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Abstract. The cluster approach is applied to study the mechanism of termina-
tion of the lowest negative-parity bands in even-even nuclei. The new method is
suggested for the verification of the cluster interpretation of the band termina-
tion.
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1 Introduction

The low-lying negative-parity states observed in pre-actinides, actinides,
medium-mass isotopes, and light nuclei are definitely related to reflection-
asymmetric shapes [1]. There are several approaches based on the assumption
that the reflection-asymmetric shape is the consequence of the octupole deforma-
tion or clustering in nuclei [2–13]. In the framework of the cluster model [8–13]
the dependencies of parity splitting and multipole E1, E2, and E3 transition
moments on spin in the alternating parity bands built on the ground states of
even and odd medium-mass and heavy nuclei have been successfully described.
This collective model is based on the assumption that the reflection-asymmetric
shape is a consequence of alpha clustering in nuclei. The energetically favorable
4He-cluster configuration AZ →A−4 (Z − 2)+4He, two touching clusters, has
been used in order to describe the properties of the low-lying negative-parity
rotational states.

If the cluster model [8–13] gives a good quantitative explanation of the observed
properties of the low-lying negative-parity bands, this collective model can serve
as a good ground for the description and better understanding of the mechanism
of termination of these bands. The cluster configuration is located in the min-
imum of potential pocket of the cluster-cluster interaction potential. Because
the centrifugal potential acts repulsively and enforces this minimum, for val-
ues J larger than the critical angular momentum Jmax, the pocket vanishes (its
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depth becomes zero) and di-cluster system becomes unbound and easily decays
into two fragments. However, even at J ≤ Jmax the cold (the internal exci-
tation energy is zero) rotating dinuclear system (DNS) decays into two frag-
ments (α-decay) by tunneling through the potential barrier. So, at high spins the
E2-transition between negative-parity states competes with α-decay. With in-
creasing J the α-decay time Tα(J) becomes comparable and then smaller than
the γ−transition time Tγ(J). One can expect that the terminating spins Jterm
[Jterm < Jmax] for the AZ →A−4 (Z − 2)+4He cluster configuration is deter-
mined from the condition

Tα(Jterm)� Tγ(Jterm). (1)

Thus, at J ≥ Jterm the cold cluster configuration AZ →A−4 (Z − 2)+4He is
unstable and, correspondingly, the related low-lying negative-parity band does
not exist. The negative-parity band disappears upon reaching this terminating
state with J = Jterm. One can say that the physical origin of the termination of
negative-parity rotational band built on the ground state is the alpha-decay which
observations allows us to verify whether the cluster interpretation is suitable for
the low-lying negative-parity states.

2 Model

The cluster model is based on the assumption that the reflection-asymmetric
shapes are produced by the collective motion of the nuclear system in the
mass (charge) asymmetry coordinate η = (A1 − A2)/(A1 + A2) (ηZ =
(Z1 − Z2)/(Z1 + Z2)), where A1 (Z1) and A2 (Z2) are the mass (charge)
numbers, respectively, clusters. Here the molecular-like cluster systems are two
touching clusters with a relative distance about Rm = R1 + R2 + 0.5 fm (the
touching configuration), which corresponds to the minimum of the shallow ef-
fective cluster-cluster interaction potential. The relative weights of each cluster
and clusterless (mononucleus) components in the wave function ΨJ(η) are de-
termined by solving the stationary Schrödinger equation

(T + U)ΨJ(η) = EJΨJ(η)

in mass (charge) asymmetry coordinate with the kinetic T and potential

U(η,Rm, J, βi) = B1 +B2 + V (Rm, J, βi)

energies. Here, U is equal to the sum of the binding energies Bi (i = 1, 2) of
clusters and the cluster-cluster interaction V which contains the rotational en-
ergy. Since the potential energy is invariant under the inversion η → −η, every
non-degenerate eigenfunction ΨJ(η) has a definite parity. The rotational states
are built on the vibrational states in η. In the case of the even-even nuclei we
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have a set of states with Jπ = 0+, 1−, 2+, 3−, 4+, ... ; i.e., the positive and nega-
tive rotational bands are built on the lowest even and odd states in η, respectively.
So, the positive and negative parity states are treated on the same footing [8–13].
Note that the low-lying positive-parity rotational states are mainly described by
the mononucleus component (clusterless configuration).

Because the energies of cluster configurations with a light cluster heavier than
the α-particle increase rapidly with decreasing η (ηZ), the energetically favor-
able 4He-cluster configuration AZ →A−4 (Z − 2)+4He gives the main con-
tribution in the wave function ΨJ(η) [8–13]. In the low-lying negative-parity
rotational states with high spins, the value of the α-particle spectroscopic fac-
tor becomes close to unity. At small spins, the spectroscopic factor is less than
unity. Thus, it could be argued that the reflection-asymmetric shape, especially
at the high spins, is a consequence of alpha clustering in the nucleus.

To calculate the termination spin Jterm, we use the nucleus-nucleus interaction
potential [8–14]

V (R, J, βi) = VC + VN + ~2J(J + 1)/(2=). (2)

It is given as the sum of the Coulomb potential VC , the nuclear potential VN
and the centrifugal potential (last summand) with the moment of inertia = of the
DNS formed. In our notations R, µ, and βi (i = 1, 2) are the relative distance
between the centers of clusters, reduced mass parameter, and the quadrupole de-
formation parameters of the clusters, respectively. For the nuclear part, we use
the double-folding formalism with the Skyrme-type effective density-dependent
nucleon-nucleon interaction [14]. The relative orientation of the deformed clus-
ter in the cluster configuration follows the minimum of the potential energy
which results in the sphere-to-pole or pole-to-pole orientation. The absolute
values of the quadrupole deformation parameters βi of the deformed nuclei are
taken from Ref. [15]. For the double magic and semi-magic nuclei, we take
βi = 0.

The value of = is calculated in the sticking limit as

=(R, βi) = k0(=1 + =2 + µR2). (3)

For large angular momenta J , the moments of inertia =i (i = 1, 2) of the DNS
nuclei are obtained in the rigid body approximation. As known from the exper-
imental study, the moments of inertia of strongly deformed nuclear states are
close to 85% of those in the rigid body limit [16]. We also set k0=0.85 in our
calculations.

For the 4He + 70Se system, the nucleus-nucleus interaction potential V ver-
sus R is presented in Figure 1 at different values of angular momentum J .
The antisymmetrization between nucleons belonging to different clusters is re-
garded by a density dependence of the nucleon-nucleon force which gives a
repulsive core in the cluster-cluster interaction potential. As a result of the
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Figure 1. Nucleus-nucleus interaction potential for the 4He + 70Se system at indicated
angular momenta.

density-dependent nucleon-nucleon interaction used in the calculation of V , a
repulsive core appears which prevents the motion to smaller R and reflects the
action of the Pauli principle. Due to the sum of the repulsive Coulomb and
centrifugal summands with the attractive nuclear one in Eq. (2), the nucleus-
nucleus potential has a potential pocket with a minimum situated at the distance
R = Rm ≈ R1(β1) +R2(β2) + 0.5 fm, where Ri are the radii of clusters. The
cluster system is localized in the minimum of this pocket at R = Rm. The posi-
tion of the Coulomb barrier corresponds to R = Rb ≈ Rm + (3.2− 3.8) fm at
J = 0 in the cluster configurations considered. Then the depth of the potential
pocket is

BqfR (J) = V (Rb, J, βi)− V (Rm, J, βi). (4)

The barrier BqfR prevents the cluster system decay in R. So, the stability of the
cluster system is governed by the value of BqfR . The depth BqfR of the potential
pocket decreases with increasing J because of the growth of repulsive centrifu-
gal part of the nucleus-nucleus potential (2) and vanishes at J > Jmax. For the
4He + 70Se system, Jmax=45. One can see in Figure 1 that the value of BqfR
decreases by 6.9 MeV with increasing J from 5 to 39.

Using the values of = and the electric quadrupole moment of the DNS (Q(c)
2 (i)

(i = 1, 2) are the quadrupole moments of the DNS nuclei) [17]

Q
(c)
2 = 2e

A2
2Z1 +A2

1Z2

A2
R2
m +Q

(c)
2 (1) +Q

(c)
2 (2),

we obtain the energyEγ(J → J−2) = J(J+1)/(2=)−(J−2)(J−1)/(2=) =
(2J − 1)/= and the time Tγ(J) of the collective E2-transition between the
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rotational states with J and J − 2 as in Ref. [15]:

Tγ(J) =
408.1

5/(16π)(Q
(c)
2 )2(Eγ(J → J − 2))5

, (5)

where Eγ is in units of keV, Q(c)
2 in 102(e fm2) and Tγ in s.

The process which competes with γ emission is tunneling through the barrier in
R (α-decay). By employing the WKB-approach, the tunneling time through the
barrier in R is estimated as

Tα(J) =
2π

ωm(J)
(1 + exp[2Sα(J)/~]), (6)

where

Sα(J) =

∫ Rex

Rm

dR[2µ(V (R, J, β2)− Ec.m.)]
1/2

is the classical action in R, Rex is the external turning point, and ωm is the
assault frequency in the potential pocket at given value of J .

3 Calculation Results

The condition (1) sufficiently restricts the interval of angular momenta at which
one can identify states of the negative-parity band. As seen from (5), the value
of Tγ mainly depends on J through Eγ . The angular momentum dependence
of Tα are defined by the angular momentum dependence of the Coulomb bar-
rier. The value of barrier BRqf decreases with increasing contribution of the re-
pulsive centrifugal part in Eq. (2) (see Figure 1). For example, the values Tγ

Figure 2. Times of E2−transition and α-decay as the functions of angular momentum J
for the indicated nucleus.
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Figure 3. Times of E2−transition and α-decay as the functions of angular momentum J
for the indicated nucleus.

and Tα as the functions of J are presented in Figures 2 and 3 for the systems
40Ca→4He+36Ar and 74Kr→4He+70Se. The two curves cross each other and
the condition Tα � Tγ is valid only at high J when the value of BRqf con-
siderably decreases. Near this crossing point the γ- and α-decay probabilities
becomes comparable. Thus, one can see from the analysis of Figures 2 and 3
that the α-cluster nature of the negative-parity states can be identified by mea-
suring the rotational γ-quanta in coincidence with the α-decay fragments at J
corresponding to the vicinity of the crossing point in the nuclei 40Ca and 74Kr.

The nucleus-nucleus interaction potential (2) and condition (1) are applied to
the prediction of the termination spins Jterm of negative-parity bands built on
the ground state in the nuclei 20Ne, 24Mg, 28Si, 32S, 36Ar, 40,42Ca, 44Ti, 54Cr,
62Zn, 74Kr, and 102Pd (Figure 4). For example, we obtain Jterm=19, 21, 29,
39, and 51 for the nuclei 40Ca→36Ar+4He, 44Ti→40Ca+4He, 62Zn→58Ni+4He,
74Kr→70Se+4He, and 102Pd→98Ru+4He, respectively (see Figures 2–4). Note
that in the nuclei 44Ti, 62Zn, 74Kr, and 102Pd, the presently measured highest
spin values within negative-parity band built on the ground state are Jπ = 13−,
13−, 35−, and 21−, respectively [18, 19]. They are always smaller than our
predicted Jterm. In Figure 4, the Jterm is almost linear dependent on the atomic
number Z of nucleus, increasing by the factor of∼ 4.6 from Z = 10 to Z = 46.
The differences between Jterm in these α-cluster configurations arise due to the
differences of theirBqfR (J = 0) and moments of inertia [through the differences
of Rm and Rb]. The deformation of the heavy nucleus comes also into the play
through the Rm and Rb. For instance, for nuclei 42Ca and 44Ti, the barriers
and moments of inertia [β2(38Ar)=β2(40Ca)=0] of their α-cluster configurations
are similar that results in the same termination spins, Jterm=21. The gain in
BRqf (J = 0) for 36Ar with respect to 42Ca or 44Ti compensates the loss in the
moment of inertia leading to the same Jterm.

482



Mechanism of Termination of Negative-Parity Bands

Figure 4. The termination spin as a function of atomic number.

After the γ-emission (E1 or E2) from the negative-parity state with J =
Jterm − 2 [the positive-parity state with J = Jterm − 1 or J = Jterm − 3]
to the negative-parity state with J = Jterm − 4 [Jterm − 2 or J = Jterm − 4],
the AZ →A−4 (Z − 2)+4He cluster configuration can decay into two frag-
ments because the decay its probability is rather high at J in the vicinity of
Jterm. By measuring the γ-emission in coincidence with decay fragments of
the alpha-cluster system, one can obtain the direct prove of the cluster feature
of the negative-parity states. We think this correlation states can be studied with
a large gamma-ray detector array and an additional detector setup to register
the fragments. One can also measure the average kinetic energy of the decay
fragments and compare with the theoretical one.

4 Conclusions

Applying the cluster interpretation to the description of the lowest negative-
parity band, the terminating spins J = Jterm for the even-even nuclei 20Ne,
24Mg, 28Si, 32S, 36Ar,40,42Ca, 44Ti, 54Cr, 62Zn, 74Kr, and 102Pd were deter-
mined. We predicted that the physical origin of the termination of negative-
parity band is the decay of the alpha-cluster configuration into two fragments. To
verify in the experiments the cluster origin of the low-lying negative parity states,
one could suggest to measure the γ-emission from the negative-parity state with
J = Jterm − 2 [positive-parity state with J = Jterm − 1 or J = Jterm − 3] to
the lower negative-parity state in coincidence with decay fragments of the corre-
sponding alpha-cluster configuration. Since the alpha-cluster spectroscopic fac-
tor in the state with even spin J is smaller than in the state with odd spin J − 1
or J+1, the lowest negative-parity band must be shorter than the positive-parity
band built on the ground state.
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