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AbstrKct. Solutions of the 011e-di111ensio11al sine-Gordon equation which 
consists of a function of the product. of two real Jacobi elliptic functions 
are discussed . 111 t.his case the st.udiccl eq111tt.ion is reduced to a system, 
which consi><t.S of three algebraic eq11<tt.io11s. Due to this system seven 
solutions were found . The solutions were st.11died and classified into four 
classes - A, 11, C. D. Class D has not been studied yet. 

Pc3roMc. 06cyit\JlalOTCn pe111enH11 O.AllOMepuoro ypau11e1rnn sine-Gordon, 

COCTOJlllU1e H3 CJ10it\llOH 1pyllK1lHH 11pOH3De,AellHll .n.nyx aJIJIKllTK'lCCKHX 
cj1y11KUHJ1X fh:o6H . llnn aToro CJl)''laJI 113y4ae~10e ypan11e1rne cue.n.eno K 
CHCTeMe K3 Tpcx anre6pH4eCKHX ypaUllCllHH. Bnaro,llapn aTolt CKCTCU(' 

11alt.n.e11L1 ccM1> pemeuHH ypau11e111rn sine-Gordon. 01rn no.n.pa3.n.e11e11L1 B 

4eThlpex KJ1accax . K;mcc D cocTOHT H3 uonhlx peme11Hi1 n DK.Ile cToll­

ll(HX UOJlll . 

1. One-dimensional siue-Gordou Equation and the Lamb Substitution 

The one-dimensional sine-Gordon equation 

(f!¢ fP.¢ . 
,
1 

., - '"£)-;;- = Sill ¢( X, t) 
uJ:- ol-

(1) 

has many applications in physics [3]. lt.s importance is also due to the fact., that 
this equation possesses soliton solutions [l]. Au approach for finding particular 
solutions of the sine-Gordon c>quat.ion is hased 011 the Lamb substitution [5]. 

(2) 

Due to t.hc substitution (2) two kinds of solutions were found. The first kind 
includes solutions which consist only of elementary functions [6]. The second kind 
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consists of solutions which ari 
fund.ions. Three solutions bel 
plasm.a oscillai io11s: 

q>1 = 4 

k2 _ A2[a2(A2 +1)+1] 
t - a2(A2 + 1 )2 ; 

breather oscil/atio11s: 

</>2 = 4 

k2 = 1 - 1 - a2(A2 + 1) 
1 ?( l '' a·- : - + l) 

fluxou oscillations: 

<f>3 = 4t 

k'2 = 1 - a2(..t2 - 1)/..12 -
1 

a 2(A 2 - 1) 

The funct.ions sn, en, dn are J 
sponding elliptic integral mod 

2. An Approach for Solvi1 

The supposit.ion is: 

f and g are real Jacobi elliptic 
result. of (6) the form of (2) i. 

lfJ(x, t) = 4 tan-

If (7) is substituted into (l) t.h 

The Jacobi elliptic funct.ions ol 

(f 

(!/ 

where the prime denotes differ 
depend on the module k1 and 
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consists or solutions which are functions of I.he product. or two real Jacobi elliptic 
fonctions. Three solutions belonging to this kind are known [4]: 
plasm.a oscillatious: 

q> 1 = 4 t.an- 1[Acn(u;r; ~:i)cn(/JI; k:!)] (3) 

., A2 [a·2(A 2 + 1) +I) ., A2 [,1f!(A 2 + 1) - l] 
ki = a'.!(A'.l + 1)'.! ; k2 = tP(.-12 + !)'.! ; 

., ., 1-A2 

µ- - a·· = 1 + A2 ; 

breather oscillalious: 

¢2 = 4'tan- 1[Adn(o.r: ~·J)sn(/JI; ~·:d] (4) 

., 1 - a 2(,.f! + l)/A 2 rl. 2 [1 - /f!(.4 2 + 1) 
ki=l- a·'.!(.-F+l) ; k5= /J'.!(.·f!+l) ; a·'.!=.42/12: 

fluxori oscillations: 

(5) 

The fond.ions sn, en, dn are Jacobi elliptic functions [2], k1 and k2 are their corre-
1 sponding elliptic integral modules and A, n and /] are parameters. 

2. An Approach for Solving the siue-Gordou Equation 

The supposit.ion is: 

f = Af[a-(x - xo); k1] 

Ji= g[fJ(t - to) : k:J 
(6) 

J and g are real Jacobi elliptic fonct.ions; xo and lo are arhit.rary constant.s. As a 
result of (6) the form of (2) i. as follows: 

¢(.r, ~) = 4 t.an- 1 {Af[a·(.:1: - xo); ki] g[/i(f - to); k'.!] }. 

Ir (7) is substituted into ( l) t.he result. is: 

The Jacobi elliptic fonct.ions obey to the following equations: 

(/')
2 = aif4 

+ b1f'.! +CJ 

(y') 2 = a2g
4 + b2r12 + c2 

(7) 

(8) 

(9) 

(10) 

where the prime denotes <lifferent.iat.ion by t.he correspon<ling variable, a 1 , b1 , c1 
depend on the module ki and a2, b2, c2 depend on t.lte module k2. 
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If (9) and (10) are substituted into (8) then the result is: 

A3 / 3g3 (oi'2b1 - p-ib'.! - 1) + 2A/3g(cr'la1 + A-i /32
c2) 

-2A/g3 ({Pa2 + cr-i A2c1) + A/g(lr-ib1 - /f1b2 - 1) = 0. 

a 2b1 - /l-ib-i = 1 

a 2a1 + .42 /3-ic'.! = 0 

j32a-i + A2u'.!c1 = 0 

then (7) is a solution of the one-dimensional sine-Gordon equation. 

(11) 

(12a) 

(12b) 

(12c) 

. System (12) consists of three algebraic equations. Solution (7) of the sine­
Gordon equation depends on five parameters A, a, /3, k1 and k-i connected by the 
three relations (12). · Hence t.he solut.ion depends on two free parameters. 

3. Solutions of the si11e-G01·clo11 Equation which Kind is (7) 

The three solutions (3), (4) and (5) are \yell-known. But. there are more solutions 
oft.he kind of (7). 

We study the 12 main Jarobi elliptic funct.ions. The relations bet.ween the 
modules of these funct.ions and the coefnrient.s a, b, c in I.heir generating equations • 
are presented in Table 1. 

TRble 1. Relations between the modules oft.he 12 main Jacohi cllipt.ic functions and the 
coefficients a, b, c in their generat.ing equat.ioms 

Elliptic functions a b c 

1. cn(r.) -k2 2k2 - 1 1 - k2 

2. sn(x) k2 -1 - k2 1 
3. dn(x) -1 2-k2 . k2 - 1 
4. sn(x)/dn(x) 1 - k2 2- 1.;2 1 
5. cn(x)/sn(x) 1 2- k2 1 - k2 

6. sn(x)/dn(:r.) -1.-2(1 - 1.-2) 2k2 
- 1 1 

7. dn(x)/sn(r.) 1 2k2 
- 1 -k2(1 - J.2) 

8. cn(x)/dn(:r.) e -1 - k2 1 
9. dn(x)/cn(:r.) 1 -1 - k2 k2 

10. 1/sn(r.) 1 -1 - 1.;2 k2 

11. l/cn(:r.) l-k2 2k2 -1 -k2 

12. l/dn(:r.) k2 - 1 '2 - k2 -1 

Due to the system ( 12) seven solutions whose kind is (7) were found. The 
solutions ¢J 1, ¢J:i and ¢J3 are well-known plasma, breather and fluxon oscillations. 

N. 1\Jartfoov, N. Vitanov. 

¢J4 = 4 tan- 1{1 
k2 = l _ 1 + a-2(1- A2 )/A2

• 
1 a 2(1-A2 ) ' 

4's=4tan- 1
{ 

k2 - a2(A2 + 1)2 - A2. 
1 

- a 2A2(A2 +1) ' 

The solutions q,4 and ¢5 w 
bet.ween the solutions of the si 

¢6 = 4 tan- 1{ 

k'.! - a2(1- .42)2 +A 
1 

- a 2(1-A2) 

¢J; = 4tan- 1
{. 

., a'.!(1 - A2) 2 +A'.! k- - . 
i- a'.!(1-A'.!)' 

The solutions q, 1-¢5 can be 
due to Riemann t.heta-fun<"tion. 
generalization of the Lamb sub 
functions. They do not coincid 
fluxon oscillations. 

4. Analysis of the Solution 

The found solut.ions can be d 
Class A: Plasma oscillatio11 

are chosen as· independent par 

A= A(n,P), 

For the solution ¢1: 

Class B: Breather oscillali 
breather oscillations A and ¢5 
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2i.2 - 1 
1 - k2 

2-k2 

2- /,;2 

2-k2 
2k2 -1 
2k2 

- l 
-1 - /,;2 

-1- /,;2 

-1- /,;2 

21·2 
- l 

',!-/,;2 

c 

1 - l(l 

1 
/,;2 - 1 

1 
1 - /,;2 

1 
-k2 (1 - k2

) 

1 
k2 
k2 

-k'l 
-1 
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¢ 4 = 4 tan- 1 {A Jn(a(z - x0 ); ki] cnf~~t - to~; !2i} ( 13} 
Sil t - to ; "'.! 

., l+a2(1-A2 )/A2 ., l- /f?(l-A 2)/A2 ., A2 

ki = 1 - a'.!(l - A'.!) ; k5 = 1 + /J!(l - A2) ; a2 - 13- = A'.! - 1' 

¢ 5 =4tan- 1{Adn[a(z-xo);ki) [,8( 
1 

) k 1} (14) 
Sil t - to ; "'.! 

a 2(A 2 + 1)2 - A2 A2 - ,B2 (A2 + 1) ., ., A2 

kr = a'.!A'.!(A'.! + 1) ; k~ = ,Lf!A2(A2 + 1) ; o· + ,B- = A2 + 1 · 

The solutions ¢4 and ¢ 5 were studied in connect.ion with the correspondence 
between the solutions of the sine-Gordon and Poisson-Boltzmann equations [7] 

(15) 

(16) 

The solutions ¢ 1-¢5 can be received by generalization of the Lamb substitution 
due to Riemann theta-functions [9- 11] . The solutions ~,5 and ¢ 7 can be received by 
generalization of the Lamb substitution without. leaving the area of Jacobi elliptic 
functions. They do not coincide with the solutions describing plasma, breather and 
fluxon oscillations. 

4. Analysis of the Solutions 

The found solutions can be classified into four classes: 
Class A : Plasma oscillations. The solution <Pi belongs to this class. lf a and /3 

are chosen as· independent. parameters then 

A= A(a, /3), ~·2 .= k2(a,/3). 

For the solution ¢1: 

., l + a 2 - /f! 
A-=---=---= 

1- a 2 + ;P' 
., (a·2 + /32 + l)(n'.l - 132 + 1) ., (a2 +132 + l)(a2 - /32 + 1) 

ki = 
402 

; i::i = 
41

P . (17) 

Class 8: Breather osci//atio11s. Two so)ut.ions belong to this class: ¢2 -

breather oscillations A and ¢ 5 - breather oscillations B. 

.-
" 
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Breather oscillat.ions A. In t.his case: 

') Cl'.!( 1 - a-2 - ;f2 ) 

A·~= 1.P(o'.!+/P) . 
( 18) 

Breather oscillations B. II ere: 

') 0'2 + /32 
A-= 1 ., /3"; - a- - -

The difference bet.ween t.he breather oscillations A and B is as follows: If pa­
rameters a and f3 are fixed then the integral elliptic modules k1 and k:i for the 
breather oscillations A and Bare the same. The periods of the Jacobi elliptic func­
tions T:r = 2A'(ki)/o and· Tt = 2/\'(A::d//3 are the same too. But the amplitudes 
are different.. Breather oscillations A and B whose amplitudes are the same, have 

different. periods. 
Class C: Fluxo11 oscillatio11s. Two solutions belong to this class: ¢3 - fluxon 

oscillations A and ¢4 - fluxon oscillations B. 
Fluxon oscillations .4: In this case: 

., tf! ( n 2 - ,82 - 1) 
kJ. = 1 - ''( . . , ,)'•) : u- u- - /J-

., a'.! ( o '.l - /32 - I ) 
k~ = I - /]''( ., . ~··) - a- - µ-

(20) 

Fluxon oscillations B. Il<'re: 

., a 2 -/]2 -l., 1f!(n 2 - 1f!-l) ., a 2(o 2
-/3

2 -1) 
A-= ., /]" ; kj = 1 - "( ., JJ') ; A'~= 1 - /]"( ., /]'') . (21) o-- ' - o- o-- ' - - n-- -

The amplitudes oft.he fluxon oscillatio11s .-\ and l1 are different .. Against. t.he 
values of parameters o and /3 t.he amplitude of the fluxon oscillations A is higher 
than the amplitude of the fluxon oscillations JJ. The opposite case is possible too. 

Class D: This dass has not. been studied yt't.. T\\:O solutions belong t.o it.: ¢ 6 and 
q> 7 . These solutions cannot be received from thi> solutions i:> 1- </>r, by transformations 
bet.ween t.he Jacobi ellipt.ic functions (see [8] Table 21.G.8) . For solution ¢6: 

') 

., o-
A- = 1P; 

For solution ¢1: 

., a·2 - 82 - 1 
A-= ., ;3'' er - -

., a 2 - (o 2 - jf2 )'2 

k:; = ') ') ') 
- 11-(a- - /3-) 

., (o 2 - /32
)'.l + /J2 

ki = "( ., 1J') ; o·- n- - . -

Two solutions </h; and </J1 have different. amplitudes. 

5. Special Cases 

In these cases A~ 1 :2 = 0 or 1. If~·= 0, then: 

sn(x; 0) = si11(.r) 

cn(x: 0) = cos(.c) 

dn(x;O) = 1. 

(22) 

(23) 

(24) 
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If k = 1, then 

en( .i 

The assumption below is t 
Class A: Plasma osci/111/1, 

A= o/(l - o 2). In this case 1 

<!>1 = 4>1.1 = 4 f(I 

This is well-known breather sc 
Class B: Breather osci/111/i 

• here: 
(i) k1 = 1, k~ = 0. Int.his 

solution oft.he sine-Gordon N 

<P2 = <P2.1 = 4 t· 

( 
• •) I '> 'J ~ 
II '"f = 1 - (1 - o-)/o-

redured to t.he solution: 

,;..., = ,;..., .., = 4tan- 1{ '1'- 'I'-,- I 
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one. The solution (28) is a ti1 

Breather osrillatio11s B. rn 
tions B cannot bl' reduced t.o 
is another difference bet.ween 

The following special case 
solution 11.> 5 is reduced to: 

¢5 = ¢s.1 = 4 tan-
1 { 

There is a combination het.11· 
now the elementary fund ion i 

• Class C: Fl11rn11 osciffot10 
Fluxon oscillations A: Tw 
(i) k1 = l·2 = 1. The 1P = 

¢3 = q>3.1 = 4 t 

This solut.ion of the sine-Gord 
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' o2(l-a2 - ;f!) 
·2 = 1.P ( o 2 + JP) 

( 18) 

''( l '> 11") . .'.! _ o- - er - /J- . (lg) 
, !.:'.! - 132 (a 2 + 1P) 

s A and /] is as follows: If pa­
tic modules 1.:1 and k2 for t.he 

riods oft.he Jacobi elliptic func­
same too. Ilut the amplitudes 
amplitudes are the same, have 

long to this class: </J3 - fluxon 

o2(02 - ;P - 1) 
= 1 - i1'1 ( ' I 1 ~'1 ) • µ-a--µ-

(20) 

(21) 

d /3 are different .. Against. the 
' f111xo11 oscillat.ions A is higher 
1e opposite case is possible too. 

1:0 solutions belong to it. : </JG and 
it.ions 0 1- ¢5 by transformations 
21.6.8). For solution¢,,: 

= 
o'.! - (02 - {f!)'.! 

132 ( (l '.! - /32 ) 

,, a 2 - (a 2 - /]2 )2 
k~ = iJ'( 'I /]'I) - /J- o·- - -

(22) 

(23) 

(24} 
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If k = 1, t.hen 

sn(.1:; 1) = tanh(.1•) 

cn(.r;l) = dn(.i:; l) = l/cosh(.1·) . 
(25) 

The assumption below is I.hat. xn = 0 and lo = 0. 
Class A: Plasm<i 08cillatio11.s. lf A:1 = I and A·'.! = 0, t.hen (3'1 

A= a/(1 - a 2 ) . In t.his case solut.ion q.i 1 is reduced to: 
I - a 2 and 

<P1 = </J1 1 = 4 I.an , . . 
-l{ o cos[(J-o'.!)l/:!t]} 

· (1 - u.!jl/.! cosh(cu:) 
(W) 

This is well-known breather solution of the one-dimensional sine-Gordon equation. 
Class B: Breather oscil/11/io11s. Ilreat.her oscillat.ions A: Two cases are p9ssible 

• here: 

(i) 1.: 1 = I, k3 = 0. In t.his case /32 = 1 - n'.! and </J'.! is reduced tot.he breather 
sol11t.ion oft.he sine-Gordon t•quation: 

_ 1 { 1.1 sin((l - o 2
)

112t]} 
IP:? = ¢2 I = 4 I an ., t /'' 1 ( ) . • (1 - o-) - COS I (1£ 

(21) 

•• ) '> 'I I ., I .• , 1'1 i3'' 'I 1 I 1 . ,!, • (11 A'j = 1 - (1 - u-) o-; "2 = l. wn - = o - a- all( t.10 so ut.1on '!''.! 1s 
reduced t.o t.he solut.ion: 

This is a very int.erPst.ing combination h<'twee11 a sp0cial funct.ion and an elementary 
one. The solution (~8) is a time-ap<'riodical solution of t.hc sine-Gordon equation . 

Breat.her oscilla.tio11s B. ff 13'2 = l - o 2 , t.lwn .-1 = oc0 , i.e. the breather oscilla­
tions B cannot lw reduced t.o t.he breat.hcr so lution of t.hc studied equal.ion. This 
is another difference bet.ween the brealh<'r oscillat.ions .-1 and fJ. 

The following special case is possible: kf = 1 - (l - n)~/o 3 ; .q = 1. Then 
solution <Ps is reduced to: 

</Js=<Ps.i=4ta11-
1 {J 0 

dn[n.1:; 
1 - Cl 

(I -of [ ;---;;J} 1-
02 

. cot.a11h vn-o 2t . (29) 

There is a combination hct.wee11 a special and an l'lcmcnt.ary fund.ion again . Ilut 
now the elementary fund.ion is not. t.anh. 

• Cla.ss C: Fl11rn11 oscil/11tio11.s . 
Fluxon oscillat.ions A: Two special casPs are possible here. 
(i) k1 = A'2 = l. The 132 = o 2 

- I and solution t;J:3 is r0duced to: 

<P3 = <P3 . l = '1 tan- 1 
{ . 

c1'.! sinh(t~)} 
( n '.! - I ) cosh ( n .t) · 

(30) 

This solut.ion of the sine-Gordon equal.ion describes a soliton- antisoliton collision. 
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(ii) kr = 1-(a -1}2/a:i; k2 = 0. Then A 2 = o/(a- I) and t.he solution ef>a is 
reduced to: 

Here the elementary function is not a hyperbolical one. It is a trigonometrical 
function. 

Fluxon oscillations B: If t32 = a 2 - 1, then A = oc•, i.e. fluxon oscillations B 
cannot be reduced to the soliton-ant.isolit.on collision. That is another defference 
bet.ween the fluxon oscillations A and B. 

The following special case is possible: ki = 1 - ( o· - 1 fl/ o·2 ; k'2 = 0. Here: 

Class D. The solution </>6 • If k1 = k2 = 1, t.hen tJ2 = a 2 - 1, A 2 = (a2 
- l)/a2 

and 

. _ 1 [Jn:? - l sinh{o.:t·) l 4'6 = ¢,; 1 = 1 tan --.,- ., ., . 
· o - cosh [ ( o - - 1) I I -I] 

(33) 

This is the 411'-impulse solut.ion of the siiw-Gordon eq1rntio11. It. desnibes solit.on­
soliton collision. 

Solution qj7 . If /32 = o 2 - 1 then A= 0 and solution <Pr cannot be reduced to 
the 4;r-impulse solution. Another special cases are inadmissible too. This is the 
difference between solutions ¢ 6 and </> 7 . . 

Several differences exist between the classes of solutions C and D. The am­
plitudes of the solutions are different. The solut.ions ¢a and </J4 (cla'is C) possess 
special cases whose kind correspond to (:31) and (3~) \\'heL"Cas the solutions ¢6 and 
¢ 7 cannot. be reduced to solutions which consist. of a product of a Jacobi elliptic 
function and an elementary function. 

The solution qi7 cannot. be reduced t.o any special case. 

6. Physical Application of the Solutions of Class D 

The solutions <P 6 and ¢ 7 desnibe a new kind of oscillations in Josephson junction. 
The solutions belonging t.o classes A, B and C perform the following boundary 
condition: 8¢/8.x = 0 if .x = 0 and .x = l. This condition corresponds to open 
Josephson line [12]. Such boundary condition is not. possible from the solutions /6 
and </>100 , i.e. the corresponding oscillations cannot exist in open Josephson line. 
The solutions ¢ 6 and ¢ 7 perform another boundary condition: </> = 0 if x = 0 and 
.x = 1. Then n = 411.A"(~·i)//; 11 = ±1,±2,±:J, ... and the solut.ions are as follows: 

N. Martinov, N. Vita11ov 

Here the supposition is zo = I 
The corresponding electric 
1. Solution 4'6: 

~ 
8=2-

11'~ 

2. Solut.ion l/J;: 

V = 2~of2o 
11'C 

Here 4>o = ;rtic/2 is a magnet.i 
depth, f2o = (211'10/C~0 ) 1 1 2 i1 
of the densit.y of t.he current 
Josephson line and o· = 4111\'( 

7. Conclusions 

The solut.ions oft.he one-dim 
arranged int.o four classes. Cl· 
consist of t.wo solut.ions. Tlw 
to the same class is t.hat. they 

Two kinds of special cas 
possible. In the first kind are 
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ndition corresponds to open 

lOssible from the solutions /6 
exist in open Josephson line. 
ondition: </J = 0 if x = 0 and 
the solut.ions are as follows: 

• 
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{ 

[4nA"(J.:i) J.: ] } sn .r; ·1 

¢6 = 4 tan- 1 A 4 ,,A~(l.:i) cln(/)t; k2) 
en [ 

/ 
.r; k1] 

{ 

[
411/\"(J.:i) I. ] } 

Sil z; ,..I } 

</>; = 4 tan - 1 A ~ . 

[
4111\(ki) ·k] cln(J]t;l.:2) 

en 
/ 

.r, 1 

Here the supposition is xo = 0 and to = 0. 
The corresponding electric potential and magnetic field are as follows: 
1. Solution <f>5: 

sn( ax· J.:t) 
..,. ,..... A 'J.: )sn(J'Jt; l.:2)c11(/1l; l.:2) 

V=-2~k;~c_n_(_a_.r_:_·!,,__------~ 
7rc - A.,sn-(o·z;l.:1) 1 "('~ k) 1 + - ., < n- /.JI; 2 

cn-(<u; l.:1) 

dn(ox: ~·1) 
..,. A ''( ,_ )dn(/Jt; l.:2) 
'1'0 en- o·.c; ,.. 1 B = 2--___ _....;._., _....;...;. ____ _ 

;rAo ,.,sn·(o.r;J.:t) 1 "(/3 , ) 
I + .-i- ''( J.: ) c n- t; ,.·2 en- ci.r; ·1 

2. Solut.ion </>;: 

4 
sn(crx: l.:1) sn(l'Jt; l.:2)m(/Jl; l.:2) 

V _ 
2

<l>oOo1.:2 • cn(a;r.; k1) dn2(/3l; k2 ) 

- ;re 2 1 4.,sn:i(o·x;J.:i) l "(11t J.:) +. - ., < n- /.J ; ·2 
cn-(n.c; J.:i) 

A dn( o.r; ~·i) 1 

8 = 2 <l>o cn(~1x;ki) dn(,Bt;l.:2) . 

;r:\o 1 _,.,sn·(ci;r:k1) 1 "( .~1 _ , ) + .-i- < n· I-' . ;,.~., 
en:!( ll'.r; kt) • 

55 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

Here <l>o = ;rfic/2 is a mag1wt.ic flux quant.11111. J\ 0 = (4>0 /2;rLT0) 112 is a JoS<.'phson 
depth, Do = (2rrlo/CCf>o) 112 is a Josephson frequency. / 0 is the maximum value 
of the density of the current. L and C are induct.ivit.y and capacitance of the 
Josephson line and o· = 41il\

0

(ki)/I. 

7. Conclusions 

The solutions oft.he one-dimensional sine-Gordon equation whose kind is (7) are 
arranged ini.o four classes. Class A consist.s of one solution and class B, C and D 
consist of t.wo solut.ions. Tlw main difft•rt'IH"t' bet.ween the solutions which belong 
t.o the same class is that. they have diff<'rent amplit.udes. 

Two kinds of special cases of the solutions of the sine-Gordon equation are 
possible. In the first kind are the cases which consist only of elementary functions: 
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the brea.t.her, the solit.on-a11t.isolit.011 collision and I.he 1;r-i111pulse. In the second 
kin<l are those cases which consist of product of a Jacobi t•lliptic function and an 
elementary funct.ion. In t.hese cases the .Jacobi elliptic f1u1ction is a funct.ion of 
variable ;r and t.he elenwnt.ary funct.ion is a funct.ion of variable I. 
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