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Abstract. The alpha-particle centre of mass moment.um distribut.ion in 
nuclei is determined on t.he basis of four-body density mat.rix obtained 

within the cohc·rent density fluctuation model. The calculations are car­

ried out. for 9 lle. 12 C, 16 0. 20 Ne, 24 Mg, 28 Si, 32S and 4°Ca nuclei . The 

result.s are com pared with those ded need from analyses of experiment.al 

data on alpha-particle knockout reactions induced by electrons, protons 

and alpha-practiclc;; wl1ich provide information on alpha-particle momen­

tum dist.rihution . 

Pe3JOMe. vhmyJlbCllble pacnpe.neJJemrn ue11Tpa Mace aJJb~Ja-4aCTJ.IU B 

.11.npax onpe.neJiellbl Ha OCHOBe 4eTblpex-4aCTl14110H MaTp11ULI llJJOTllOC­

TH, llOJl)'4ell110H B Mo.neJJl1 J\OrepellTllLIX QJJIYKTyau11i1 .11.nep11oii IlJIOT-

11ocn1. Di.1'1HcJJc1111.11 npone.ne11u J1JJ.R .11.ncp 9De, 12 C, 16 0, 20 Ne, 24 Mg, 
28 Si, 32 S 11 4°Ca. PeJyJJbTaTLI cpan1111na10Tc11 c noJJy4e1111blMH 113 ana­
JJl13a aKc11cp11Mc11TaJ11>111..ix .na1111ux no n1..1611na111110 aJJbqJa-'1acT11u aJJeK­

Tpo11aM11. npoT011a~111 11 an1>1j1a-•rncr11uaM11, .naiolll11X 11m)1opMaUH10 06 
11MJTYJlbCllO~I pacupc.neJJeUHH a11b1j1a-YaCTHU D n.npax. 
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1. Introduction 

Many aspects of nuclear structure and reactions suggest that nucleons can combine 
to form transient sub-st.ructures or clusters, and among these the alpha-practicle is 
the most likely for reasons of energy and symmetry [1). It. is important to determine 
the degree of alpha-clustering not only to facilitate an economical description of 
nuclear structure and reactions, but also to learn more about the nucleon-nucleon 
correlations in the nuclear interior. 

The character of alpha-clustering depends on the nuclear size. Light nuclei can 
be considered to consist of linke<l clusters of alpha-particles, deuterons and nucle­
ons. In heavier nuclei alplia-clusters are energetically favourable at densities around 
one-third of that in the nudear interior [2). ~[any nuclei decay spontaneously by 
emitting alpha-dusters and heavy fragments. Fusion reactions are affected by clus­
tering in the intermediate stat.es and breakup reactions provide evidence of cluster 
structure in the projectile. At higher energies some nuclear reactions preferentially 
proceed by cluster tr·ansfer or by knockout an<l pickup processes. At very high 
energies nuclei can be fragmented into a wide range of clusters of nucleons. 

Here we consider nuclear reactions that in\·olve the transfer of more than one 
nucleon. For nuclei with a particular cluster structure, it is expected t.hat reaction 
channels involving the removal or replacement. of that. cluster will have an enhanced 
probability. In early st.u<lies of alpha knockout the (p,]Jn) [3,4) and (o,2o) [5-9) 
reactions were used. The interpretation of their cross-sections is, however, com­
plicated due to the nuclear and Coulomb distortions in the incident and outgoing 
channels. On the other hantl, the use of ell'ct.ron beams has the advantage that 
the nuclear distortion is absent while the Coulomb distortion is reduced. Due t.o 
t.hese reasons an increased use of react.ions such as (e, e'd), (e, e'n) [10-14) and (e, a) 
[15-16)has been made, though t.h.e cross-sect.ions are nJuch smaller in comparison 
with those of knockout reactions. 

The theoretical analyses of (p, pr.I") and (a,2o) (3,6,17-19) cross-sect.ions have 
used ~he plane wave impulse approximation (P\VIA) (:3,6- 8] or the distorted wave 
impulse approximation (D\\'lA) [4 ,i,9.19). In the PWJA the reaction cross-section 
depends on the moment.um distribution of alpha-clust«>r in the target. nucleus. The 
more complicated D\\'IA analysis gives cross-sections expressed in terms of the 
"distorted momentum dist.rihut.ion" of the dust.er (9). 

The inclusive backward production of prot.ons and clusters in medium energy 
prot.on and o--scatt.ering on nuclei can be considered in the framework of the ""quasi­
two-body scaling" hypothesis (20,21) in which the internal momentum distribution 
of target practicle is introduced. 

The DWBA calculations of low energy (p, o) reactions show t.hat the analyzing 
power in the continuum can be reproduced by an n-part.icle knockout mechanism 
[22). The angular distribution oft.he (n , o') reaction [23) can also be described 
by taking into account. the interact.ion of the incoming alpha-part.ides with pre­
formed alpha-particles i11 the target nucleus. Thus, the alpha-particle momentum 
distribution is important for the understanding of these reactions. 

Analyses of the ( e, e' a) and ( e, a·) cross-sectio11s are considerably simpler because 
the electromagnetic interaction does not. strongly dist.ort. t.he structure of the target 
nucleus, the electron waves are not appreciably distorted and there are no three-
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body final state interactions. In the case of llom approximation, where one photon 
is exchanged bet.ween t.hf' electron and the target nucleus, it has beer~ shown (24, 13] 
that the cross-section for t.he (A( e, e' b )B) reaction can be expressed m terms oft.he 
momentum distribution of the cluster b in the target nucleus and the cross-section 
of the elastic electron scat.t.ering on this cluster. 

This work shows the importance of the alpha-particle momentum distribution 
in many contexts. It is an essential component of calculations of the cross-sections 
of alpha knock-out reactions and also provides a sensitive probe of short-range and 
tensor nucleon-nucleon correlations in nuclei (2G]. Such correlations are responsible 
for the high-momentum components of nucleon and cluster momentum distributions 
which are obtained in theories going beyond t.he Uart.ree-Fock approximation (25-
30]. It should be noted, however, t.hat most. oft.he methods used for the calcu!ation 
of these distributions are restrict.eel to light nuclei, with the notable except.wn of 
coherent densit.v fluctuation model (CDFl\l) (25,31]. 

The basic re-lat.ions in t.he CDFl\I are obtained in the framework of the generator 
coordinate method (GCl\r) (32] by a generalization of its delt.a-funct.ion limit in the 
case of many-fem1ion syst.ems. The high-moment.um components in the nucleon 
momentum distributions obtained in t.he CDFl\I a.re <luc to the special choice of 
the intermediate generat.ing st.at.es which allows t.hc inclusion of a certain type of 
(N - N) correlations. 

Recently the CDFM (33], as well as t.he GCl\1 approach (34] have been extended 
to calculate the p - n pair cent.re of mass and relative mot.ion momentum distribu­
tions. It was shown that. as in the case of single-nucleon momentum distributions, 
the two-nucleon momentum distributions calculate<l within the CDF!\I and GCl\l 
have high-momentum components. This should be important for the description of 
different nuclear react.ions for which the existence of deuteron-like clusters in nuclei 
is of substantial interest .. 

In the present. wmk we calculate the alpha-particle cent.re of mass momentum 
distribution in t.he franwwork of the ext.ended version of t.he CDF!\I. The basic 
relations are presented in S<'d.ion 2 while the results of the calculations of the a-

. . . . . con Pc 11)0 '>ON '>41\I '.!85· 3'.!s . 1 40C particle momentum d1st.nbut1ons 111 • e, - ., , - e, - g, 1, • anc a 
nuclei a.re given and discnsSt'd in Sect.ion 3. 

2. Theoretical Method 

We introduce the four-nucleon momentul)1 distribution using the definition of the 
fom-body density mat.rix [35] 

(1) 
x L J d1•5 .. . dl',tWt(f.1.6.6.f.4,f.5, .... (-t)lli(f.; .(~.(~.(~.(~ .... ,(,t). 

'l~···'IA 

In Eq.(1) IJl({f.;}), (i = 1, 2, . .. A) is t.he tot.al wave funct.ion of a system of A 
nucleons. Each co-ordinate f.; is a combination of space (1·;), spin (u;) and isospin 
( r;) co-ordinates: (; = ( ri; u;, T;) ::= ( 1'i; 1]i) with 1Ji = ( u;, r;). 
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In the coherent density fluctuation model (CDFJ\1) the many-body wave func­

tion hast.he GCJ\f-form (25.31,:32] 

CV 

lli({1.6 •... cd = j<frf(J' )<f>(x;{1.6 •... {A). 

0 

(2) 

The funct.ion <l>(x; {{i}) corresponds to a stale of a system of A nucleons uniformly 
distributed in a sphere of radius x (the so callNI "fluctio11" ). In the model <I> is 
a Slater determinant. built. up from plane waves in a volume \/ (.r) = ~;rx3 . The 
weight fun ct.ion f ( x) can be determined from the nuclear density distribution p( 1· ). 

In case of monotonically-derreasi11g density ( dp/ dr < 0) (:HJ 

l/(J·)12 = __ l_dp(1·) I 
Po( .l') di· r=i· 

(3) 

with 

po(x) = 3.4/4u3
. (4) 

Substituting Eq . (2) into Eq. ( 1) we obtain for the four-body density 111atl'ix 

ro oo 

(4) I I I I .4(.-1-1)(_-l-2)(.4-J)J I• ')fl f( 
P (6.6.6.{4;{1,{2.{3,{4)= 

4
! dxf (x ~x x) 

0 0 (5) 

x L j<fr:; ... drA'Pt(J..';6,6.6,f1,{5, ... , (.i)<l>(J·;{~,{~.{;,{~,{~, ···,{A)· 

T/>-··'IA 

The main approximat.ion in the CDFJ\l is related t.o the delta-function limit. of 

the overlap kernel in t.he GCJ\I (:32] 

(<f>(.t';{{;})l<f>(.l';{{;})) = ~(.r-.r'), (6) 

which applies to the case of a larger numbt>r of fermions. 
In this work we make a generalization of t.he dPlta-function limit in CDFl\1 

concerning t.he four-body drnsit.y matrix of I he many-nucleon syst.em by assuming 
that the following rclat ion for the fu11ctio11 <f> holds 

where p1 4l(x;{1,6,{:J.f1: {~,{~.{~.{~)is tlw four-body density matrix in the plane 
wave case for a system with density p0 (J') (11) dc~crihcd hy t.he fu11ction <f>(x; {{i}). 

I3y means of subsequent 111tegratio11s owr ,., , summing; over 17, at {, = {i of 
Eq. (7) (i = 4, 3.1. l) and using the propertiPs of thl' clPnsit.y mat.rice. (35] 

11•-ll(c c c1 c' ) P <,1. · · · · '>r-1;.,1 , · · · ''l'-1 

=A+~ -pLf P11''({1 •... ,€,,-1,{~,;{~ •...• {;,_1,{r!li-r 

''• 

(8) 
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N 00 
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one can obtain Eq. (6). This procedure clarifies the relation of assumption (7) to 
the clelta-funct.ion limit of GCi\I (6). 

Using Eqs (5) and ( 7) one gets the following expression for the four-body density 
matrix in the CDFl\I: 

00 

p< 4>((1,6, (3, (4; (~, (~. (~. (~) = j d.rlf(.rWrF1>(.r; (1. 6, (3, (4; (~, (~. (~. (~). (9) 
u 

The four-body momentum distribution 11t 41 ((1 ,(2,(3,(4) is expressed by the 
diagonal elements of fom-hody density matrix in momentum space 

( 10) 

where (i = (k;; u;, ri) = ( k;; 11; ), ki being t.he moment um of the i-th nucleon. 
Using Eqs (9) and ( 10) we get the following form of the CDFl\I four-nucleon 

moment.um distribution of the nucleus: 

00 

<4l(. . . • ) JI If( ll'' <41(. . • . ) 11 <.1.(,2,(,3,(,4 = (.I' .L' -11,. <.1.(,2,(,3,(1 (11) 

0 

where 

(12) 

is t.he four-nucleon monwnt.11111 dist.ribut.ion oft.he "flu ct.on". 
In t.he case of a single Slat.er det.erminant. wave function (e.g. t.he fluct.on stat.e 

wave function <l>(.z:; {(;}))the many-body densit.y mat.rices are expressed by means 
of a determinant. built up by ouc-body density mat.rices (36]. In our case 

(4)( • • • ( •/ •I •I •I) p .r;<,1,(.2,(,3, 4;(,1,(,2.(,3,(,4 

where 

rP>(.t:(1;(;) p( 1 J(.r;(1;(~) rP 1(x;(1;(j) p< 1l(.z:;(1;(4) 
p<1l(.1';(2:(;J p<11(.i:;(2:(!,) rP'(x:('.!;((J) p(ll(.i:;('.!;(,1) (13) 

- 4! rPl(J·;(i:C;) rPl(x;(3;(!,) p< 1 l(J';(3;(~) p' 11 (.i:;(3;(4) 
p< I l(.i;; (.1; (;) p< l l(.1:; (4; (!.) p< I l(.t; (.1; (j) p< I )(.r; (4; (4) 

(I)(··· .. ·.)-('' )3c · (k J..·)G(J.: . lk;-kjl) p .i:,<,.,<,; - ~7r <'11,.11/:' ;- j p(.i:)- 2 (14) 

is one-hody densit.y matrix in t.lw case of a single Slat.er determinant wave function 
<I> built up with plane-wave functions. In Eq. ( 14) 

(
3., )1/3 

l..:p(.z;) = ~- Po(.z·) 
0 

with o ::: (9-;r.4/8) 113 ( 15) 
.t 

is the Fermi momentum. ft. follows from Eq. ( 14) that. the single-nucleon momentum 
distribution of a f111cto11 with a radius .r has the form: 

(16) 
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In this work we are interest.e<l in the case when two protons and two neutrons 
with antiparallel spin form an alpha-dust.er. In this case the diagonal elements of 

the matrix (13) are: 

(a)( • • • • • • ( • ) P x;~1.~2.~3.~4;~1.~2. 3,~4 
1 ( 17) 

= 
4

! / 1>( x; (1; (1)p< 1 )(x; (:i; (2 )p< 1 l(x; (3; (3)p(ll( x; (4; (.1 ). 

According t.o Eq. ( 10) and using Eqs ( 11 ), (12), ( 17) we find the four-nucleon 
momentum distributions for alpha-clusters in the CDFl\f 

00 

= j dJ•l/(;1: Jl'.!i' 4 (x )0(kp(x )-lk11)0(kF(x)-lk:d) 
0 

Jn the derivation of Eq. ( 18) we use t.he followiug relationship: 

(18) 

(19) 

(20) 

The quantity ( 4-) 4 
is t.he tot.al number of a-part.ides in t.he case when any four 

nucleons wit.Ii different. values of the quant.u 111 m11ulwrs { CTT} form an a-cluster in 
nuclei wit.It even number of protons and neutrons an<l Z = N = A/2 [17). 

\Ve introduce Jacobi moment.a P, ]J1, P'.!· p3 following [:37): 

p = ~· 1 + k:! + k3 + /.:4; 

JJ1 + ~P2 + ~p3 = k1 - k4; 

-pi+ ~/12 + i}p3 = k2 - k.1; 

-p'.! + ~])3 = k3 - lq 

(21) 

and determine the cent.re of mass alpha-particle mo111ent.um dist.ribut.ion 11~~~ . (P) 

(22) 

wit.h the normalization condition 
N 

J11<al (P)P'.!<fp = 1 
C . 111. 

(23) 

0 
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where the following not.ation is . 

Accounting for the explicit fc 

ta) p _ 4 1 
( )

4 

nc.m .( ) - A • (2rr)l'.! J 
with a = a/max{S1,S2,S3 ,S4 

quantities 

Si: 

S2= I 

S3 =I 
S4::: 

and a is given by Eq. ( 15). 
In the case of the symmetriz 

PsF(1·) =po L+e<:-Rl/b + 

the weight. function If ( x Jl2 ( 3) I 

,, x3 
lf(x)I- = -~--..l 

bR3 [1+(rrb/R 

3. Results of Calculations a 

The centre of mass alpha-partic 
culat.ed for 9Ile , 12C, '.!ONe, 160 

for 11~~1~ . ( P) and Eq. (28) for th 
diment.ional integral in Eq. (25) 
at.ed by Monte-Carlo melhoJ. T 
(surface diffuseness) of the syrnn 

obtained from elastic electron sr 

Table 1. Values of the parameters 

calculations of n~ "~ ( P) 

Nucleus 9 0e 12c 

R, fm 1.80 '.? .'.?14 ") 

b, fm 0.46 0.488 ~:~ 



11111111 Dist.ribut.ions ... 

1 t.wo protons and two neutrons 
is case the diagonal elements of 

( 17) 

, ( 17) we find the four-nucleon 
.DF~I 
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l·,)rl = V(x). 
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(19) 
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where the following not.at.ion is introduced: 

(24) 

Accounting for the explicit form of n< 0 J( P, p1, p2 , p3), Eq. (22) can be written as 

with a = a/max{S1,S2,S3,S4} where ma.x{.S'i,S2,S3,S4} is the'largest of the 
quantities 

Si= ltP +Pl+ ~P:J +!val, 
S2 = ltP - Pl+ ~P2 +!val, 
Sa:: ltP - P2 +!Pal, 
S4:: ltP - Pal 

and a is given by Eq. (15). 

(26) 

In the case oft.he symmetrized Fermi density distribution [38] 

{ 
l 1 

PsF(1·)=po l+e<r-Rl/b + l+e-(r+RJ/b 
3A ( ) Po= 27 

41fRa [1+(7rb/ llf] 

the weight. fun ct.ion If( x) 12 ( 3) has the form: 

(28) 

3. Results of Calculations and Discussions 

The centre of mass alpha-particle momentum distribution n~~~.(P) has been cal­
culated for 9Ile, 12C, 20 Ne, 160, 24 Mg, 28Si, a'.?5 and 4°Ca nuclei using Eq. (25) 

for 11~~1~ . (P) and Eq.(28) for the weight function l/(.r)j2. To do this the twelve­
dimentional integral in Eq. (25) was reduced to a nine-diment.ional one and evalu­
ated by "t\Ionte-Carlo method. The values oft.he parameters R (half-radius) and b 
(surface diffuseness) of the sy111met.rized Fermi density distribution (27) have been 
obi ained from elastic elect.ron scattering dat.a and are given in Table 1. 

Table 1. Values of the parameters R (half-radius) and b (surface diffuseness) used in the 

calculat.ious of 11~~.,>, . ( P) 

Nucleus 9 Ile 12c 160 20Ne 2•11g 2ssi 32s to ca 

R, fm 1.80 '.?.214 2.562 '.?.61 2.934 3.085 3.255 3.556 

b, fm 0.46 0.488 0.497 0.55 0.569 0.563 0.601 0.578 
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The da.t.a for 12C, 160, 24 t\lg, 28Si, 32S and 4°Ca are taken from [38]. For 
the parameters of 9 Be t.he values for Fermi densit.y distribution from [39] were 
adopted. Due to the scarce ·experimental in format.ion for 20 Ne the parameters were 
interpolated bet.ween the neighbour alpha-cluster nuclei. 

n~~J. . (k), fm3 
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Fig. 1. The alpha-part.icle momen­
tum distribution for 9Be, 12 C, H•o 
and 20 Ne. The error bars i11dicat.e 
the uncertainties in t.!te l\lont.e-Carlo 
calculations. The 11or111alizat.ion 11;: 
00 

I 11~0.l. (P)P2 i/P = 1. 
0 
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Fig. 2. The alpha-particle momen­
tum distribution for 24 Mg, 28 Si and 
40 Ca. The error bars indicate the 
u11ccrtai11t.ies in the Moutc-Carlo cal­
culatio1is. The normalization 1s: 
·'XI 

I 11 ~~~ . (P)P~dP = 1. 
0 

The results of the calculations of 11~~1~ (P) in tlw CDF~I are shown in Figs 1, 2. 
The bars.indicate t.he estimated accuracy of the comput.at.ional method . The alpha­
particle momentum distributions for 9 Be, 2 4 ~1g and 4°Ca are compared in Fig. 3 
and it is seen t.hat their behaviour is very similar . In general, when t.he mass number 

A increases 71~(:1~ . (P) d<:>creases at. large moment.a ( p >5 rm- 1 
). 

Concerning t.he possibilities of comparing I he t.heoret.ical calculations of this 
work on the alpha-particle cent.re of mass moment um distribution wit.h some exper­
iment.al results it. should be not.eel that the available experi111ent.al <lat.a for 11 ~~1~.(P) 
are very scarce, mainly qu a litative and for low momenta (0< P <l fm- 1 

) . Though 
nucleon-nucleon correlation efTects are rcnected mainly in t.he behaviour of the 
moment.um distribution at higher momenta (P >2 r111- 1) it. is also interesting to 
compare our results with the existing data at. low momenta. 

The P\VIA analysis of the 12C(p.pa) react.ion at. Ei, = 1501\teV [3] leads to 
values of nta 1(P = 0) = 1.9 to !) .3frn3 and 11 t<d(P = l rm- 1

) = 0.56 to l.60frn
3 

depending on the errors in t.he determination of the effective number Neff(a) of 
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40Ca are taken from [38]. For 
ity <list.ribution from [39] were 
on for 20 Ne the parameters were 
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Fig. 3. The alpha-particle momentum distributions for 9 Be (solid line), 24 Mg (dashed 
line) and 4°Ca (dash-dot.led li11e) 

alpha-clusters in 12C (in [3] this number is est.imat.ed to be N,.tr(a) = 0.3o~g:i~). 
Our result.s for the alpha moment.um dist.ribut.ion are n~°./i. ( P = 0) = 0.9 fm3 and 

11~°..~ . (P = 1 fm- 1 = 0.45fm3
, which are of similar magnitude. 

The values of alpha momentum dist.ribut.ions at. zero momenta extracted from 
PWIA analysis of (a , 2o·) (Ea = 700 ~IeV) react.ions (8] for l'.?C and 160 are 

11~~6(P = 0) = 1.36fm3 and 11~~b(P = 0) = 1.21 fm3 . Our result for both nuclei is 

11~°..:. ( P = 0) :::::: 0.9 fm3 . Thus the theoretical calculations are not in contradiction 

wit.h the experiment.al dat.a considered. The theoretical results for n~~/i . (P = 0) 
are almost constant for .4=12 to 28 and decrease monotonically for larger A in 
agreement with the result in [8]. 

In the region p :::::: 4 t.o 7 fm- 1 Olli' alpha-particle momentum distribution 

ll~an: . (P) can be well reproduced by the funct.ion exp(-P/Po) with Po indepen­
dent. of A within 10%. This agrees with the result from (p, a) inclusive reac­
tions at intermediate energies (Ep = 210, 300 and 480~1eV) [21] and proton 
(E1, = 90 MeV) and alpha (Ea = 140 ~IeV) induced inclusive reactions [20]. In 
the case of 9Be Po:::::: 1:30 !\IcV /c compared wit.h Po:::::: 75 ~IeV /c from (21]. For 12C 
Po is 122 MeV /c. 

Some additional informal.ion for the low momenta 11~~~.(P) behaviour (P < 
0.!) fm- 1

) can also be obtained from 160 and 28Si(o, :la) reactions at Ea = 650 and 
850 Me V [7] and 12C( n, 2n) [ 17) , a.c; well as from (p, pn) react.ions on light nuclei 
[18]. 

The alpha centre of mass moment.um dist.ribut.ions obtained in the framework 
oft.he CDF~I may be used in calculations of the cross-sections of alpha knockout 
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react.ions. It is expected that a comparison wit.Ii the appropriate data would provide 
a sensitive test of their validity. Examples of suitable processes are the reactions 
with electrons (e, e'a) on light. nuclei [10.12], as well as high energy (p , a) inclusive 
reactions [21] and (a , 2o) reactions [7,8]. These calculations are in progress. 
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