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Abstract. The deformation properties of 74Ge, 74Se and 74Kr are stud-
ied within the phenomenological Bohr-Mottelson model, having as in-
put the experimental collective energy states, as well with Covariant
Density Functional theories based on microscopic structural informa-
tion. The results of these approaches are shown to be compatible in
what concerns the presence of coexisting shapes in the considered nu-
clei, while the emergence of shape mixing is deduced from the phe-
nomenological calculated collective states.
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1 Introduction

Shape coexistence, being a subject of large interest in nuclear physics, is a very
peculiar nuclear phenomenon when two or more states with widely different de-
formation properties occur in the same nuclei within a very narrow energy range
at low excitation energy [1]. The presence of the second 0+ state as the first
excited state in even-even nuclei, is one of the most important signatures that in-
dicates the shape coexistence [2,3]. In the present study, the phenomenon will be
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addressed in the frame of both phenomenological and microscopic models. The
first, corresponding to the Bohr-Mottelson model (BMM) [4, 5], describes the
low-lying spectra of nuclei in terms of vibrations and rotations of their ground
state shape. It’s an appropriate model to investigate shape coexistence and mix-
ing phenomena [2]. The second model corresponds to the Covariant Density
Functional theories (CDFT) [6–11]. A sixth order anharmonic oscillator po-
tential (sextic) is used for the Bohr Mottelson Hamiltonian, being numerically
diagonalized [12] in a basis of Bessel functions of the first kind [13], which in
turn are solutions for the infinite square well potential [14,15]. This method has
been already involved with success to describe shape coexistence phenomenon
within some nuclei as 76Kr [16], 72,74,76Se [17] and 96,98,100Mo [18]. Addition-
ally, it can be used to investigate the shape mixing and coexistence phenomena
by increasing the height of the barrier [16, 19]. The free parameters of the phe-
nomenological model are determined by fitting the experimental data [20] and
then are used to calculate the energy spectrum of the ground, β and γ bands, the
quadrupole (E2) and monopole (E0) transitions, respectively the shape of the
ground and excited states. Concerning the microscopic methods, based on the
CDFT, are involved in obtaining the quadrupole deformation by calculating and
analyzing the potential energy surfaces (PES). CDFT is one of the most attrac-
tive form of the nuclear density functional theories, proving to be very successful
in the nuclear structure analysis, as well as in describing the ground and excited
states throughout the nucleic chart [21–23]. Applications with these models are
done for three isobars with mass number A = 74, namely 74Ge (Z = 32), 74Se
(Z = 34) and 74Kr (Z = 36), which, based on previous works [17, 24, 25],
are suspected of presenting shape coexistence phenomenon. Additionally, in
A ∼ 70 [20], the analysis of the evolution with a mass number of the measured
energies for the 0+2 and 2+1 states, and of the monopole strength connecting the
lowest 0+ states, along the isotopic chains of Ge, Se, and Kr deduces that the
three nuclei in A = 74 should present shape coexistence and mixing in their
ground states.

The plan of the paper is the following. In Section 2, the models and the most
relevant quantities to investigate the shape coexistence phenomenon are intro-
duced, while Section 3 is dedicated for numerical applications to experimental
data of 74Ge, 74Se and 74Kr. Finally, the main achievements of the work are
highlighted in Section 4.

2 Presentation of the Models

In this study, phenomenological (BMM) and microscopic (CDFT) models are
used to investigate the presence of the shape coexistence phenomenon within
three nuclei with atomic mass A = 74 (Ge, Se, Kr). Before discussing the
numerical applications to experimental data, which are elaborated in the next
section, a brief presentation of the models will be made here.
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2.1 Bohr Hamiltonian with sextic oscillator potential

For γ-unstable nuclear shapes, the collective potential V depends only on the β
variable, allowing the separation of the β variable from the γ variable and the
Euler angles [26, 27]. This leads to the following β equation:[

− d2

dβ2
− 4

β

d

dβ
+
τ(τ + 3)

β2
+ v(β)

]
ψ(β) = εψ(β), (2.1)

where τ denotes the seniority quantum number, which defines the eigenvalue
of the Casimir operator of the SO(5) group [28] describing the coupling of ro-
tational degrees of freedom with the fluctuation of the γ shape variable, while
v(β) = (2B/~2)V (β) and ε = (2B/~2)E are the reduced potential and total
energy. The expression of the sextic potential is considered for Eq. (2.1):

v(β) = β2 + v1β
4 + v2β

6, (2.2)

which due to the scaling property of the problem is uniquely determined only
by two free parameters, v1 and v2 [12]. It is the simplest allowed potential
which can present two minima, a spherical and a deformed one, separated by
a barrier. To find the energy ε, Eq. (2.1) with potential (2.2) is diagonalized
in a basis of Bessel functions of the first kind [18]. The basis functions are
solutions of the same equation but for an infinite square well potential (ISWP)
[14] encompassing the relevant part of the adopted sextic potential:

fn,ν(β) =

√
2

βw

β− 3
2 Jn,ν

(
zn,ν
βw

β
)

Jν+1(zn,ν)
, ν = τ +

3

2
. (2.3)

Here, βw is the width of ISWP, while zn,ν is the nth zero of the Bessel function
Jν(z). Therefore, the wave function for the sextic potential is written as an
expansion in this basis:

Fξ,τ (β) =

nMax∑
n=1

Aξnfn,ν(τ)(β), (2.4)

where nMax is the dimension of the truncation basis, ξ = 1, ..., nMax is related
with the β vibration quantum number (ξ = nβ+1), whileAξn are the eigenvector
components following to be determined from the diagonalization of the corre-
sponding Hamiltonian matrix. As in [18], the Hamiltonian model is amended
with an SO(5) symmetric term L̂2, which splits the τ energy multiplet without
changing the wave function [29]. In this way, the quantitative description of the
experimental data is improved. Basically, this term gives a contribution only to
the total energy:

Eξ,τ,L =
~2

2B
[εξ,τ (v1, v2) + dL(L+ 1)] , (2.5)
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where εξ,τ (v1, v2) is the eigenvalue energy of diagonalization procedure. Fi-
nally, the energy depends on three free parameters v1, v2 and d, respectively on
a scaling parameter (~2/2B). The wave function (2.4) and the SO(5) spheri-
cal harmonics [30] are then used to calculate some electromagnetic observables
such as quadrupole and monopole transition probabilities. For E2 rate, one uses
the quadrupole transition operator as in [18]:

T (E2)
µ =

3R2Ze

4π
βMβ

[
D2
µ,0(Ω) cos γ+

1√
2

[D2
µ,2(Ω)+D2

µ,−2(Ω)] sin γ
]
, (2.6)

where βM is a scaling factor relating the quadrupole deformation β2 with the
β shape variable (β2 = βMβ), R is the nuclear radius, Z is the charge number
and e the elementary charge. Whereas the monopole strength is determined
as [31, 32]:

ρ2(E0; i→ f) =

(
3Z

4π

)2

β4
M 〈Fi(β)|β2|Ff (β)〉2. (2.7)

2.2 Covariant Density Functional Theory (CDFT)

The calculations are done in the framework of CDFT [8–11], being used the very
successful density-dependent meson-exchange DD-ME2 [9], which has a finite
interaction range and the parameter sets used in [20].
The standard Lagrangian density with medium dependence vertices that defines
the meson-exchange model [33] is given by:

L = ψ̄ [γ(i∂ − gωω − gρ~ρ~τ − eA)−m− gσσ]ψ

+
1

2
(∂σ)2 − 1

2
m2
σσ

2 − 1

4
ΩµνΩµν +

1

2
m2
ωω

2

−1

4
~Rµν ~R

µν +
1

2
m2
ρ~ρ

2 − 1

4
FµνF

µν , (2.8)

where m is the bare nucleon mass and ψ denotes the Dirac spinors. mρ, mσ and
mω are the masses of ρ meson, σ meson and ω meson, with the corresponding
coupling constants for the mesons to the nucleons as gρ, gσ and gω respectively,
and e is the charge of the proton.

3 Numerical Results

The phenomenological and microscopic models presented in Section 2 are in-
volved to investigate the structure of the states and the corresponding shape
for 74Ge and 74Kr. The 74Se nucleus has been already treated in [18] in the
frame of the Bohr model, finding a coexistence between a spherical shape and
a prolate one for its structure, while here the results will be only compared with
those coming from microscopic calculations. In the frame of BMM, 74Ge and
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Table 1. Signatures of γ-unstable structure in 74Ge and 74Kr.

Models

Nuclei

E(4+g )

E(2+g )

E(0+β )

E(2+g )

B(E2; 4+g → 2+g )

B(E2; 2+g → 0+g )

B(E2; 0+β → 2+g )

B(E2; 2+g → 0+g )

O(6) [26] 2.50 − 1.43 −
74Ge [34] 2.46 2.49 1.24 0.27

E(5) [14] 2.20 3.03 1.68 0.87
74Kr [34] 2.22 1.12 2.34 0.90

74Kr are treated as being good candidates for coexistence between spherical
and γ-unstable shapes. There are several signatures or arguments which sup-
port this supposition. For example, some representative energy and B(E2) ra-
tios, given in Table 1, indicate that the structure of 74Ge and 74Kr are close to
O(6) [26], respectively E(5) [14] structure. Even if the 0+β state of 74Kr is much
lower in energy than in the case of E(5), in turn there is a good match for the
B(E2; 0+β → 2+g ) transition.

The energy levels, the (E2) transition probabilities and monopole (E0) transi-
tion obtained for 74Ge and 74Kr, are compared in Figures 1 and 2 with experi-
mental data. In Figure 1, corresponding to 74Ge, the energy levels of the ground
band, first excited 0+, respectively 2+ and 3+ of the γ band, as well as the few
available experimental B(E2) transitions and the monopole transition, are very
well reproduced. Concerning 74Kr, which is shown in Figure 2, one finds a sim-
ilar situation, with a good description of the ground band, of the first excited 0+,
respectively of some states of the γ band. Additionally here, one has an exper-
imental data for a second excited 0+, which is almost degenerated with 6+ of
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Figure 1. (Color online) Energy levels (2.5) in keV, B(E2) transitions probabilities in
W.u. (full vertical arrows) and monopole transition ρ2(E0) (2.7) (dashed vertical arrow)
are compared with the experimental data [34] for 74Ge.

479



P. Buganu, et al.

0+ 0

2+ 456

4+ 1013

6+ 1781

8+ 2748

0+ 509

0+ (1654)

2+ (1203)

3+ 1941

67(1)

157(6)

171(19)

185(27)

60(17)

113(27)

74Kr Exp.

ground band γ1 band γ2 band β1 band

0+ 0

2+ 456

4+ 1020

6+ 1760

8+ 2673

0+ 514

0+ 1604

2+ 968

3+ 1649

67

122

146

162

87

104

122

284

Th.

ground band γ1 band γ2 band β1 band

Figure 2. (Color online) The same as in Figure 1, but for experimental data [34] of 74Kr.

the ground band, respectively 3+ of the γ band. These three states are very well
described by the τ = 3 multiplet, which in the present model is slightly splitted
over the total angular momentum such that to obtain also a quantitative agree-
ment with the experimental data. Another important remark is that the first ex-
cited 0+ is very low in energy, especially for 74Kr, while the monopole transition
between this state and ground state has large value, which could be an indication
for the presence of the shape mixing and coexistence phenomena [16, 31]. Nev-
ertheless, the phenomological model succeeds to describe such a lower excited
0+ state, as well as the monopole transition ρ2(E0; 0+2,0 → 0+1,0) even if for the
latter one is used the value of βM fixed for the B(E2; 2+1,1 → 0+1,0) transition.

In order to answer the question, whether or not the shape coexistence is present
in these nuclei, besides the above discussion around the lower excited 0+ state
and large monopole transition, further, one makes a discussion on the plots for
probability density distribution of deformation,

ρξ,τ (β) = [Fξ,τ (β)]2β4, (2.9)

in correlation with some representative energy levels and their corresponding
effective energy potential:

Veff (β) =
~2

2B

[
τ(τ + 3) + 2

β2
+ β2 + v1β

4 + v2β
6

]
. (2.10)

Therefore, in Figure 3, are plotted effective potentials (2.10), absolute energies
(2.5) and probability density distribution of deformation (2.9) as a function of the
quadrupole deformation β2 for 74Ge (a) and 74Kr (b) nuclei. For 74Ge, the small
deformation minimum is higher than the high deformation one, while in the 74Kr
case, the two minima are almost degenerated. The barrier separating the two
potential minima in the ground state is smaller for the 74Ge nucleus, but is above
the corresponding energy level for both nuclei. This implies that for 74Ge there
is a higher amount of tunneling between the two minima and consequently a
strong mixing between the two deformation configurations which are also closer
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Figure 3. (Color online) Effective potential (2.10) for τ = 0 and τ = 1, energy levels
(2.5) for (ξ = 1; τ = 0, 1.) (full horizontal lines), respectively (ξ = 2; τ = 0.) (dashed
horizontal lines), as a function of the quadrupole deformation β2 are presented in panel (a)
for 74Ge, respectively (b) for 74Kr. The probability density distribution for deformation
(2.9) as a function of β2, for the same states, is shown in panels (c) and (d) for 74Ge and
74Kr respectively. For a better correspondence, in panels (a) and (b), the energy and the
effective potential of the same τ are represented by the same color.

to one another. The plot of the density of deformation probability for the 74Ge
ground state (Figure 3(c)) confirms this behaviour. It presents a very extended
shape enveloping clearly distinct peaks centered on the two potential minima,
with an enhanced probability above the large deformation potential minimum.
The large superposition between the two peaks is due to the closeness of the
two minima and their large mixing. The same mechanism acts in the ground
state of 74Kr, where the two potential minima are however more displaced from
each other. The mixing of two configurations provides this time well separated
deformation probability peaks localized in the corresponding potential minima
(Figure 3(d)). Once again, the high deformation configuration is favored. The
two-peak distribution of the deformation probability in the ground state of both
nuclei is a proof of shape coexistence with mixing. It also explains the observed
high monopole strength connecting ground state with the first excited 0+ state.
Because the ground state acquires two peaks, its overlap with the wave function
corresponding to the beta excited 0+ state, drastically increases because the later
also have a two-peak structure as a consequence of its vibrational nature (see
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Figures 3(c) and 3(d)). The effective potential associated (τ = 1) in the ground
state for both nuclei, the 74Ge nucleus loses its double minimum shape while the
74Kr nucleus keeps it. From Figure 3, it is clear that the rotationally excited state
(τ = 1) for both nuclei has a single peak structure almost completely localized
in the highly deformed potential minimum.

Because the identification of shape coexistence phenomenon represents a chal-
lenging task when its presence has to be theoretically established within a nu-
cleus, in the present work, we also involved in calculations one microscopic
approach namely CDFT. This last approach has been used to calculate the po-
tential energy surfaces (PES) for 74Ge (Z=32), 74Se (Z=34) and 74Kr (Z=36) in
the (β, γ) plane in order to study the deformation of the ground state, and the
possible shape coexistence. This is done systematically within the constrained
triaxial calculations mapping the quadrupole deformation space defined by β2
and γ using DD-ME2 parameterizations. The obtained results are shown in Fig-
ure 4. For 74Ge, one observes a coexistence between a spherical ground state
and a triaxial minimum located at β2 = 0.25 and γ = 30◦.The same result
has been found in Ref. [24] with the Gogny-D1M EDF. These results support
the treatment of 74Ge, in the frame of the Bohr Hamiltonian with sextic po-
tential, as manifesting a coexistence between spherical and γ-unstable shapes.
Actually, by γ-unstable case one understands that the distribution of the wave
function in the γ-variable has a flat peak centered around γ = 30◦, covering the
all range between γ = 0◦ (prolate) and γ = 60◦ (oblate). Also, a coexistence
between spherical and oblate (β2 = 0.2) configurations has been obtained for
74Se in DD-ME2. Our results, in this parameterization, agree with those ob-
tained within the five-dimensional (5D) collective Hamiltonian approach based
on the Gogny-D1S energy density functional (EDF) [35] and with the Gogny-
D1M EDF [24]. These findings support the assumption made in [17], that the
structure of 74Se is very well explained if one takes into account a presence
of a coexistence between spherical and axial symmetric shapes in the frame of
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Figure 4. (Color online) Potential energy surfaces in the (β, γ) plane for 74Ge, 74Se and
74Kr, obtained from a CDFT calculations with the DD-ME2 parameter set. The color
scale shown at the right is in MeV units and scaled such that the ground state energy to
be zero.
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the Bohr Hamiltonian with sextic potential. Concerning 74Kr, PES shows an
unusual shape coexistence phenomena in the ground state. One has a very com-
plex structure which shows up with three different minima, all of them being of
axial nature, two oblate and one prolate (Figure 4). The most pronounced oblate
minimum is located at β2 = 0.15 and the other has β2 = 0.35, while the prolate
minimum is located at β2 = 0.45. These results are in agreement with those ob-
tained in Ref. [25,36]. On the other hand, if one takes into account excited states,
as in BMM, the structure of 74Kr seems to be more appropriately described by a
coexistence between spherical and a γ-unstable shapes, which apparently do not
fit the microscopic predictions for the ground state. An agreement between phe-
nomenological and microscopic models can be reached if one approximates the
most pronounced oblate minimum (β2 = 0.15) with a spherical one, while the
other two more deformed minima, oblate (β2 = 0.35) and prolate (β2 = 0.45)
ones, as a γ "oscillation" (unstable) between prolate and oblate limits. Of course
that, another possibility would be to treat 74Kr, in the frame of the Bohr Hamil-
tonian with sextic potential, as in the case of 76Kr [16], as having a coexistence
between an approximately spherical shape and a prolate one, but this would not
reproduce well the staggering of the γ band and the approximate degeneracy be-
tween the ground band states and those of the γ band [20]. One can remark that
the obtained results here, coming also to support the assumptions made with the
Bohr Hamiltonian with sextic potential for these nuclei.

4 Conclusions

In conclusion, the shape coexistence phenomenon has been investigated for three
nuclei with atomic mass A = 74, namely 74Ge, 74Se and 74Kr using both phe-
nomenological and microscopic models as the BMM and CDFT respectively.
By analyzing all the data offered by these models in respect to the correspond-
ing experimental data, it has outlined a presence of the shape coexistence in
these nuclei and the fact that the most appropriate interpretation of the results
would be that one has a coexistence between spherical and γ-unstable structures
for 74Ge and 74Kr, respectively, a coexistence between spherical and axial sym-
metric structures for 74Se. Some further investigations are necessary to be done
for 74Kr, where the PES obtained with CDFT indicates a presence of three min-
ima, two oblate and a prolate one, while the Bohr model calculations suggest a
very well defined shape coexistence in the ground state comparing to the other
two nuclei.
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[8] T. Nikšić, N. Paar, and D. Vretenar (2014) Comp. Phys. Commun. 185 1808
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