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Abstract. We report some recent progress in the computation of then-point
correlation functions of conserved currents in a class of four dimensional con-
formal field theories with higher spin symmetry. Global conformal invariance
leads to very strong constraints on both the general form andthe singularity
structure of the correlation functions of conserved currents. Namely, all these
functions have to be rational functions with at most double pole singularities.
We show that this implies that the 4-, 5- and 6-point correlation functions of the
(symmetric, conserved and traceless) stress-energy tensor are linear combina-
tions of the three free field expressions. Hence, in four dimensions, any globally
conformal invariant theory is free.

PACS codes: 11.40.Dw, 11.25.Hf

1 Introduction. Summary of the Results

In the last decade an approach, particularly well suited forthe study of Confor-
mal invariant quantum Field Theory (CFT) in four dimensions, has been devel-
oped. It is based on the notion of Global Conformal Invariance (GCI) [1] and
makes use of bilocal and biharmonic conformal fields [2]. In aGCI theory all
the bosonic fields have integer scale dimension, all then-point correlation func-
tions are rational functions, and there are always infinitely many Higher Spin
(HS) conserved currents. Moreover, if in the theory there isa hermitian scalar
field Φ2 of scale dimension equal to two, then all the functions can berealized
in terms of free scalar fields [3,4]. There has been also an important progress in
understanding the general structure of theories with HS symmetry. In [5] it was
shown that introducing a single HS conserved current alwaysleads to infinitely
many conserved currents. All the 3-point functions of the HSconserved currents
have been found in [6], while all then-point functions of the free HS conserved
currents were derived in [7]. In three dimensions it has beenproven that all the
correlation functions of the observables in any CFT with HS symmetry reduce
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to the ones in a free field theory [8]. This can be viewed as an extension of the
Coleman-Mandula theorem [9] to the CFT case.

In this paper we extend the Coleman-Mandula theorem to a class of four di-
mensional CFTs with HS symmetry. To be precise, we consider unitary GCI
theories with all the standard properties in four dimensional Minkowski space
(existence of a symmetric, traceless and conserved stress-energy tensorΘµν(x),
Operator Product Expansion (OPE), cluster decomposition,etc.). Starting from
the stress-energy tensor OPE we construct an auxiliary conformal scalar bi-field
V (x1, x2), which biharmonic partV2(x1, x2) projects on the contributions of
the HS conserved currents in the stress-energy tensor OPE. ThusV2 captures the
important part of the OPE directly related to the symmetriesof the theory. The
stress energy tensorΘµν(x) can be extracted fromV2 by an appropriate limit.
In other wordsV2 interpolates in the fusion defined by the OPE

Θµν Θρτ → V2 → Θαβ . (1)

Hence, one can derive then-point functions of the stress-energy tensorGn from
the2n-point functions ofn biharmonic fieldsV2, which as we shall argue are
easier to compute. Note that the correlation functions of the stress-energy tensor
are a coupled system and have to be considered together rather than separately,
i.e.a givenn-point functionGn is allowed only if there exists an (infinite) tower
of n+k-point functionsGn+k which can be reduced toGn by the fusion defined
in (1). Combining this with the constraints implied by conformal invariance and
HS symmetry, it follows that in any GCI theory all then-point functions of the
stress-energy tensor will have at most double pole singularities in all arguments
(a property typical for the free field theories). Finally we compute the 4-, 5-
and 6-point correlation functions of the stress-energy tensor and find that they
are linear combinations of the three free field expressions (scalar, fermion and
Maxwell field), see Eq.(10). It follows that any unitary GCI theory is free.

2 Biharmonic Field Construction

The stress-energy tensorΘµν(x) plays a central role in any CFT since it gen-
erates the conformal transformations. It is symmetric, traceless and conserved
and has scale dimension∆Θ = 4. In a theory with HS symmetry, there are also
(infinitely many) HS conserved currents, namely symmetric traceless conserved
tensorsJ (µ1...µr)

r (x) of rankr and scale dimension∆r = r + 2, transforming
in the Lorentz representation(r/2, r/2). For a symmetric tensor, the quantity
∆r−r is called the twist, so all the conserved currentsJr(x) have twist two. The
r = 0 case is a scalar fieldΦ2 of scale dimension equal to two, ther = 1 field
is the usual dimension three conserved currentJµ(x), while the stress-energy
tensorΘµν(x) is (one of) ther = 2 fields.
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Consider the truncatedn-point Wightman functions of the stress-energy tensor

Gn(x1, x2, . . . , xn) = 〈Θµ1ν1(x1)Θ
µ2ν2(x2) . . .Θ

µnνn(xn)〉|truncated , (2)

where, as usual, truncated means that the terms which are products of lower point
functions are subtracted.Gn is totally symmetric under the permutation of any
two arguments (accompanied by the permutation of the respective Lorentz in-
dices). The properties of the stress-energy tensorΘµν(x) imply thatGn is a par-
ity even, symmetric and traceless in each pair of indices(µi, νi) and conserved
in all its arguments function. The leading short distance singularities of the
functions Eq.(2) are determined by the OPE, which is rather complicated [10],
so we shall briefly review only some relevant for our discussion properties. The
general form of the OPE is

: Θµν(x1)Θρτ (x2) : =
∑

R

CRµνρτ (x12, ∂x2) OR(x2) , (3)

wherex12 = x1−x2 and the labelR = (j1, j2; ∆) defines the representation of
the conformal group to which belongs the fieldOR. Combining scale invariance
and unitarity of the conformal representations [11] leads to upper bounds for the
order of the poles inx2

12 of the coefficient functionsCR. The explicit expressions
for these pole bounds are given in [12].

Given the OPE of two stress-energy tensorsΘµν , Eq.(3), one can construct the
auxiliary bi-fieldV (x1, x2)

V (x1, x2) = x2
12

(
xµ12x

ν
12x

ρ
12x

τ
12 − x2

12 x
µ
12x

ρ
12 η

ντ +
x4

12

4
ηµρ ηντ

)

× : Θµν(x1)Θρτ (x2) : . (4)

The bi-fieldV (x1, x2) has a number of interesting properties: It transforms as
a scalar conformal bi-field of weights(1, 1) in x1 andx2 respectively. It is
symmetric under the exchange ofx1 andx2, hence it receives contributions from
only the even rank symmetric tensors in the OPEΘµν(x1)Θρτ (x2). It is finite
in the limit x12 → 0. The non-zero limit ofV (x1, x2) for coincident arguments
is in one-to-one correspondence with the presence of scalarfield Φ2 of scale
dimension two. Hence, for the search of interacting theories, without loss of
generality† we can setV (x1, x1) = 0. In the light-cone limit, whenx2

12 → 0,
only the even rank twist=2 conserved currentsJr contribute toV (x1, x2). Even
if several different rank two symmetric traceless conserved tensors contribute to
theΘΘ OPE, only the stress-energy tensorΘµν contributes toV (x1, x2). The
restriction ofV to only the twist=2 contributions in the stress-energy tensor OPE

V2(x1, x2) = V (x1, x2)|twist=2 =
∑

r

Cr(x12, ∂x2)Jr(x2) , (5)

†The case of a GCI theory generated by the scalar fieldΦ2 has been analyzed in detail in [3] and
it has been shown that it reduces to a theory of free scalars.
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is biharmonic�x1V2(x1, x2) = 0 = �x2V2(x1, x2).

Since by assumption the scalar fieldΦ2 is absent inV , the stress-energy ten-
sor Θµν is the leading (for smallx12) contribution inV (x1, x2) and can be
expressed as

Θµν(x1) =

(
∂µx12

∂νx12
− ηµν

4
�x12

)
V (x1, x2)|x12=0 . (6)

Note that we can replaceV (x1, x2) with V2(x1, x2) in this equation. To sum-
marize, Eqs.(4),(6) define the fusion procedure Eq.(1). Thus, one possible way
to compute all the possible conformal invariantn-point functions of the stress-
energy tensorΘµν in any CFT is to classify all the2n point functions ofV2,
harmonic in all the arguments and then use Eq.(6) to derive the respective func-
tions of the stress-energy tensor.

Let us denote the2n-point Wightman function ofn bi-fieldsV byW(2n) and
the 2n-point Wightman function ofn biharmonic fieldsV2 byW2(2n). Both
functions are scalar conformal invariant functions of conformal weights in all the
arguments equal to one. Hence they both will depend only on‡ {x2

jk}. However
there is an important difference. SinceW(2n) is obtained from the rational
function G2n by multiplication with xij and contracting the Lorentz indices,
it is also a rational function, while the functionW2(2n), harmonic in all its
arguments, is not related in a simple way toG2n and apriori is not rational.
Note however, that the restrictions of both the functionsW(2n) andW2(2n)
for x2

12 = x2
34 = · · · = x2

2n−1 2n = 0 coincide, since in this limit one projects
out all the contributions of the higher twist fields (as well as some of the higher
derivatives of the twist=2 fields)

W0(2n) =W(2n)|{x2
2k−1 2k

=0} =W2(2n)|{x2
2k−1 2k

=0} . (7)

Hence, on the one handW0(2n) is a rational function, on the other hand it can
be completed to a harmonic in all its arguments function. Note that, while any
rational function can be completed to a harmonic in one of itsarguments function
[13], the requirement that there exists a completion harmonic in all arguments is
highly non-trivial. In [12], using results of [2], it has been proven that the rational
functionW0(2n) must have the so called ”single pole” singularity structure,
i.e. in the denominator of each term ofW0(2n) each coordinatexi appears only
once. Then the unique multi-harmonic completionW2(2n) ofW0(2n) is again
a rational function with single pole singularities.

Given the functionW2(2n), one can use Eq.(6) to compute then-point function
of the stress-energy tensorGn

Gn(x1, x3, . . . , x2n−1) =

n∏

k=1

D2k−1W2(2n)|{x2k=x2k−1} , (8)

‡With the+i0x0

jk
prescription in the denominators.
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whereD2k−1 are obtained by the substitution1→ 2k − 1, 2→ 2k from

D1 =

(
∂µ1
x12
∂ν1x12
− ηµ1ν1

4
�x12

)
.

SinceW2(2n) has only single pole singularities, all then-point functions of
the stress-energy tensorGn will have at most double pole singularities. This
is trivially satisfied for all the free field theories. Indeedfor free fields, the
stress-energy tensor is a bilinear combination of the fundamental fields and all its
functions can be expressed in terms of the 2-point functionsof the fundamental
fields by Wick theorem, leading to double pole structure. As we shall now show
the double pole property is satisfied only in the free field theories.

3 Computing the correlation functions

Eq.(8) allows to express then-point function of the stress energy tensorGn in
terms ofW2(2n), the multi-harmonic completion of the restrictionW0(2n) of
the functionW(2n) obtained from the2n-point function of the stress energy
tensorG2n. The results of the previous section imply that for any givenG2n,
W2(2n) is a function of2n variablesx1, . . . , x2n, with all the following proper-
ties: scalar, symmetric under the permutation ofx2k−1 andx2k for anyk, sym-
metric under the permutation of any two pairs(x2j−1, x2j) and(x2k−1, x2k),
conformal invariant of conformal weight one in all its arguments, harmonic in
all its arguments, rational, single pole in all its arguments with maximal order of
all the poles (inx2

ij ) less or equal to five, vanishing in the limitx2k → x2k−1

for anyk. Since all the properties are linear, for any fixed value ofn the gen-
eral functionF with all the above properties will be a finite linear combination
F =

∑
k ckFk, of functionsFk which again have all the properties, with ar-

bitrary coefficientsck. For generic choice of these coefficients the functionF
may not correspond to a restriction of any2n-point function of the stress-energy
tensorG2n. However the restrictions of all possible2n-point functionsG2n will
certainly correspond to some choice ofck, hence also all possiblen-point func-
tions Gn can be obtained by applying the differential operator in ther.h.s of
Eq.(8) toF . Forn=3,4,5 and 6 we derived the general functionF (x1, . . . , x2n)
with all the above properties and computed

f(x1, x3, . . . , x2n−1) =

n∏

k=1

D2k−1F (x1, . . . , x2n)|{x2k=x2k−1} , (9)

then we imposed onf the pole bounds coming from the OPE and the cluster
decomposition (in order to exclude forn = 6 the products of 3-point functions).
The result of this rather challenging, since forn = 6 the respective 12-point
function had several billions of terms, calculation is: in all casesf contains only
the three free fieldn-point functions.
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In other words, for anyn ≤ 6 the general GCIn-point function of the stress-
energy tensor, defined in Eq.(2), is a linear combination of the three free field
expressions (free scalar, free fermion and free Maxwell field)

Gn = cϕ〈Θ . . .Θ〉ϕ + cψ〈Θ . . .Θ〉ψ + cF 〈Θ . . .Θ〉F , (10)

where the coefficientscϕ, cψ and cF are the same for all values ofn. The
spectrum of the fieldsOR and the coefficient functionsCR, appearing in the OPE
Eq.(3) are determined completely already from the 4-point function. The 6-point
function, by performing a triple OPE, implies that all the 3-point functions of all
the operators which appear in the OPE of the stress-energy tensor are equal to the
three free field ones. This is highly non-trivial, since in general there are many
more conformal invariant structures for the 3-point functions [6], and essentially
implies that all the GCI theories reduce to the three free field ones.

Let us also note that in [14] the same result was derived underthe (very strong)
assumption that in the CFT with HS symmetry the stress-energy tensor is the
unique rank two conserved current.
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