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Abstract. The relativistic distorted-wave impulse approximation (RDWIA) is
used to describe the 4He(e, e′p)3H process. The 4He ground state is determined
within a relativistic mean field bound state fit to elastic electron scattering data.
The nucleons are described by solutions of the Dirac equation with scalar and
vector (S–V) potentials. The wave function of the outgoing proton is obtained
by solving the Dirac equation with a S–V optical potential fitted to elastic proton
scattering data on the residual nucleus. Experimental cross sections for the 3-
body breakup 4He(e, e′p)3H up to pmiss = 0.632 GeV/c at xB = 1.24 and
Q2 = 2 (GeV/c)2 are compared to the RDWIA calculations.

PACS codes: 24.10.-i, 25.10.+s, 25.30.Dh

1 Introduction

Quasielastic (e, e′p) processes are a powerful tool to study bound nucleon prop-
erties. Indeed, coincidence (e, e′p) measurements at quasielastic kinematics
have provided over the years detailed information on the energies, momentum
distributions and spectroscopic factors of bound nucleons. This is so because
at quasielastic kinematics the (e, e′p) reaction can be treated with confidence
in the Impulse Approximation (IA), i.e., assuming that the detected knockout
proton absorbs the whole momentum (q) and energy (ω) of the exchanged pho-
ton (for reviews of the subject see [1] and references therein). The higher mo-
mentum transfer employed in the new experiments, made almost compulsory a
fully relativistic treatment of the reaction mechanism. Within the most simple
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relativistic framework, that parallells usual nonrelativistic approaches, a single-
particle equation is used to compute both the bound and ejected nucleon wave
function. The difference between the nonrelativistic approach employed in the
70’s and 80’s and the relativistic formalism lies thus, mainly, in the use of the
Dirac equation instead of the Schrödinger one. The success of the simple Dirac
single-particle picture in describing detailed features of the (e, e′p) experimental
data is intringuing and deserves close examination. In Ref. [2] are compared in
details the nonrelativistic and relativistic impulse approximation to (e, e′p).

Experimental access to proton momentum disributions is possible through the
missing momentum observable, pmiss, in the A(e, e′p)X reaction, pX = pe −
pe′ − pp, pmiss = |pX |. Interpretation of cross sections σ(pm) to deduce nu-
cleon momentum distributions requires the inclusion of final state interactions
(FSI) in the outgoing (e′pX) system. Experiments E07006 [3] and E08009 [4]
at the Jefferson National Accelerator Facility ran in February, March and April
of 2011. Data for kinematic settings of 0.153 and 0.353 GeV/c missing mo-
mentum were obtained using electron beam currents between 47 µA to 60 µA,
for E08009. The details for E08009 are described in Refs. [4–6]. In addition
to these kinematic settings the Short Range Correlation (SRC) [3] experiment
also obtained data at kinematic settings out to 0.632 GeV/c missing momen-
tum including the two body break up channel p + triton. These higher missing
momenta data were collected using about 4 to 5 µA electron beam currents but
sufficient accumulated charge was measured to be able to extract cross sections
beyond the original goal set for E08009. Moreover, the large acceptances of
the Hall A spectrometers allowed for cross sections to be determined across a
larger missing momentum range than the central value kinematic settings would
suggest.

The electron spectrometer was fixed in angle and central momentum while the
proton spectrometer’s angles and central momenta were changed. The electron
arm settings are in Table 1. The proton arm settings are in Table 2.

This paper contains the theoretical results obtained within RDWIA approxima-
tion and comparison with the experimental data from experiments E07006 and
E08009.

Table 1. Electron spectrometer kinematic settings for E08009.

incident beam energy 4.4506 GeV
electron spectrometer angle 20.3◦

electron spectrometer momentum 3.602 GeV/c
Q2 2.0 (GeV/c)2

Bjorken xb 1.24
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Table 2. Proton spectrometer settings.

Central pmiss [GeV/c] θp [degrees] Central momentum [GeV/c]

0.153 47.0 1.500
0.353 38.5 1.449
0.466 33.5 1.383
0.632 29.0 1.308

2 Formalism

In this section we summarize the formalism used to describe the coincidence
(e, e′p) reaction under the conditions defining the IA discussed in the Intro-
duction. Figure 1 represents graphically the (e, e′p) process. In this figure kµi
(kµf ) is the four-momentum of the incoming (outgoing) electron and qµ is the
four-momentum of the exchanged photon. The ejected proton four-momentum
is denoted by PµF . As represented in Figure 1 the electromagnetic transition is
treated in Born approximation.

The differential cross-section for this process is then written as [7]:

dσ

dεfdΩfdEF dΩF
=
δ(εi + EA − εf − EF − EA−1)

(2π)5

× 4α2ε2fEF |PF |
∑
|Wif |2 , (1)

where Σ indicates sum (average) over final (initial) polarizations and

Wif =

∫
dx

∫
dy

∫
dq

(2π)2
jµe (x)e−iq(x−y)

(−1)

q2µ
JµN (y) . (2)

In this expression jµe and JµN stand for the electron and nuclear currents, respec-
tively. The electron current is given by the well known point-like Dirac particle
expression:

jµe (r) = ψ̄ef (r)γµψei (r) , (3)
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of the electrons is important, especially in heavy nuclei
such as lead.

DifFerent methods have been proposed to handle the
distortion. The early approaches were based on the
eikonal approximation [10] within a nonrelativistic sce-
nario for the nuclear part. This method was applied
to the analysis of (e, e'p) data taken at NIKHEF-K
[6,7], producing surprisingly low spectroscopic factors
(0.49+ 0.05 for the 3siy2 shell in Pb), incompatible
with results obtained from other reactions as well as with
theoretical predictions. This fact, together with the large
difFerence between the results from first and second or-
der eikonal calculations, raised the question of whether
this approximation was adequate to treat the Coulomb
distortion or a more involved analysis was still needed.

The first realistic calculations with a more exact treat-
ment of the Coulomb distortion in (e, e'p) were made in
1990 by McDermott [11].The incorporation of the distor-
tion efI'ects was achieved by means of a full partial wave
analysis of the electron waves in the Coulomb potential
of the target, as well as of the outgoing proton waves
distorted by the optical potential. The complexity of the
numerical calculations required a full relativistic frame-
work, not only for the electron vertex where the energies
involved in the experiments (hundreds of MeV) make it
mandatory, but also for the nuclear vertex. Neverthe-
less, some approximations were still made (helicity con-
served approximation, HCA) to simplify the treatment
of the electron Coulomb distorted waves. The spectro-
scopic factor for the 3sig2 shell in Pb amounts in this
approximation to 0.65 [11], manifestly above the value
obtained within the eikonal approximation.

Subsequently, a new relativistic calculation was re-
ported by Jin et aL [12], where the treatment of the
Coulomb distortion of the electrons was exact and the
above-mentioned restricted approximation (HCA) was
not made. The result of this calculation [12] for the
spectroscopic factor in the same shell is 0.71, which is
larger than the result of Ref. [11]. The authors of Ref.
[12] reported also some discrepancies with the results of
Ref. [11] in the limit of plane waves for the electron (no
Coulomb distortion) and stressed the need for further in-
vestigation.

This paper is an attempt to clarify this situation by
an independent analysis including the development of a
new code [13], which treats the Coulomb distortion of
the electron in an exact way and uses a relativistic for-
malism for both the leptonic and the nuclear vertices.
Our calculations are along similar lines to those of Ref.
[12], though in some instances we use a difFerent nucleon
current operator and difFerent bound nucleon wave func-
tions. Differences and similarities with previous calcula-
tions in Refs. [11,12] are discussed in detail in the next
sections, which are organized as follows: In Sec. II we
summarize briefIy the formalism involved in our calcula-
tions. In Sec. III we discuss our results for the 3siy2 and
2d3~2 shells in Pb and for the 2siy2 and 1d3y~ shells in

Ca. We discuss not only the efFect of Coulomb distor-
tion but also the efFect of the relativistic optical potential
and of nucleon current operator. Section IV summarizes
the main conclusions.

II. DESCRIPTION OF CALCULATIONS

In this section we summarize the formalism used to de-
scribe the coincidence (e, e p) reaction under the condi-
tions defining the IA discussed in the Introduction. Fig-
ure 1 represents graphically the (e, e'p) process. In this
figure k, (k ) is the four-momentum of the incomingf
(outgoing) electron and q" is the four-momentum of the
exchanged photon. The ejected proton four-momentum
is denoted by P+. We use the notation and conventions
of Ref. [14] as well as h = c = 1. As represented in Fig. 1
the electromagnetic transition is treated in Born approx-
imation, although we take into account the efFect of the
nuclear Coulomb potential to all orders by using electron
distorted wave functions.

The difFerential cross section for this process is then
written as [13]

d 0 b(e; + E~ —ey —E~ —E~ i)
deaf deaf dE~dO~ (2vr) s

(2 1)

where Z indicates sum (average) over final (initial) po-
larizations and

In this expression j„and J~ stand for the electron and
nuclear currents, respectively. The electron current is
given by the well-known pointlike Dirac particle expres-
sion:

(2.3)

where Q;. , Q& stand for initial and final electron wave
functions. In IA and within an independent particle
model picture, the nuclear current can be written in
terms of the nucleon current operator J~.

JN(r) =&K(r)JR&a(r) (2.4)

with g&, gP the wave functions for the initial bound
nucleon and final nucleon, respectively, and J~ a nucleon
current operator to be specified later.

The initial and final electron wave functions, solutions
of the Dirac equation with the Coulomb potential, have
the form

—(EA—1~ PA —I)

= (EA, Pg)

FIG. 1. Schematic picture of the (e, e'p) process.

d&, , „—1
W, = dx dy j'(x)e '~' " 1"(y) . (2.2)if-

(2vr) ~ q„

Figure 1. Schematic picture of the (e, e′p) process.
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where ψei , ψef stand for initial and final electron wave functions. For (e, e′p) re-
sults on a light charge as this one (4He) we do not introduce Coulomb distortion
in the electron wave functions. Thus electron wave functions here are just simply
plane waves. It corresponds with PWIA (Plane Wave Impulse Approximation)
for the electrons, and DWIA (Distorted Wave Impulse Approximation), for the
protons which see the nuclear potential.

In RDWIA [2, 7–20] and within an independent particle model picture, the nu-
clear current can be written in terms of the nucleon current operator ĴµN

JµN (r) = ψ̄NF (r)ĴµNψ
N
B (r) , (4)

with ψNB , ψNF the wave functions for the initial bound nucleon and final nucleon,
respectively, and ĴµN a nucleon current operator to be specified later. The bound
state wave functions for the proton ψNB are spinors with well defined angular mo-
mentum quantum numbers κ, µ corresponding to the shell under consideration.
In coordinate space it is given by:

ψµκ(r) =

(
gκ(r)φµκ(r̂)
ıfκ(r)φµ−κ(r̂)

)
, (5)

which is eigenstate of total angular momentum with eigenvalue j = |κ| − 1/2,

φµκ(r̂) =
∑
m,σ

〈lm1

2
σ|jµ〉Ylm(r̂)χ

1
2
σ (6)

with l = κ if κ > 0 and l = −κ − 1 if κ < 0. The functions fκ, gκ satisfy
the usual coupled linear differential equations [7, 21, 22]. The mean field in the
Dirac equation is determined through a Hartree procedure from a phenomeno-
logical relativistic lagrangian with scalar and vector S–V terms. The 4He ground
state is described with a relativistic mean field bound state fit to elastic electron
scattering data.

The wave function of the detected proton ψNF is a scattering solution of the time
independent Dirac equation in configuration space

[ıα · ∇− β(M + US) + E − UV − UC]ψNF = 0 , (7)

which includes S–V global optical potentials, obtained by fitting elastic proton
scattering data [23].

This wave function is obtained as a partial wave expansion in configuration space

ψNF (r) = 4π

√
EF +M

2EF

∑
κ,µ,m

e−iδ
∗
κ ıl〈l m 1

2
σF |j µ〉Y ∗lm(P̂F )ψµκ(r) , (8)

where ψµκ(r) are four–spinors of the same form as that in Eq. (5), except that
now the radial functions fκ, gκ are complex because of the complex potential.
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It should also be mentioned that since the wave function Eq. (8) corresponds to
an outgoing proton, we use the complex conjugates of the radial functions and
phase shifts (the latter with the minus sign).

For the current operator we consider the two choices cc1 and cc2 introduced by
de Forest [24] in momentum space

ĴµN (cc1) = (F1 + κ̄F2)γµ − κ̄F2

2M
(PF + P̄I)

µ , (9)

ĴµN (cc2) = F1γ
µ + i

κ̄F2

2M
σµνqν , (10)

where F1 and F2 are the nucleon form factors related in the usual way [25] to
the electric and magnetic Sachs form factors of the dipole form. P̄I in Eq. (9)
is the four-momentum of the initial nucleon assuming on-shell kinematics [24].
The theoretical results presented in Section 3 are performed using cc1 current
operator.

In nonrelativistic PWIA, the (e, e′p) unpolarized cross section factorizes in the
form (

dσ

dεfdΩfdΩF

)PWIA

= EF pF frec σep nnr(pmiss) , (11)

where σep is the bare electron-proton cross section usually taken as σcc1 (or
σcc2) of de Forest [24], and nnr(pmiss) is the non relativistic momentum distri-
bution that represents the probability of finding a proton in the target nucleus
with missing momentum pmiss, compatible with the kinematics of the reaction.
{εf ,Ωf} are the energy and solid angle corresponding to the scattered electron
and ΩF = (θF , φF ) the solid angle for the outgoing proton. The factor frec is
the usual recoil factor f−1rec = |1− (EF /EB)(pB · pF )/p2F |, being pB and EB
the momentum and energy of the residual nucleus, respectively.

It is well known that the factorized result in Eq. (11) comes from an oversimpli-
fied description of the reaction mechanism. FSI, as well as Coulomb distortion
of the electron wave functions, destroys in general factorization. In fact, most
current descriptions of exclusive (e, e′p) reactions involve unfactorized calcula-
tions. However, the simplicity of the factorized result makes it very useful to
analyze and interpret electron scattering observables in terms of single particle
properties of bound nucleons. Therefore it is common to quote experimental
reduced cross section or effective momentum distribution on the basis of the ex-
perimental unpolarized cross section as

ρexp(pmiss) =

(
dσ

dεfdΩfdΩF

)exp

EF pF frec σep
. (12)
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A similar expression can be used for the theoretical reduced cross section,

ρth(pmiss) =

(
dσ

dεfdΩfdΩF

)th

EF pF frec σep
, (13)

constructed from the the theoretical unpolarized (e, e′p) cross section, indepen-
dently of whether it is calculated within a relativistic or nonrelativistic formal-
ism. We will say that the factorization property is satisfied by ρth(pmiss) when
the theoretical unpolarized cross section factors out exactly σep, and then, the
theoretical reduced cross section does not depend on it.

Due to the negative energy components of the bound proton wave function, fac-
torization is not satisfied even in RPWIA [15]. However, if we neglect the con-
tribution from the negative energy components, the unpolarized cross section
factorizes to a similar expression as in Eq. (11). In a relativistic calculation, the
assumptions written as

ψdown(p) =
σ · pas

Eas +M
ψup(p) (14)

with Eas =
√
p2as +M2 and pas the asymptotic momentum corresponding to

each nucleon (“free” relationship with momenta determined by asymptotic kine-
matics at the nucleon vertex), set up the so-called effective momentum approxi-
mation with no scalar and vector terms (EMA-noSV) to which we will refer in
what follows as EMA [13, 14]. In the relativistic case, factorization of the un-
polarized cross section is broken even without FSI, due to the negative energy
components of the bound nucleon wave function [15, 16]. A quantitative esti-
mate of the breakdown of factorization is lacking for the relativistic case when
taking into account FSI. It is important to stress that factorization may only be
achieved assuming EMA and/or asymptotic projection, i.e., neglecting dynami-
cal enhancement of the lower components in the nucleon wave functions. This
is a priori assumed within some nonrelativistic calculations.

3 Results

Experimental differential cross sections [3–6] are compared to relativistic dis-
torted wave impulse approximation calculations of the Madrid theory group [2,
7–17]. The 4He ground state is described with a relativistic mean field bound
state fit to elastic electron scattering data. Nucleons are described by the Dirac
equation with scalar and vector (S–V) potentials. The outgoing proton wave
function is obtained by solving the Dirac equation with a S–V optical potential
fitted to proton scattering on 3H.

Vertex values of the incident electron’s momentum at various positions within
the target and the momenta of the scattered electron and ejected proton were
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Figure 2. Central value of pmiss = 0.353 GeV/c.

provided to the Madrid theory group for calculation of the cross section at each
event vertex in the GEANT simulation. In Figure 2 are presented cross sections
obtained within RWDIA (full relativistic calculations) and using the effective
momentum approximation (EMA) [13, 14]. In Figure 2 are shown around 10%
of all event vertices at central value of pmiss = 0.353 GeV/c, where in the left
panel are given results for values of the azimuthal angle of the outgoing proton
0◦ ≤ φF ≤ 90◦ and in the right panel results at 90◦ ≤ φF ≤ 180◦.

The GEANT simulation also contains the detected electron and proton momenta
at the spectrometers’ apertures. In this way the vertex cross section can be as-
sociated with the missing momentum at the apertures. The GEANT simulation
includes external and internal bremsstrahlung. Preliminary results for the ratio of
the experimental to the theoretical (integrated over the experimental acceptances
for the full Madrid treatment) cross sections are shown in Figure 3. Experimen-
tal data, theoretical results, and more detailed discussion of the experimental
setup and technics used in the analysis of the data of experiment E08009 will be
presented in [6].

The data and calculations show the same missing momenta dependence on the
measured or calculated cross section as a function of kinematic setting. Even
though the same magnitude of pmiss is reached for different proton angles the
cross section does not simply factor into a function of pmiss. Good fits between
the Madrid calculation and the data go out to about 420 MeV/c in missing mo-
mentum. Data and theory exhibit a break in the slope of the cross section be-
tween 300 and 400 MeV/c. The fact that are observed events in the triton region
out to 632 MeV/c involves processes beyond the impulse approximation. Fi-
nal state interactions of the outgoing proton may take a proton knocked out of
a proton–triton cluster initially at a low value of pp to appear as if its momen-
tum at the vertex was pmiss. This is accounted for to some extent by the optical
potential treatment of the final proton–triton unbound state.
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Figure 3. Preliminary results for the ratio of the experimental to the theoretical cross
sections versus missing momentum. Squares are for the 153 MeV/c setting, triangles
circles are for 353 MeV/c setting, circles are for the 466 MeV/c setting and stars are for
the 632 MeV/c setting.

4 Conclusions

In this paper the RDWIA is used to describe the 4He(e, e′p)3H process. Nu-
cleons in the ground state are described by solutions of the Dirac equation with
S–V potentials. The wave function of the outgoing proton is obtained by solving
the Dirac equation with a S–V optical potential fitted to elastic proton scatter-
ing data on the residual nucleus. Experimental cross sections for the 3-body
breakup 4He(e, e′p)3H up to pmiss = 0.632 GeV/c are compared to the RDWIA
calculations.

The good agreement between the theory and data up to about pmiss = 420 MeV/c
is obtained. One expects high proton momentum to be attributable to the proton
interacting with the remaining three nucleons which are not bound up as a triton
ground state. In this case the tritons emitted at high pmiss may be a signature
of secondary reactions allowing the three nucleon cluster to emerge as a bound
state. Since the kinematics for the electron were chosen for xb = 1.24, protons in
more intimate interactions with neighbors than quasielastic conditions (xb ≈ 1)
may favor secondary reactions leading to three nucleon clusters exiting as bound
tritons.
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