 -0.73 -2.46 -1.42 -1.40
T (MeV) 0.44 0.59 0.77 0.69 0.781
E0 (MeV) -0.80 -1.81 -3.18 -2.67 -2.87
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The IBFFM fitted values of temperature formula (4) are T = 0.44 MeV,
E0 = −0.80 MeV (for Π = +) and T = 0.59 MeV, E0 = −0.181 MeV
(for Π = −), respectively. These values are comparable to the value obtained
from the phenomenological formula by von Egidy et al. [11], which gives
T = 0.69 MeV and E0 = −2.67 MeV.

4 IBFFM Spin-Dependent Level Density

In the second part of our work we investigate the IBFFM spin distribution. In a
similar way as was used for presentation of spin distributions in previous com-
binatorial calculations [2], we employ the transformation

yH(J) = ln
[N(J)E,E+ΔE

J + 0.5

]
. (7)

Here N(J)E,E+ΔE denotes the number of IBFFM levels with spin J in the
energy interval between E and E + ΔE. The width of the energy interval,
ΔE, is of 1 MeV. We note that counting of states obtained by diagonalizing
the IBFFM Hamiltonian was done in the 1 MeV intervals, similarly as in some
shell-model calculations [4].

In Figure 2 we present the plot of yH(J) versus (J + 0.5)2 for our IBFFM
calculation and for two formulas for spin distribution, the Wigner form which is
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Figure 2. Calculated spin distributions for 196Au. The calculated values yH =
ln[N(J)/(J + 0.5)] are presented for the energy intervals 0–1 MeV (closed circles),
1–2 MeV (closed diamonds), 2–3 MeV (closed triangles) and 0–5 MeV (closed squares).
N(J) denote the number of levels of spin J obtained by IBFFM calculation in the corre-
sponding energy intervals. Dashed lines present the fits of spin-dependent Bethe formula
(9) to the state spins J = 4–8, and solid lines the fits of modified spin-dependent formula
(11).
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used in the spin-dependent Bethe formula [1] and the modified formula which
was introduced in [2]. The Wigner form of spin dependence in Bethe formula
[1]

fB(J) =
2J + 1
2σ2

exp
(
− (J + 0.5)2

2σ2

)
(8)

gives

yB
H = D − 1

2σ2
(J + 0.5)2, (9)

a modified spin distribution formula was introduced in [2] in such a way that a fit
to combinatorial calculations is improved near the yrast spin. This distribution
is given by [2]

f(J) =
2J + 1
2σ2

exp

{

− 1√
3

( η
σ

)3

sinh
[√3σ

2η3
(J + 0.5)2

]
}

, (10)

which gives

yH(J) = D − 1√
3

( η
σ

)3

sinh
[√3σ

2η3
(J + 0.5)2

]
. (11)

Besides the spin cut-off parameter σ, here appears an additional parameter η. In
the low-spin limit, the modified formula (10) is reduced to the form of Bethe
formula (8).

As seen from Figure 2, the IBFFM results yH for spins J = 4–8 lie on the
straight lines, i.e., the spin-dependent Bethe formula (9) is well satisfied (Fig-
ure 2). However, the IBFFM results show systematic deviations from spin de-
pendence of Bethe formula in the upper-spin tail of the spin distribution.

The fits of the Bethe formula (9) to the IBFFM results for yH(J = 4–8) are pre-
sented in Figure 2 (dashed lines). As seen, with approaching the yrast region the
IBFFM distribution falls monotonically below the prediction of Bethe formula.

The modified spin distribution formula (10) is characterized by an additional pa-
rameter η referred to as the spin correction parameter. This parameter appears
in addition to the spin cut-off parameter σ In the low-spin limit of Eq. (10), the
spin correction parameter η cancels in the expression. Then, the spin distribution
is determined solely by the spin cut-off parameter σ. On the other hand, the re-
duction of spin distribution for high spins the effect of spin correction parameter
η.

In Figure 2 we present the fit of the modified formula (11) to the IBFFM spin
dependence. The ensuing values of parameters σ, η, D for the IBFFM states in
four energy intervals are displayed in Table 2.

From Table 2 we see that the spin cut-off parameter σ and the spin correction
parameter η calculated in IBFFM increase with increasing energy. The energy
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Table 2. IBFFM values for parameters σ, η, D in the modified spin distribution for-
mula(10) and the values of σ, D in Bethe formula (8) for 196Au. The values are given for
four energy intervals in the low-lying section of the spectrum

Bin energy Bethe Modified formula

[MeV] D σ D σ η

0–1 1.42 5.22 2.57 4.70 7.37
1–2 2.88 5.32 3.19 5.12 9.10
2–3 3.76 5.56 3.65 5.78 10.07
0–5 5.26 5.75 5.09 6.06 10.59

dependence of η is slightly faster than the energy dependence of σ. Similar
behavior was obtained previously in the combinatorial calculations for 132Pr
[3], 114Cd and 244Am [2]. The energy dependence of σ calculated in IBFFM
is slightly stronger than predicted by (6), with the back shift E 1 taken from
Table 1. The parameter η increases with energy somewhat faster than σ. This
IBFFM result is in accordance with the results of previous IBFFM calculations
for 132Pr [3], combinatorial calculations for 114Cd and 244Am [2].

In the present calculation the average ratio of η and σ is η/σ ≈ 1.74 which
is somewhat lower than the ratios ≈ 2–3 obtained in previous combinatorial
calculations for 114Cd and 244Am [2] and ≈ 1.8 for 132Pr [3] calculated in
IBFFM.

5 Conclusion

The calculation of nuclear level densities in the interacting boson-fermion-
fermion model (IBFFM) for 196Au reveals several interesting features. The total
level density in the truncated IBFFM space can be rather well fitted by Gaussian,
except for distortions near the high-energy tail of the distribution.

The low-energy section of the total IBFFM distribution can be well fitted both
by Bethe formula and by the constant temperature Fermi gas model.

The IBFFM spin distributions exhibit pronounced deviation from spin-
dependent Bethe formula: the high-spin reduction (for spins J ≥ Jmax /2 with
monotonically increasing reduction towards the maximum possible(yrast) spin.
The high-spin reduction is similar as in the combinatorial calculations [2] and
can be well fitted by the modified spin-dependent level density formula wich was
introduced [2] to fit the results of combinatiorial calculations. Thus the complex
collective features and interplay between collective and quasiparticle degrees of
freedom do not influence sizeably the high-spin tail of spin distribution. The
value of spin cut-off parameter σ calculated in IBFFM are slightly higher than
the rigid body values. The values of the new spin truncation parameter η cal-
culated in IBFFM are by a factor of 1.74 higher than the values of σ, and the
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introduction of η causes only a minor change of the value of parameter σ with
respect to fit of Bethe formula.
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