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Abstract. A systematic study of the shape evolution in Ge (Z = 32),
Se (Z = 34), Kr (Z = 36) and Sr (Z = 38) isotones for N = 70, and
their neighboring isotones with N = 68 and N = 72 is presented. We
use, in this investigation, the covariant density functional theory (CDFT)
with the explicit Density Dependent Meson-Exchange (DD-ME2) and
Density-Dependent Point-Coupling (DD-PC1) models. The finite range
pairing interaction separable in coordinate space which was proposed
by Tian et al. has been used to treat the pairing correlations. By investi-
gating structural properties of nuclei under consideration, it is found that
N = 70 isotones are, in generally, spheric. Furtheremore, the N = 70
can be considered as magic number.
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1 Introduction

Experimental and theoretical studies of nuclei far from stability are at the fore-
front of nuclear science. Therefor, a reliable study of such nuclei requires a
consistent theory that can describe nuclei in both ground and excited states. In
this context, many nuclear approaches have emerged. Among these, the ab-
initio [1–4] and shell-model methods which are successfully used in description
of light nuclei. However, the complexity of calculations has limited the applica-
tion of ab-initio method in medium, heavy and super-heavy ones, whereas sig-
nificant progress has been reported in the development of shell-model techniques
which use sophisticated truncation schemes [5] to predict the properties of heav-
ier nuclei. Nowadays, with the mean-field concept, the microscopic approaches
based on nuclear Energy Density Functionals (EDFs) are the most accurate tools
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that can be applied in all over the nuclear chart including those very close to drip
lines. Generally, there are three classes of nuclear EDFs: the Skyrme energy
functional [6–8], the Gogny effective interaction [9] and the relativistic mean-
field model [10, 11], which are widely used today and capable to compete with
the micro-macroscopic method on a quantitative level.

Recently, many studies indicate that Covariant Density Functional Theory
(CDFT) is quite reliable and accurate in analysing and describing the nuclear
structure, not only in nuclei lying at the valley of stability, but also in those lo-
cated far from it, which are usually dubbed “exotic nuclei”, as it has been proved
in Refs [12–16]. In 2019, S. Sharma and al. [17] have studied, within Covariant
Density Functional Theory, the deformation and occurrence of shape transitions
with change of neutron number in 104−144Te isotopes. In the super-heavy region,
recent study [18] predict N = 172 and 184 as spherical magic with DD-ME2
interaction in Z = 122 isotopic series.

In the present work, we employ the relativistic EDFs, also called Covariant Den-
sity Functional Theory (CDFT), with two classes, namely: Density Dependent
Meson-Exchange (DD-ME) and Density Dependent Point-Coupling (DD-PC)
parameters in order to investigate the shape evolution in the exotic region. The
paper is organized as follows: Section 2 shortly outlines the approach that we
have used to do our calculations. In Section 3 numerical tests as well as the in-
put details and the interactions used in calculations are presented. The obtained
results are analysed and discussed in Section 4. Finally, the main conclusions
are given in Section 5.

2 Theoretical Framework

Covariant Density Functional Theory (CDFT), also often labelled as relativistic
Hartree-Bogoliubov (RHB) theory, is a microscopic theoretical tool that can be
used to describe the entire nuclear chart with success. In the present work, we
have employed two classes of relativistic Hartree-Bogoliubov theories. The first
one is the DD-PC model [19,20] which is characterised by a zero-range interac-
tion and the second one is the DD-ME model [21] which uses a finite interaction
range. A brief description of these models is given in the following subsections.

2.1 The Density-Dependent Meson-Exchange

The basic building blocks of relativistic Hartree-Bogoliubov for DD-ME is the
standard Lagrangian density with medium dependent vertice [21]

L = ψ̄ [γ(i∂ − gωω − gρ~ρ~τ − eA)−m− gσσ]ψ

+
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with ψ is Dirac spinor and m is the bare nucleon mass. mσ , mω and mρ are
meson masses. gσ , gω and gρ are the coupling constants and e corresponds
to the proton’s charge. It vanishes for neutron. Ωµν , ~Rµν , Fµν denote fields
tensors.

Ωµν = ∂µΩν − ∂νΩµ , (2)
~Rµν = ∂µ~ρν − ∂ν~ρµ , (3)
Fµν = ∂µAν − ∂νAµ . (4)

The coupling of the σ and ω mesons to the nucleon field reads [21]

gi(ρ) = gi(ρsat)fi(x) for i = σ, ω (5)

with the density dependence given by

fi(x) = ai
1 + bi(x+ di)

2

1 + ci(x+ di)2
, (6)

where x = ρ/ρsat, ρ is the baryonic density and ρsat is the baryon density at
saturation in symmetric nuclear matter. In eq. (6), the parameters are not inde-
pendent, but constrained as follows: fi(1) = 1, f ′′σ (1) = f ′′ω(1), and f ′′i (0) = 0.
These constraints reduce the number of independent parameters for the density
dependence.

In the ρ-meson case, we have an exponential density dependence

gρ(ρ) = gρ(ρsat)e
−aρ(x−1) . (7)

The isovector channel is parametrized by gρ(ρsat) and aρ

2.2 The density-dependent point-coupling

The effective Lagrangian density of DD-PC model is defined by [19]

L = ψ̄(iγ.∂ −m)ψ − 1

2
αS(ρ)(ψ̄ψ)(ψ̄ψ)

− 1

2
αV (ρ)(ψ̄γµψ)(ψ̄γµψ)− 1

2
αTV (ρ)(ψ̄~τγµψ)(ψ̄~τγµψ)

− 1

2
δS(∂νψ̄ψ)(∂νψ̄ψ)− eψ̄γ.A.1− τ3

2
ψ . (8)

This Lagrangian contains the isoscalar-scalar interaction (σ meson) (ψ̄ψ)(ψ̄ψ),
isoscalar-vector interaction (ω meson) (ψ̄γµψ)(ψ̄γµψ), isovector-vector inter-
action (ρ meson) (ψ̄~τγµψ)(ψ̄~τγµψ) and their corresponding gradient couplings
∂ν(...)∂ν(...). It also contains the free-nucleon Lagrangian, the point-coupling
interaction terms and the coupling of protons to the electromagnetic field. The
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derivative terms in eq. (8) account for the main effects of finite range interactions
which are important for a quantitative description of nuclear density distribution.

The functional form of the couplings is given by

αi(ρ) = ai + (bi + cix)e−dix for i = S, T, TV . (9)

where x = ρ/ρsat and ρsat denotes the nucleon density in units of the saturation
density of symmetric nuclear matter. For more details see Ref. [21]

3 Numerical Details

This work is realized by using the relativistic Hartree-Bogoliubov (RHB) the-
ory based on the DD-ME2 and DD-PC1 parametrizations and separable pairing
within the DIRHB computer code [21], in which the RHB equations can be
solved iteratively in a basis of spherical, axially symmetric or triaxial harmonic
oscillator (HO).

In the present work, we have used the finite range pairing interaction separable
in coordinate space which was proposed by Tian et al. [22]. It is given in the
pp-channel by

V pp(r1, r2, r
′
1, r
′
2) = −Gδ(R−R′)P (r)P (r′) , (10)

where R = 1
2 (r1 + r2) is the centre of mass, r = r1 − r2 are the relative coor-

dinates and P (r) represents the form factor which is given by

P (r) =
1

(4πa2)3/2
e−

r2

4a2 . (11)

The two parameters: the pairing strength G and the pairing width a have been
adjusted to reproduce the density dependence of the gap at the Fermi surface.
The following values: G = 728 MeV.fm3 and a = 0.6442 fm which were
determined for the D1S parametrization [22] of the Gogny force have also been
used here. The numbers of Gauss-LaguerreNGL and Gauss-HermiteNGH mesh-
points were NGL = NGH = 48, and the number of Gauss-Legendre mesh-points
was NGLEG = 80.

In order to study the convergence of the RHB results in nuclei under investi-
gation, we have calculated the total binding energy as functions of the shells
number for the fermions NF for the neutron-rich 100Zn, 102Ge, 104Se, 106Kr,
108Sr, 110Zr, 112Mo and 114Ru nuclei (N = 70 isotones). As one can see in
Figure 1, the total binding energy converges exactly at NF = 10. That is why
all calculations performed with the DIRHB code are carried out in a safe full
anisotropic basis of NF = 10. For the bosons, the number of shells is fixed to
NB = 20. The β2-deformation parameter for the harmonic oscillator basis as
well as for the initial Woods-Saxon potential is set to 0, except for constrained
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Figure 1. (Color online) Binding Energy difference between a reference calculation per-
formed with 14 shells and calculations performed with NF shells for the N = 70 isotones
(30 ≤ Z ≤ 44) by using the DD-ME2 and DD-PC1 parametrizations.

calculations of the potential energy surface where the β2 parameter varies in a
range from -0.5 to 0.5 in steps of 0.05. The γ parameter is chosen as free. The
different parameter sets of DD-ME2 and DD-PC1 relativistic energy functionals
are given in Table 1.

Table 1. The different parameter sets of DD-ME2 [20] and DD-PC1 [19] interactions.

Parameter DD-ME2 [20] Parameter DD-PC1 [19]

m (MeV) 939 m (MeV) 939
mσ (MeV) 550.124 aσ (fm2) -10.04616
mω (MeV) 783.000 bσ (fm2) -9.15042
mρ (MeV) 763.00 cσ (fm2) -6.42729
mδ (MeV) 0.000 dσ 1.37235
gσ 10.5396 aω (fm2) 5.91946
gω 13.0189 bω (fm2) 8.86370
gρ 3.6836 bρ (fm2) 1.83595
gδ 0.000 dρ 0.64025
aσ 1.3881
bσ 1.0943
cσ 1.7057
dσ 0.4421
eσ 0.4421
aω 1.3892
bω 0.9240
cω 1.4620
dω 0.4775
eω 0.4775
aρ 0.5647
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4 Results and Discussion

4.1 Fermi Levels

As pointed out in the introduction, the choice of studied nuclei, namely: Ge, Se,
Kr and Sr, was not random but was based on the study of all nuclei through-
out the periodic table. The analysis has shown that N = 70 did not behave
as a strong magic number except in the selected ones. Figure 2 exhibits the
Fermi levels of the selected nuclei as well as those laying in their vicinity around
N = 70 (i.e. N = 70 isotones). In all these nuclei, the well-known magic num-
ber N = 50 has been reproduced by both models (DD-ME2 and DD-PC1), as
there is an abrupt jump in the Fermi levels. The same trend is observed around
N=70 except for some nuclei. In Ge, Se, Kr and Sr nuclei, the jumps in Fermi
levels strongly support N = 70 as a shell closure for both functionals (DD-ME2
and DD-PC1). Above Sr nucleus, this gap becomes more and more weak with
increasing protons number Z until quenching in agreement with the results of
Ref. [23]. This is more clear with the DD-PC1 expectations. Below Ge nucleus,
the relative position of the neutron drip line is located under N = 70, as shown
in Figure 2. Due to all these considerations, we have restricted our study of
the shape evolution at N = 70 to the four indicated nuclei (Ge, Se, Kr and Sr)
which are investigated in the following section using the potential energy surface
quantity.
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Figure 2. (Color online) The calculated Fermi levels in even-even isotopes with (30 ≤
Z ≤ 44) using the DD-PC1 and the DD-ME2 sets.
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4.2 Potential energy surface

The potential energy surface (PES) represents the difference between the ground
state energy and the energy at the deformation parameter β2. Here, by using the
triaxial DIRHB program, we have performed constrained calculations to extract
the evolution of the (PES) with the quadrupole moment β2 which varies in a
range from β2 = −0.5 to β2 = 0.5 in steps of 0.05, as shown in Figure 3. We let
the γ parameter free, and we have chosen PES = 0 as a position to the ground
state. The minimum of PES gives us an idea about the shape of nuclei; if it is
attained at β2 < 0, the nucleus has an oblate shape; if it is reached at β2 > 0,
the nucleus form is prolate; if it is reached at β2 = 0, the nucleus is spherical.

Aiming to corroborate the previous results that predicted N=70 as a neutron shell
closure, we have plotted the Figure 3 which depicts the evolution of potential
energy surface (PES) curves of Ge, Se, Kr and Sr isotones for N = 70 (middle
part of Figure 3) and their neiboring isotones withN = 68 (left part of Figure 3)
and N = 72 (right part of Figure 3) as functions of the quadrupole deformation
β2. From this figure, it is remarkable that both DD-ME2 and DD-PC1 sets
generally present the same behaviour. In all N = 70 isotones, DD-ME2 and
DD-PC1 show a sharp single minimum around the ground state, which confirms
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Figure 3. (Color online) The calculated potential surface energy for even-even Ge, Se, Kr
and Sr nuclei calculated in RHB with DD-PC1 and DD-ME2 sets.

438



Shape Evolution in Ge, Se, Kr and Sr Nuclei within CDFT

that the ground states of these isotones are spheric. Furthermore to their spheric
ground states, the DD-PC1 potential curves for Se and Kr display wide and
flat minima on the oblate side. For N = 68 isotones, both models predict an
oblate ground state for Se, Kr and Sr and an almost spherical, but slightly oblate
ground state for Ge, Se, Kr and Sr N = 72 isotones. For 100Ge, solely DD-
ME2, predicts an oblate form, whereas DD-PC1 exhibits a flat minima toward
the oblate region. Again, with potential surface energy we arrive to prove the
magicity in the investigated nuclei at neutron gap N = 70.

5 Conclusion

To sum up, even-even neutron rich Ge, Se, Kr and Sr nuclei have been investi-
gated within the covariant density functional theory (CDFT) with DD-PC1 and
DD-ME2 parametrizations. The potential energy surface (PES) shows that the
four investigated nuclei have a spherical shape at N = 70 and predicts that there
is a competition between oblate and prolate shapes for N = 68. However, the
shape of nuclei with N = 72 is predicted to be spherical, within DD-ME2 and
DD-PC1, Except for Se where the DD-PC1 suggests that this nucleus is oblate.
From the Fermi levels, we have found that the neutron drip-line for the four
selected nuclei is speculated to be above N = 70.
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