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Abstract. The solutions of cylindrically symmetric Einstein Rosen universe
is investigated in scalar tensor theory of gravitation proposed by Saez-Ballester,
when universe is filled with minimally interacting fields; matter and holographic
dark energy components. A special law of variation for Hubble’s parameter pro-
posed by Berman (Nuovo Cimento B 74 (1983) 182) has been utilized to solve
the field equations. The physical behaviors of the models are also discussed.
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Ballester theory.

1 Introduction

Einstein’s theory of general relativity does not seem to resolve some of the
important problems in cosmology such as dark matter or the missing matter
problem , hence there has been considerable interest in alternative theories of
gravitation. The most important among them being scalar-tensor theories pro-
posed by Lyra [1], Brans and Dicke [2], Nordvet [3], Wagoner [4]. Saez and
Ballester [5] have developed a theory in which the metric is coupled with a di-
mensionless scalar field in a simple manner. This coupling gives a satisfactory
description of weak fields. In spite of the dimensionless character of the scalar
field an antigravity regime appears. Saez-Ballester theory suggests a possible
way to solve the missing matter problem in non-flat FRW cosmologies. In ear-
lier literature, several authors have investigated cosmological models in different
context [6-30] within the framework of Saez-Ballester’s scalar-tensor theory of
gravitation.

Recent observations of the anisotropy of the Cosmic Microwave Background
Radiation (CMBR) [31-35] and of the type la Supernovae [36—41] indicate that
the universe is currently accelerating. This cosmic acceleration is driven by an
exotic energy component called dark energy. This acceleration is triggered by
more than 70% of dark energy. There are different candidates to play the role of
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dark energy such as the cosmological constant [42], quintessence [43—45], phan-
tom [46-48], quintom [49, 50] etc. A new alternative to the solution of dark en-
ergy problem may be found in the ‘Holographic principle’ [51]. Several aspects
of holographic dark energy have been investigated by Cohen et al. [52], Horova
and Minic [53], Hsu [54], Li [55], Setare [56], Setare and Saridakis [57]. Several
authors [58-72] investigated Holographic Dark Energy cosmological models in
different context.

Motivated by the above investigations, in this paper, cylindrically symmetric
Einstein Rosen universe filled with interacting Dark matter and Holographic
dark energy has been studied within the framework of Saez-Ballester’s scalar-
tensor theory of gravitation. The general solutions of Einstein’s field equations
have been obtained by applying the special law of variation of Hubble parame-
ter that yields constant values of the deceleration parameter. The physical and
geometrical aspects of the models are also discussed.

2 Model and Field Equations

The cylindrically symmetric Einstein —Rosen metric is in the form

ds? = 2728 (at? — dr?) — r?e 2P dp?® — e®Pd2? (1

2

where o and 3 are functions of cosmic time ¢ only and ' = 7, 22 = ¢, 23 = 2,

xt =t

Katore and Shaikh [73] obtained Einstein—Rosen cylindrically symmetric cos-
mic string cosmological model in Barber’s self creation theory. Katore et al. [74]
studied cosmological model with bulk viscosity and zero-mass scalar field in
Lyra geometry. A.Y. Shaikh [75] discussed cylindrically symmetric Einstein—
Rosen cosmological models with linear equation of state in General Relativity.

The field equations for the combined scalar and tensor fields, in Saez—Ballester
theory, are

1 . 1 ,
R — §gin —wyp (‘P,i‘?,j — 9ii PP k) = (T;; + T3j) (2)

where R;; is the Ricci tensor, R is the Ricci scalar, w and n are arbitrary dimen-
sionless constants and 87 = ¢ = 1 in the relativistic units.

The energy-momentum tensor for matter and the holographic dark energy are
defined as

Tij = pmusuy and  Tj; = (px + pa)uit; + gijDa 3)

where p,,,, p are the energy densities of matter and the holographic dark energy
and p,, is the pressure of holographic dark energy.
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The Scalar field ¢ satisfies the equation
20" +ne" et =0, )
Also the energy conservation equation is
T +T7 =0. )

In a co-moving coordinate system, the field equations (2), for the metric (1),
using equation (3) be given by

e2028 52 _ %go”gbzem_m = —py, (6)

B ) L = o

e=20+2B(_9 4 & + f?) — %sper(erQa—?ﬂ = —py, ®)

o2et28 3 %s@%QGQa_% = pm + P s )

(2292 g, 1o
T

¢+¢(2a_2/5’)+§f=0- (n

Here and in what follows an over dot denotes ordinary differentiation with re-
spect to .

Using barotropic equation of state

Px = wpx, (12)

where w is EoS parameter.

We can write the conservation equation (5) for the matter and dark energy as

P+ pm (26— 23) + pa + (260 — 28)(1 +w)px = 0. (13)
3 Solution of the Field Equations

The field equations (6)—(11) are a system of four highly non-linear differential
equations in seven unknowns «, 3, , W, px, Px, Pm- LThe system is thus initially
undetermined. Thus there is a need of extra physical conditions to solve the field
equations completely.

Considering the minimally interacting matter and holographic dark energy com-
ponents . Hence both components conserve separately so that it yields

pm + pm (26 = 28) =0, (14)
pa+ (24— 2B)(1+w)pxr = 0. (15)
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Solving equation (14), we obtain

B
Pm = 225 (16)
From equation (10), we get
« = v (constant). 17

In order to obtain exact solutions of the field equations, imposing a law of vari-
ation for the Hubble parameter which yields the constant value of deceleration
parameter. This law was first introduced by Berman [76].

The average scale factor R of Einstein—Rosen metric is given by
R = (re?=28)Ys (18)
The spatial volume V is defined by
V= (—g)/? =re?%, (19)

The generalized mean Hubble’s parameter H is defined as
1
-H:g(j'fl'|--["Iz-|-.[.'.r3)7 (20)

where Hq, Hs and Hj are the directional Hubble parameter H, in the direction
of r,  and z axes, respectively.

From equations (18)—(20), we obtain
1V R 1
3V R 3

Since the line element (1) is completely characterized by Hubble’s parameter

H. Therefore, considering that the mean Hubble parameter H is related to the
average scale factor by the relation

(2& — 28) . 21

H=kR*, (22)

where k1 (> 0) and s(> 0) are constants.

An important observational quantity is the deceleration parameter ¢, which is

defined as .
RR

Using equations (22) and (23), it yields
R=k Rt (24)
R=—k¥(s—1)R™2+1, (25)
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Using equations (23), (24), (25), the constant values for the deceleration param-
eter for the mean scale factor as

g=s—1 for s#0, (26)
q=—1 for s=0. 27

The sign of ¢ indicates whether the model accelerates or not. The positive sign
of ¢ (i.e. s > 1) corresponds to decelerating models whereas the negative sign
of -1 < g < 0for 0 < s < 1 indicates acceleration and ¢ = 0 for s = 1
corresponds to expansion with constant velocity.

Using equation (24), the average scale factor are obtained as

R=(bit+by)/* for s#0, (28)
R = bgeM! for s=0, (29)

where b1, by and b3 are constants of integration.
Case (i): Model for s # 0 (¢ # —1)

Using equations (17), (21) and (28), the metric potentials is obtained as

B = logma(bit +ba) =", (30)
where m; = bi/ 2,
Therefore, the model (1) becomes

ds? = 6279m1—2(b1t + b2)3/s(dt2 _ dTZ) _ 7"2m1_2(b1t + b2)3/5d<p2
—mi(bit +bg)”7*d2?  (31)

The average Hubble’s parameter (H ), expansion scalar (©), shear scalar o for
model (31) are given by

k1
H= "% 2
(bit +b2)’ 2)

3k4
= H = —

©=3 (b1t + bs) ’ (33)

2
o2 = L (34)

82 (blt + b2)2 '

Equations (33) and (34) lead to

o
0= N (35)
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Using equations (16) and (30), the energy density for dark matter is obtained as

B
= ———————— . 36
P = 2 byt + by) - (30)
Using equations (11) and (30), we get
—n/2 1 bt + b —3/2512
o 2y "P)llogma(bit +by) T 37)

(p 192

Using equations (9), (30) and (36), the holographic energy density yield

px = mi(bit +bs) " [B_Qﬁ(?;);)Q((lnwllvz)?) - B}

w226219m1—2

-3 4 3
—T(logml(blt—i—bz) /) (bt +bo)"*. (38)

Using equations (7), (30), (36), and (37), the holographic pressure is obtained as

pa = —m2(byt + by) /" [6_219(%)2(@) - B}

w2262§mf2

_wEe <logm1(b1t n bz)*3/25)4 (bt +bs)"* . (39)
204

The Eos parameter w is given by

woi [_ b+ o0 () (L) -]
2,29

wzTer'm - 3
— Tl(log ml(blt + b2) 3/25) (b]_t + b2)'z

X [m%(lnt +by) " {e_w (%)2 (7@115 _il_ b2)2) - B}

-1

2,29,,—2 4
— w(logml(b1t+b2)_%s) (b1t+b2)3/5

291 “40)

The matter density parameter €2 and holographic dark energy density parameter
2, are given by

B
2 =3
Pm ml(b1t+b2) /s
Q,, = = 1)
3H? k?
(b1t + bg)?
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P -3 301 \° 1
O =2 2t +b) |2 (22) [——— | —B
AT 3E? [ml( 1t +b) [e 2s (byt + by)”

wz2e?Pmi? =314 3
e {logam (byt + by) ™ } (bit + by)*
k? -1
x 3ot | 42
[ (b1t + ba)? “2)
The overall density parameter as
B
TR
Q:Qm+QA _ ml(blt +2b2)
kM
(b1t + by)?
- 3b1\ 2 1
2 3/s [ —209 (291
) [ () () 8
+ |mi(bit + ba) e 25) (o + b3)?
2,29, —2 4
- S (logma (bt + ba) ) (bt + ba) ¥
204
k3 -1
x 3t ] 43
[ (bit + ba)? )

The coincidence parameter 7 = p,,/px, i.e. the ratio of energy densities of
matter and holographic dark energy is given by

B
m%(blt + bg)_S/s

[m%‘(blt +02) 7 [6‘2”(321);)2(M) - 5]

-1

T =

X

2,209,,—2 N
= S gt ) %) (bt + )

KD (44)

It is observed that the Hubble parameter H, the scalar expansion O, shear scalar

o, holographic dark energy density p, and matter energy density p,,, is decreas-

ing function of time and approaches 0 as t — oco. Since tlim (0/©) = const.,
— 00

the model is not isotropic for large value of £.
Case (ii): whens =0 (¢ = —-1)

Using equations (12), (21) and (29), we get the following exact expression for
the scale function:

B = p1 + pat, (45)
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where 11 = log(ca/c3)” % and pg = —3k; /2.

Therefore, the model (1) becomes
ds® = ®Ie 22t (dt* — dr?) — rle 221 P2dp? — P3e?H2td? (46)

where &1 = e?~#1, &y = re "1 and O = e,

The expression for kinematical parameters i.e. the Hubble’s parameter H, the
scalar expansion O, shear scalar o for model (46) are given by

H=k, 47
© = 3H = 3k, (48)
o? = 12k%, (49)
Equations (48) and (49) give
o 2
- 50
6~ 3 (50)
Using equations (16) and (45), the energy density for dark matter is obtained as
B
P = g - 1)
Using equations (11) and (45), it yields
—n/2 2
. 2(e7") [ + pot]
o= ( )192 . 52)
Using equations (9), (45) and (51), the holographic energy density yield
3 29 2(uitpat) —2(pa+pat) LZQ 4
Pr = 2k16 e + Be S (1 + pet)* 5. (53)

Using equations (7), (45), (51), and (52), the holographic pressure is obtained as

w22

3 —29 2(p1+pat) —2(p1+pat)
p/\:_{_ikle e=\H1TH2 —I—Be H1TH2t) 2194

(i1 + pat) ). (54)
The Eos parameter w is given by

3 =29 ,2(p1+p2t) —2(p1+p2t) wz? 4
—§k1e e + Be — W(’“ + pot)

3 wz?
—§k16_21962(”1+“2t) + Be2(mtuat) — W(Hl + pat)?t

(35)

P
w = —=
Px
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The matter density parameter €2 and holographic dark energy density parameter
2, are given by

_ Pm B 2
U = s = s [ 3RD), (56)
P
=5
3 wz

—Skiem2e2lntuat) 4 Be=20ntuat) _ 57k + pizt)?
2

2 4
= . 57
32 (57)

The overall density parameter as

B 2
3 2
— ket . Bem20mtnat) _ X2 () g )t
+ 2 20 (58)
3k? '
1

The coincidence parameter 7 = p,,/px, i.e. the ratio of energy densities of
matter and holographic dark energy is given by

B

r= 32(H+H2t) . ) (59)

3 wz
§k1€72’9€2(”1+“2” — Be2(matnat) 4 2794(#1 + pat)

It is observed that the Hubble parameter H, the scalar expansion © and shear

scalar o has the constant values which resembles with the investigations of Ka-

tore and Shaikh [77], A.Y. Shaikh [78] and tlim (0/©) = const., the model is
— 00

not isotropic for large value of . Holographic dark energy density p, and matter
energy density p,, are decreasing function of time hence approaches 0 as ¢ — oo
which resembles with the results of Shaikh and Katore [79].

4 Conclusion

In this paper, the cylindrically symmetric Einstein Rosen universe filled with two
minimally interacting fluids, matter and holographic dark energy components
has been investigated in the scalar-tensor theory of gravitation proposed by Saez
and Ballester [5].

The law of variation for Hubble’s parameter defined in equation (22) for Ein-
stein Rosen universe gives two types of cosmologies: first from (for s # 0)
shows the solution for positive value of deceleration parameter indicating the
power law expansion of the universe, whereas second one (for s = 0) shows
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the solution for negative value of deceleration parameter, which shows the ex-
ponential expansion of the universe. It is understood that the energy density of
ordinary matter and holographic dark energy are positive decreasing functions
of time and vanish for sufficiently large values of time. It is observed for both the
cases the holographic dark energy EoS DE w = —1. So at late time evolution
of universe the holographic dark energy behave like cosmological constant (A),
i.e. the models approaches to A CDM models. It is interesting to observe that
the overall density parameter turns out to be constant for s = 0. Thus obtained
models are in good agreement with observations of modern cosmology.
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