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Abstract. The work is devoted to FRW Universe within the presence of General Relativistic Hydrodynamics (GRH) in the frame work of general theory of
relativity.Exact solutions of field equations are obtained for power law expansion, volumetric exponential expansion and hybrid expansion law. The phantom, Chaplygin gas and tachyon fields are discussed in details.
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Introduction

Einstein’s theory of general relativity acts a most important character in astrophysics. General Relativity and Relativistic Magneto-Hydrodynamics play a key
part in the depiction of gravitational collapse prominent to the establishment
of compact objects (neutron stars and black holes). The recreation of General
Relativistic Hydrodynamics (GRH) problems is of countless significance to the
astrophysics communal. In Ref. [1], Relativistic hydrodynamical codes experienced a considerable development in the period of nineties. An outline of Relativistic Hydrodynamics was carved by Taub [2]. Eulderink and Mellema in [3]
used a broad view of Roe’s approximate Riemann solver numerical method to
unravel the calculations of GRH. A common and useful technique to crack the
GRH equations by means of the Special Relativistic Riemann Solvers is obtained in [4]. Shibata [5] explored the fully self-consistent relativistic hydrodynamics code. A short-term outline of GRH and GRMH, with an importance on
their appropriateness for progressive arithmetical effort with High–Resolution
Shock Capturing methods (HRSC schemes) has been completed (see their in
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references [6–11]). A three-dimensional code for the elucidation of the coupled
structure of the Einstein equations and GRH are constructed and validated in
Ref. [12]. Baiotti et al. [13] presented a new three-dimensional GRH code, the
Whisky code and carried out long-term exact advancements of the linear and
nonlinear changing aspects of isolated relativistic stars. In [14], the authors developed a GRH code with viscosity. Reviewed interpretations of the equalities
of GRH and magneto hydrodynamics, along with techniques for their arithmetical clarification are explored in [15–18]. After the first exposure of Gravitational waves from a binary neutron star merger, in Ref. [19, 20], the relativistic
hydrodynamics simulations ascend from the coincident detection of an electromagnetic afterglow. The panorama of GRH models is illuminated in general
relativity and extended theory of gravity [21–23]. This motivates us to investigate FRW space-time within the presence of general relativistic hydrodynamics
in general theory of relativity.
2

Metric and the Field Equations

A homogeneous and isotropic expanding or contracting of the Universe is represented by FRW space-time. The standard model of modern cosmology and an
exact solution of Einstein’s field equations of General Relativity are referred to
be as the main highlights of FRW metric. The FRW line element represented by
the following metric
o
n dr2
2
2
2
2
+
r
(dθ
+
sin
θdϕ
)
,
(1)
ds2 = dt2 − a2 (t)
1 − kr2
where the 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ π are the azimuthal and polar angels of
the spherical co-ordinate system. k represents the curvature of the space. The
General Relativistic Hydrodynamics (GRH) equations consist of the local conservation laws of the stress energy T ij and of the matter current density J i ,
∇i T ij = 0, ∇i J i = 0, where ∇i stands for the covariant derivative associated
with the four dimensional space-time metric gij . Assuming the stress energy
tensor to be that of a perfect fluid T ij = ρhui uj − pg ij . We have introduced
the relativistic specific enthalpy h defined by h = 1 + ε + p/ρ, where ε is the
specific energy density of the fluid in its rest frame, p is the pressure and ρ is
the rest mass density in a locally inertial reference frame. In order to close the
system, the Equation of State (EoS) relating some fundamental thermodynamical quantities. The EoS takes the form p = p(ρ, ε). The most widely employed
EoS in numerical simulations are the ideal fluid EoS p = (Γ − 1)ρε, where Γ
is the adiabatic index. In General Theory of Relativity (GTR), the Einstein field
equations is defined as Gij = −kTij . Without loss of generality we consider
k = 1. For the line element (1), the field equations using the General Relativistic
Hydrodynamics takes the following form:
ä ȧ2
k
2 + 2 + 2 = −p ,
a a
a
2

(2)
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ȧ2
3k
+ 2 = ρh − p ,
(3)
a2
a
where the overhead dot denotes the differentiation with respect to time. We see
that we have two field equations in three unknowns a, p, ρ. One can introduce
more condition by an assumption corresponding to some physical situations or
an arbitrary mathematical supposition. We consider the value of the scale factor.
3

3

Power Law Model

In this section, we solve the field equations by bearing in mind power law model
of the form a = tn . At an initial epoch, i.e., at t = 0, the scale factor vanishes.
The scale factor is an increasing function of time. This means that the model
starts expanding with a big-bang at t = 0.
3.1

Dynamical and kinematical properties

The energy density is obtained as
3k o
1 n 3n2
+
.
(1 + ε) t2
t2n

(4)

n 3n2 − 2n
k o
+
.
p=−
t2
t2n

(5)

n 3n2 − 2n
k o
−
+ 2n
2
t
t
ω=
.
1 n 3n2
3k o
+ 2n
(1 + ε) t2
t

(6)

ρ=
The anisotropic pressure is

The EoS parameter yields

Depending upon the values of k, the FRW metric signifies a flat model for k = 0,
open model for k = −1 and closed Universe for k = 1. The energy densities are
positive and decreasing function of cosmic time for k = 0 and k = 1 whereas it
is negative for k = −1. At an initial epoch, i.e., at t = 0, the energy densities for
k = 0 and k = 1 remains positive substantially great and declines enormously
within the interval [0, 0.5]. The value of energy densities for k = 0 and k = 1
tend to zero as shown in Figure 1 during the lateral phase of the cosmic time
t > 0.5. Ignoring the perception of the negative value of energy density for
k = −1, the model is not open Universe. It is clear from Figure 2 that pressure
undertakes negative values all over the progression of the cosmic time for k =
0 and k = −1. Figure 2 represents positive and decreasing behavior of the
3
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Fig. No. 1: Energy density vs cosmic time for n  2,   1 , k  1,0,1 .
Figure 1. Energy density vs cosmic time for n = 2, ε = 1, k = −1, 0, 1.
Fig. No. 1: Energy density vs cosmic time for n  2,   1 , k  1,0,1 .

Figure 2. Pressure vs cosmic time for n = 2, ε = 1, k = −1, 0, 1.

Fig. No. 2: Pressure vs cosmic time for n  2,   1 , k  1,0,1
Fig. No. 2: Pressure vs cosmic time for n  2,   1 , k  1,0,1
isotropic pressure for k = 1. The inconsistency of EoS parameter in term of
cosmic time is shown in Figure 3 for k = −1, 0, 1. The EoS parameter crosses
phantom region (ω < −1) for k = 0. It is interesting to note that for k = 1, the
value of the EoS parameter lies in the range −0.33 ≤ ω ≤ −1. The behavior of
the EoS parameter starts from the quintessence
region (ω < −0.33), crosses the
5
matter radiation (ω > 0), cosmological
constant
region (ω = −1) and finally
5
approaches to phantom dominated Universe (ω ≤ −1) at late times fork = −1.
Thus, our resultant model is in suitable agreement with the existing astrophysical
data.
ȧ
n
The Hubble parameter is H =
=
whereas the scalar expansion is given
a
t
d1
1
3n
. The deceleration parameter is q =
− 1 = − 1.
by θ = 3H =
t
dt H
n
4
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Figure 3. EoS parameter vs cosmic time for n = 2, ε = 1, k = −1, 0, 1.

Fig. No. 3: EoS parameter vs cosmic time for n  2,   1 , k  1,0,1

The Hubble parameter and the scalar expansion noticeably decline with the evolution
of the
cosmic
time.
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Figure 4. Stability factor vs cosmic time for n = 2, ε = 1, k = −1, 0, 1.

Fig. No. 4: Stability factor vs cosmic time for n  2,   1 , k  1,0,1

the passage of the progress of the Universe, i.e., Cs2 < 0 . Hence the GRH model
The stability
behavior
of the model is represented in Figure 4. It is observed that the stability
for k =
1 is unstable.
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3
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3 q  
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3.4

Cosmic jerk parameters

The jerk parameter, j(t) = a/aH 3 , is a dimensionless parameter that serves as
a useful tool to assess the geometrical features of the model [25]. It is also given
by
q̇
.
(9)
j(t) = q + 2q 2 −
H
Thus j(t) = (n − 1)(n − 2)/n2 . A negative q and a positive j is the basic requirement for the cosmic dynamics of the present Universe. For the value of
j(t) = 1, it implies Λ CDM model. The jerk parameter for the power law model
can be obtained as j(t) = 1 − 3/n + 2/n2 . The jerk parameter is independent
of time and depends upon the value of n. For n = 0.5, the value of the jerk parameter ≈ 3, which resembles with the kinematical analysis of the observational
data, i.e., j = 2.16±0.81
0.75 [26].
3.5

Phantom field

The energy density and pressure of the phantom field ϕare given by
1
ρϕ = − ϕ̇2 + V (ϕ) ,
2
1
pϕ = − ϕ̇2 − V (ϕ) ,
2

(10)
(11)

where V (ϕ) is the phantom field potentials. Equation of State (EoS) is considered as ωρϕ = pϕ by substituting ρϕ = ρ. Using equations (10), (11) and
ωρ = pϕ , one can easily obtain the expressions
1
1
1 (ω − 1) n 3n2
3k o
V (ϕ) = − (pϕ − ρϕ ) = − (ω − 1)ρ = −
+
,
2
2
2 (1 + ε) t2
t2n

and

ϕ̇2 = −(pϕ + ρϕ )ρ .
Thus

s
ϕ=

3.6

−(1 + ω)
(1 + ε)

1
Z n 2
3n
3k o 2
+ 2n dt .
t2
t

Tachyonic field

The energy density ρϕ and pressure pϕ due to the tachyonic field are given by
V (ϕ)
ρϕ = p
,
1 − γ ϕ̇2
p
pϕ = V (ϕ) 1 − γ ϕ̇2 ,

(12)
(13)
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where V (ϕ) is the relevant potential for the tachyonic field ϕ. Hence, we get
ω = pϕ /ρϕ = −1 + γ ϕ̇2 . The above fraction is greater than -1 or less than -1
according to the normal tachyon (γ = ±1)or phantom tachyon (γ = −1). We
have ω = pϕ /ρϕ . Thus we obtain
r
√
3k o
1+ω
ω n 3n2
+
.
t + c and V (ϕ) =
ϕ=
γ
(1 + ε) t2
t2n
3.7

Chaplygin gas field

The energy density and pressure of the Chaplygin gas field ϕ are given by
1 2
ϕ̇ + V (ϕ) ,
2
1
pϕ = ϕ̇2 − V (ϕ) .
2
ρϕ =

(14)
(15)

Using ρϕ = ρ, pϕ = −A/ρα , we obtain the potential V (ϕ) and ϕ as V (ϕ) =
1
−α
], i.e,
2 [ρ + Aρ
"
#
h 1 n 3n2
1 h 1 n 3n2
3k oi
3k oi−α
V (ϕ) =
+ 2n
+A
+ 2n
.
2 (1 + ε) t2
t
(1 + ε) t2
t
#) 12
Z ("h
n 3n2
3k oi
A
3k o−α
1 n 3n2
+ 2n
−
+ 2n
dt.
ϕ=
(1 + ε) t2
t
(1 + ε)−α t2
t
For k = −1, we have the energy density to be negative. Hence the model is not
viable k = −1. It is observed that the potential field of phantom, tachyonic and
Chaplygin gas is decreasing function of time. Here the scalar field minimize the
potential. There is an inflation at early stages of evolution of the Universe for
the flat Universe, i.e. k = 0 as V (ϕ) is quite large at ϕ = 0.
4

Exponential Expansion Model

In this section, we solve the field equations by considering exponential expansion law of the scale factor given by a = emt . The Universe is expanding and
accelerating in this model. The rate of expansion is constant.
4.1

Dynamical and kinematical properties

The energy density, anisotropic pressure and EoS parameter are obtained respectively
1 n 2
3k o
ρ=
3m + 2mt ,
(16)
(1 + ε)
e
8
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n
k o
p = − 3m2 + mt ,
e
n
o
k
− 3m2 + emt
n
o.
ω=
1
2 + 3k
3m
(1+ε)
e2mt

(17)

(18)

Figure 5. Energy density vs cosmic time for ε = 1, m = 1, k = −1, 0, 1.

Fig. No. 5: Energy density vs cosmic time for   1, m  1, k  1,0,1.

The variation of energy density against cosmic time is shown in Figure 5. For
k = 0, the energy density is positive and constant, i.e., ρ = 3m2 /(1 + ε).
For k = 1, it is positive decreasing function of time. It is well-intentioned to
note that for k = −1, it is initially negative and finally approaches to positive
value as shown in Figure 5. Thus, the model is viable for all the values of
k = −1, 0, 1. The pressure is negative throughout the evolution of the Universe
and converges to some constant value for k = −1, 0, 1 represents accelerating
Fig. No. 5: Energy density vs cosmic time for   1, m  1, k  1,0,1.
cosmological model as shown in Figure 6. The presence of dark energy in the

Fig. No. 6: Pressure vs cosmic time for m  1, k  1,0,1

Figure 6. Pressure vs cosmic time for m = 1, k = −1, 0, 1.

Fig. No. 6: Pressure vs cosmic time for m  1, k  1,0,1

Fig. No. 7: EoS parameter vs cosmic time for   1, m  1 , k  1,0,1
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Fig. No. 6: Pressure vs cosmic time for m  1, k  1,0,1
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Figure 7. EoS parameter vs cosmic time for ε = 1, m = 1, k = −1, 0, 1.

Fig. No. 7: EoS parameter vs cosmic time for   1, m  1 , k  1,0,1
Universe is indicated by the strong negative pressure and used to explain the
observed acceleration of the Universe [27]. The time dependent of the EoS
parameter allows it to transit from ω13
> −1 to ω < −1. In Figure 7, it is
observed that the EoS parameter for k = −1, 0, 1 evolves with negative sign, i.e.
super phantom region and approaches to a constant value close to ω = −2 which
means that the Universe is dominated by phantom dark energy at large time. The
Hubble parameter is H = ȧ/a = m whereas the scalar expansion is given by
d1
θ = 3H = 3m. The deceleration parameter is q =
− 1 = −1. The
dt H
scalar expansion is constant all over the advancement of the Universe revealing
constant exponential increase. Accelerating expansion of the Universe is due to
the fact of the value of deceleration parameter q = −1 which resembles with the
current observational data of SNe Ia and CMB.
4.2

Stability, statefinder parameters and cosmic jerk parameters

The stability of the model is obtained as Cs2 = −(1 + ε)/3. It is observed
that the stability factor is independent of time. The value of the stability factor
remains negative throughout the evolution of the Universe, i.e. Cs2 < 0. Hence
the GRH model is unstable. The statefinder pair is found to be r = 1, s = 0
which overlaps with the Λ CDM model. The cosmic jerk parameter is obtained
as j(t) = 1 which value overlaps with flat Λ CDM models.
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4.3

Phantom field, tachyonic field and Chaplygin gas field

Using the relation ωρϕ = pϕ , the potential V (ϕ) and the field function ϕ of the
phantom field are obtained as
3k o
−(ω − 1) n 2
3m + 2mt
and
V (ϕ) =
2(1 + ε)
e
s
1
Z
−(1 + ω) n 2
3k o 2
ϕ=
3m + 2mt dt .
(1 + ε)
e
At the same time, the field function ϕ and the potential V (ϕ) of tachyonic field
yield
r
1+ω
ϕ=
t + c and
γ
√ n
3k o
ω
3m2 + 2mt ,
V (ϕ) =
1+ε
e
whereas the field function ϕ and the potential V (ϕ) of the Chaplygin gas field
are found to be
1
V (ϕ) = [ρ + Aρ−α ] ,
2
i.e.,
"
#
h 1 n
1 h 1 n 2
3k oi
3k oi−α
2
V (ϕ) =
3m + 2mt
+A
3m + 2mt
and
2 (1 + ε)
e
(1 + ε)
e
)1
Z (hh
n
o−α i 2
3k oi
A
3k
1 n 2
3m + 2mt
−
3m2 + 2mt
dt .
ϕ=
(1 + ε)
e
(1 + ε)−α
e
The behavior of V (ϕ) is similar for phantom, Chaplygin gas and tachyonic field.
For k = −1, 0, 1, the model is viable.
5

Hybrid Expansion Law

In this section, we solve the field equations considering an ansatz for the average
scale factor given by a = tn emt , where n and m are non-negative constants. It
is a combination of power law and an exponential function which is admitted as
Hybrid Expansion Law (HEL). It is observed that for n = 0, we have exponential
law cosmology while m = 0 yields power law cosmology. The scale factor
vanishes at an initial epoch. Hence the model has no initial singularity. We get
time dependent deceleration parameter through this choice of scale factor which
describes the transition of the Universe.
11
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5.1

Dynamical and kinematical properties

The energy density, anisotropic pressure and EoS parameter are obtained respectively as
1 n 2 6mn 3n2
3k o
ρ=
3m +
(19)
+ 2 + 2n 2mt ,
(1 + ε)
t
t
t e
n 3n2 − 2n 6mn
k o
2
p=−
+
,
(20)
+
3m
+
t2
t
t2n e2mt
n 3n2 − 2n 6mn
k o
+
−
+ 3m2 + 2n 2mt
2
t
t
t e
ω=
.
(21)
1 n 2 6mn 3n2
3k o
3m +
+ 2 + 2n 2mt
(1 + ε)
t
t
t e
The energy density decreases from some large positive value at an initial epoch
to very small values at later times as depicted in Figure 8. The pressures for the

Fig. No. 8: Energy density vs cosmic time for   m  n  1 , k  1,0,1
Figure 8. Energy density vs cosmic time for ε = m = n = 1, k = −1, 0, 1.

Fig. No. 8: Energy density vs cosmic time for   m  n  1 , k  1,0,1

Figure 9. Pressure vs cosmic time for m =1, n = 1, k = −1, 0, 1.

Fig. No. 9: Pressure vs cosmic time for m  1, n  1, k  1,0,1
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Fig. No. 10: EoS Parameter vs cosmic time for   m  n  1 , k  1
Figure 10. EoS parameter vs cosmic time for ε = m = n = 1, k = −1.

Fig. No. 10: EoS Parameter vs cosmic time for   m  n  1 , k  1

Figure 11. EoS parameter vs cosmic time for ε = m = n = 1, k = 1.

Fig. No. 11: EoS Parameter vs cosmic time for   m  n  1 , k  1
values of (k = −1, 0, 1) assume negative values throughout the evolution of the
cosmic
From
Figure
9, it is observed
that time
for respective
values
Fig. time.
No. 11:
EoS
Parameter
vs cosmic
for   m
, kthey
 n of1k,
 1increase from a large negative pressure to small value at a later epoch. Figures 10,
11 and 12 depict the variation of the EoS parameter with respect to cosmic time
for an appropriate choice of constants. Here it is observed that throughout the
age of the Universe, the EoS parameter for k = −1, 0, 1 is always negative
13
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Figure 12. EoS parameter vs cosmic time for ε = m = n = 1, k = 0.

Fig. No. 12: EoS Parameter vs cosmic time for   m  n  1 , k  0
and less than -1 at present and in future. Thus, the EoS parameter behaves like
The energy
densityscalar
decreases
large
positive value at anUniverse
initial epoch
to very small
phantom
field offrom
darksome
energy,
i.e. phantom-dominated
[28]. The
Hubble parameter is H = ȧ/a = m + n/t whereas the scalar expansion yields
values at θlater
times
as depicted
in figure 8.The
pressures
the values
of 1.(k  1, 0,1) assume
= 3(m
+ n/t).
The deceleration
parameter
is q =for
n/(mt
+ n)2 −
The mean Hubble parameter and scalar expansion are the decreasing functions
negative values
the evolution
time.
From
figure
9, it is observed
of timethroughout
as represented
in Figure of
13.the
Atcosmic
an initial
epoch,
thethe
scalar
expansion
and mean Hubble parameter are infinite and with the passage of time both dethat for respective
of kvalue
, theythroughout
increase from
a large negative
pressureexpanding
to small value at a
clines to avalues
constant
the evolution
which exhibits

later epoch. Figures 10, 11 and 12 depict the variation of the EoS parameter with respect to
cosmic time for an appropriate choice of constants. Here it is observed that throughout the age of
the Universe, the EoS parameter for k  1,0,1 is always negative and less than −1at present and
in future. Thus, the EoS parameter behaves like phantom scalar field of dark energy i.e.
phantom-dominated universe [28]. The Hubble parameter is H 




expansion yields   3 m 

a
n
 m  whereas the scalar
a
t

n
n
1.
 . The deceleration parameter is q 
t
mt  n2

Figure 13. Hubble parameter and expansion scalar vs cosmic time for m = 1, n = 1.

Fig. No. 13: Hubble Parameter and expansion scalar vs cosmic time for m  1, n  1
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Figure 14. Deceleration parameter vs cosmic time for m = 1, n = 1.

Fig. No. 14: Deceleration Parameter vs cosmic time for m  1, n  1
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m
gations. From Figure 14, it is observed that for the interval [1.3, 2], we obtained
20
the present value of the deceleration parameter
for the accelerating Universe is
q = −0.81 ± 0.14 [31]. A combination of BAO, CMB and type Ia Supernovae
data constraint the value of q at the present epoch is q = −0.53±0.17
0.13 [32].
5.2

Stability, statefinder parameters and cosmic jerk parameters

The stability of the model is obtained as
n 6n2 − 4n

o
6mn
k


−
n 2n 2mt
t3
t2
2 m+
t e
2
t
Cs =
o.
1 n −6mn 6n2
3k


−
+
(1 + ε)
t2
t3
2 m + n t2n e2mt
+

(22)

t
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The statefinder pair is found to be
r =1+

(2 − 3mt − 3n)n
,
(mt + n)3

s=

2n(3mt + 3n − 2)
.
3(mt + n)[5(mt + n)2 − 2n]

Figure 15 represents that the stability factor is negative throughout the evolution
of the Universe. Thus, the GRH models are unstable [33]. The dynamics of the

Fig. No. 15: Stability factor vs cosmic time for   m  n  1 .

Figure 15. Stability factor vs cosmic time for ε = m = n = 1.

Fig. No. 15: Stability factor vs cosmic time for   m  n  1 .

Figure 16. r vs cosmic time for m = 1, n = 1.

Fig. No. 16: r vs cosmic time for m  1, n  1.
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Fig. No. 16: r vs cosmic time for m  1, n  1.
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Fig. No. 17: s vs cosmic time for m  1, n  1
Figure 17. s vs cosmic time for m = 1, n = 1.

Fig. No. 17: s vs cosmic time for m  1, n  1

Figure 18. s vs r.

Fig. No. 18: s vs r.
statefinder pair depends upon time. At an initial epoch, the statefinder pair for
n
2 − 3n
6n − 4 o
the present model is found to be 1 +
,
. From Figures 16
2
n
3n(5n − 2)

Fig. No. 18: s vs r.
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Figure 19. Jerk parameter vs cosmic time for m = 1, n = 1.

Fig. No. 19: jerk parameter vs cosmic time for m  1, n  1.

and 17, it is observed that the values of the state finder pair converge towards the
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Ref. [35], Das and Sultana showed that the cosmic jerk parameter is positive throughout the
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The field
rfunction ϕ and the potential V (ϕ) of the tachyonic field are obtained
1−ω
as ϕ =
t + c and
γ
√ n
6mn 3n2
3k o
ω
3m2 +
V (ϕ) =
+ 2 + 2n 2mt .
1+ε
t
t
t e
The field function ϕ and the potential V (ϕ) of the Chaplygin gas field are given
by the following equations respectively V (ϕ) = 21 [ρ + Aρ−α ], i.e.
"
3k oi
1 h 1 n 2 6mn 3n2
3m +
V (ϕ) =
+ 2 + 2n 2mt
2 (1 + ε)
t
t
t e
#
h 1 n
6mn 3n2
3k oi−α
2
+A
3m +
,
+ 2 + 2n 2mt
(1 + ε)
t
t
t e
Z ("h
1 n 2 6mn 3n2
3k oi
ϕ=
+ 2 + 2n 2mt
3m +
(1 + ε)
t
t
t e
#) 21
n
o−α
2
6mn
3n
3k
A
3m2 +
+ 2 + 2n 2mt
−
dt
(1 + ε)−α
t
t
t e
The behavior of phantom, tachyon and Chaplygin gas field is alike. Inflation
is observed when the scalar field closed to zero. The models are viable for
k = −1, 0, 1.
6

Discussion and Concluding Remarks

In this paper, we have studied FRW space-time within the presence of general
relativistic hydrodynamics in the framework of general theory of gravitation.
The general relativistic hydrodynamics, magneto hydrodynamics equations and
Einstein’s gravitational field equations are an intricate set of coupled, timedependent partial differential equations governing the dynamics of relativistic
astrophysical systems. The GRH equations constitute nonlinear hyperbolic systems. Exact solutions of field equations are obtained for power law expansion,
volumetric exponential expansion and hybrid expansion law. The phantom field,
tachyon field and Chaplygin gas field are also obtained.
6.1

Power law model

The energy densities are positive and decreasing function of cosmic time for
k = 0 and k = 1 whereas it is negative for k = −1. Pressure undertakes negative
values all over the advancement of the cosmic time for k = 0 and k = −1. The
EoS parameter crosses phantom region (ω < −1) for k = 0. It is interesting to
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note that for k = 1, the value of the EoS parameter lies in the range −0.33 ≤
ω ≤ −1. The behavior of the EoS parameter starts from the quintessence region
(ω < −0.33), crosses the matter radiation (ω > 0), cosmological constant
region (ω = −1) and finally approaches to phantom dominated Universe (ω ≤
−1) at late times for k = −1. The deceleration parameter q < −1 shows the
super exponential expansion of the Universe leading to the occurrence of a Big
Rip at a finite time in the future. For k = 0, the value of the stability factor
remain positive throughout the evolution of the Universe, i.e. Cs2 > 0. Hence
the GRH model for k = 0 and k = 1 is stable. For k = −1, the stability factor
starts with the negative value but with the passage of time, it converges towards
the positive value and finally approaches to negative value which exhibits the
instability of the Universe. Hence the GRH model for k = −1 is unstable.
It is observed that the pair {r, s} reduces to (1, 0). For n = 0.5, the value
of the jerk parameter ≈ 3, which resembles with the kinematical analysis of
the observational data. Variation of potential with time is same for phantom,
tachyon, and Chaplygin field.
6.2

Exponential expansion model

The Universe is expanding with constant rate as the Hubble parameter is constant. For k = 0, the energy density is positive and constant i.e. ρ =
3m2 /(1 + ε). For k = 1, it is positive decreasing function of time. It is wellintentioned to note that for k = −1, it is initially negative and finally approaches
to positive value. It is observed that the EoS parameter for k = −1, 0, 1 evolves
with negative sign, i.e. super phantom region and approaches to a constant value
close to ω = −2 which means that the Universe is dominated by phantom dark
energy at large time. Accelerating expansion of the Universe is due to the fact
of the value of deceleration parameter q = −1 which resembles with the current
observational data of SNe Ia and CMB. The value of the stability factor remain
negative throughout the evolution of the Universe, i.e. Cs2 < 0. Hence the GRH
model is unstable. The statefinder pair is found to be r = 1, s = 0. It is observed that state finder pair is found to be {1, 0} which overlaps with the Λ CDM
model. The Cosmic jerk parameter is obtained as j(t) = 1. The behavior of V (
is similar for phantom, Chaplygin gas and tachyon field. For k = −1, 0, 1, the
model is viable.
6.3

Hybrid expansion law

The energy density decreases from some large positive value in the initial
epoch to very small values in later times. The pressures for the values of
(k = −1, 1) assume negative values throughout the evolution of the cosmic
time. It is observed that throughout the age of the Universe the EoS parameter
for k = −1, 0, 1 is always negative and less than −1 at present and in future.
Thus, the EoS parameter behaves like phantom scalar field of dark energy, i.e.
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phantom-dominated Universe. The stability factor is negative throughout the
evolution of the Universe. Thus, the GRH models are unstable. It is observed
that the values of the state finder pair converge towards the values {1, 0}, which
behaves like Λ CDM model. The behavior of phantom, tachyon and Chaplygin gas field is alike. Inflation is observed when the scalar field closed to zero.
The models are viable for k = −1, 0, 1. Exact solutions presented in this paper
may be useful for better understanding the characteristics in the evolution of the
Universe within the framework of general theory of relativity.
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