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Abstract. A microscopic model and a Green’s function technique are devel-

oped to study the critical behavior of some multiferroics such as hexagonal

RMnO3. The temperature dependence and the external field dependence of the

order parameter for the magnetization are determined. The critical exponents β

and δ are calculated. Applying the scaling laws γ, α and ν are also obtained.

The critical exponents are in very good agreement with the existing experimen-

tal data.

PACS codes: 75.85.+t, 75.10.Jm, 75.40.-s, 75.40.Cx

1 Introduction

Multiferroic materials, where in multiple ferroic properties manifest in a single

phase, have been extensively investigated recently. Especially, the ‘magneto-

electric’ multiferroics, which show both (anti)ferromagnetic (AFM) and ferro-

electric (FE) properties simultaneously, are widely studied [1]. The fact that

these seemingly independent properties are strongly coupled is attractive in both

fundamental and application point of view. Investigating the seemingly evident

coupling between magnetism and ferroelectricity gives us new insight to under-

stand the phase transition in condensed matter. The compound that has been

most extensively studied is BiFeO3 (BFO), which is ferroelectric, ferroelastic

and weakly ferromagnetic. Interest in this compound is due to the high electric

and magnetic ordering temperatures of Tc ≈ 1100 K and TN ≈ 650 K, respec-

tively. Most of hexagonal RMnO3 exhibit FE transitions at high temperatures

(Tc ∼ 600 to 1000 K) and AFM transitions at low temperatures (TN ∼ 70
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to 130 K), i.e. again Tc ≫ TN . Around the phase transition temperatures in

multiferroic substances are observed different anomalies in many experimen-

tal data. It has been reported recently that the dielectric constant in hexagonal

YMnO3 [2,3], LuMnO3 [3,4] and HoMnO3 [5] shows a strong anomaly at the

Neel temperature TN . Similar anomalies at TN are obtained, too, in the tem-

perature dependence of the conductivity in LuMnO3 [4] and YMnO3 [6]. The

dependence of the dielectric response on temperature in BFO thin films studied

by Palkar et al. [7] indicates an anomaly in dielectric constant in the vicinity of

the Neel temperature. This anomalies are explained as an influence of vanishing

magnetic ordering on electric ordering of the BFO and RMnO3 examples.

Despite extensive studies on bulk and nanostructured BFO and hexagonal

RMnO3, multiferroics there are not so many investigations of the critical be-

havior, of the critical exponents of multiferroic materials. Twenty years ago

Ishibashi and Hidaka [8] have showed that systems with isosymmetric phase

transitions at Tc = 1200 K, such as BFO, exhibit a phase diagram with tri-

critical points and critical end points and have the unusual mean-field critical

exponents α = 2/3, β = 1/3 and γ = 2/3 at the end points. Scott [9] has ex-

tended that to show the critical exponents for the isosymmetric phase transitions

in BFO δ = 3, ν = 1/3 and η = 0. Singh et al. [10] have found that fluctu-

ations along the uniaxial direction in BFO diverge and exhibit critical slowing

down (spectral narrowing) approaching Tc, with critical exponents ν = 0.63
and γ (susceptibility) = 1.24 for the longitudinal fluctuations and ν = 0.63 and

γ = 1.47 for the transverse fluctuations. The exponent characterizing the mag-

netization as a function of temperature, β, is known to be approximately 0.43

from birefringence [11] and 0.37 from Mossbauer hyperfine splittings [12].

Poirier et al. [13] have reported an ultrasonic investigation of the elastic mod-

uli in hexagonal YMnO3. Strong anomalies in the elastic moduli below TN are

observed and described within the Landau free energy model. The critical ex-

ponent associated to the order parameter is calculated to β = 0.42, which is

neither consistent with chiral XY (0.25) and chiral Heisenberg (0.30) universal-

ity classes or with XY (0.35) and Heisenberg (0.36) ones, but more in agreement

with a conventional AFM long range order [14]. For LaMnO3 Alves et al. [15]

have observed a similar value of β = 0.42, which is remarkably close to the

exponent of free percolation on a 3D cubic lattice (0.41). From heat capac-

ity measurements Tachibana et al. [16] have observed for the critical exponent

α = −0.16, whereas Katsufuji et al. [3] have obtained α = 0.25 from dielectric

susceptibility measurements. For ν Fabreges et al. [17] reported the value 0.65.

The aim of the present paper is to calculate on the basis of a microscopic model

the critical exponents β and δ for the localized-spin magnetization of the hexag-

onal multiferroic RMnO3 compounds. Applying the scaling laws we obtain γ
and other critical exponents. Our results are compared with other theoretical and

experimental data.
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2 Model

The Hamiltonian for multiferroic BFO and hexagonal RMnO3 with Tc ≫ TN

can be presented as [18]

H = He + Hm + Hme. (1)

He denotes the Hamiltonian for the electrical subsystem within the framework

of the transverse Ising model

He = −Ω
∑

i

Sx
i −

1

2

∑

ij

JijS
z
i Sz

j , (2)

where Sx
i , Sz

i are the spin 1/2 operators of the pseudo-spins, Jij denotes the

nearest-neighbor pseudo-spin interaction, Ω is the tunnelling frequency.

Hm is the Hamiltonian for the magnetic subsystem, which is given by the

Heisenberg Hamiltonian

Hm = −
1

2

∑

〈ij〉

A1(i, j)Bi ·Bj −
1

2

∑

[ij]

A2(i, j)Bi ·Bj − gµ
B
H

∑

i

Bz
i , (3)

where Bi is the Heisenberg spin operator at the site i, and the exchange integrals

A1 and A2 represent the coupling between the nearest and next-nearest neigh-

bors, respectively. 〈ij〉 and [ij] denote the summation over the nearest neighbors

and the next nearest neighbors, respectively. H is an external magnetic field.

The coupling term is taken to be biquadratic

Hme = −g
∑

〈ij〉

∑

kl

Sz
kSz

l Bi ·Bj . (4)

Here g is the coupling constant between the magnetic and the electric order

parameters.

3 Green’s Function and Critical Exponents

The retarded Green’s function for the magnetic subsystem to be calculated is

defined by

Gij = 〈〈B+
i (t); B−

j (0)〉〉. (5)

The relative magnetization M for arbitrary spin value S in the direction of the

magnetic field is equal to

M =
1

N

∑

k

[

(S + 0.5) coth
[

(S + 0.5)
Em(k)

k
B
T

]

− 0.5 coth
(

0.5J
Em(k)

k
B
T

)]

(6)
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Em is the spin-wave energy which is calculated using the method of

Tserkovnikov [19] taking into account all correlation functions

Em(k) =
1

2〈Bz〉

1

N

∑

q

(

Aeff
1 (q) − Aeff

1 (k − q)
)(

2〈Bz
qBz

−q〉 − 〈Bz
k−qB

+
k−q〉

)

+
1

2〈Bz〉

1

N

∑

q

(

A2(q) − A2(k − q)
)(

2〈Bz
q Bz

−q〉 − 〈Bz
k−qB

+
k−q〉

)

− gµ
B
H (7)

with the renormalized exchange interaction constant A1

Aeff
1 = A1 + 2gP 2 cos2 θ. (8)

The quantity P (T ) = 2〈Sz〉 is the relative polarization in the direction of the

mean field. It is calculated in our previous paper [18] where are investigated

different static and dynamic electric and magnetic properties of multiferroic

RMnO3 compounds.

The temperature dependence of M(T ) = 〈Bz〉 was calculated numerically

using parameters appropriate to the multiferroic YMnO3 [18]: A1 = 85 K,

A2 = −60 K, Ω = 20 K, J = 3600 K, TN = 70 K, Tc = 90 K, S = 2 for the

magnetic subsystem and s = 0.5 for the pseudospins. The critical exponent β
describing the order parameter 〈Bz〉 is defined as [20]

〈Bz〉 = A
(Tc − T

Tc

)β

, for T → Tc, (9)

whereas changes of magnetization with the effective magnetic field intensity

h ≡ gµ
B
H satisfy the dependence

〈Bz〉 = Bh1/δ, T ≈ Tc. (10)

β is independent on the magnitude of the spin, but dependent on the dimen-

sionality of the lattice. We have calculated numerically β and δ for a three-

dimensional lattice in the temperature range 5×10−4 < |Tc−T |/Tc < 5×10−3

from

ln〈Bz〉 = lnA + β ln(1 − T/Tc), (11)

ln〈Bz〉 = lnB + (1/δ) lnh. (12)

We obtain the following values:

β = 0.421 ± 0.006, (13)

δ = 4.055 ± 0.006. (14)

The observed critical exponent β is in very good agreement with the experimen-

tal data of Poirier et al. [13] for YMnO3 and of Alves et al. [15] for LaMnO3.

423



J.M. Wesselinowa, A.T. Apostolov, I.N. Apostolova, S.G. Bahoosh

Applying the scaling laws [20] the exponent γ for the longitudinal susceptibility

may be expressed in terms of β and δ,

γ = β(δ − 1) = 1.286. (15)

Having γ we can obtain also the critical exponents α and ν from the following

scaling relations:

α = 2 − 2β − γ = −0.128, (16)

ν = (2 − α)/d = 0.624. (17)

Tachibana et al. [16] reported from heat capacity measurements in YMnO3 α =
−0.16, whereas Gamzatov et al. [21] obtained for LaMnO3 α = −0.127, which

is close to the estimated exponent α = −0.120 theoretically predicted for the

three-dimensional Heisenberg model, rather than a XY-model (α = −0.01) or a

chiral university class (chiral XY model — α = 0.34(6) and chiral Heisenberg

model — α = 0.24(8)) [16]. Our results confirm this statement.

Fabreges et al. [17] have calculated the temperature dependence of the correla-

tion length and fit the critical exponent ν to 0.65(8). Singh et al. [10] data from

Raman spectra in BFO are compatible (in respect of both peak intensity diver-

gence and linewidth narrowing) with the original study of spin fluctuations in

uniaxial antiferromagnets by Schulhof et al. [22]. They found that fluctuations

along the uniaxial direction diverge and exhibit critical slowing down (spectral

narrowing) approaching Tc with critical exponents ν = 0.63 and γ (suscepti-

bility) = 1.24 for the longitudinal fluctuations and ν = 0.63 and γ = 1.47 for

the transverse fluctuations. Our results are in very good agreement with these of

Singh et al. [10]. The correlation length exponent is ν = 0.64–0.70 for 3D-Ising

or Heisenberg models [23].

Basing on (13) to (17) it may be concluded that the proposed model describes

very well the critical properties of the hexagonal multiferroics RMnO3 and that

the method and the approximation applied here give values for the critical expo-

nents, which are in very good agreement with the experimental data for RMnO3

compounds. It will be of interest to calculate the critical exponent γ from the

longitudinal susceptibility and to compare it with that obtained from the scaling

laws in this work, which will be reported elsewhere.
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