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Abstract. The S0(2,1) Lie algebra is applied to certain specific poten
tials on the Poincare upper half-plane and the related Green's functions 
are hence constructed. The oscillator-like potential Green's function may 
be obtained straight away, whereas the Green's functions related to the 
Coulomb-like potential or to a constant external magnetic field vector
potential, can be accurately calculated by association with the Morse po
tential, through straight forward transformations. The energy spectrum 
for each potential is then deduced. 

Pe3IOMe. IlpHJIOlf<eHa S0(2,1) anre6pa JIH ){JIH H3BeCTHhlX crren:Hcj>H
qecKHX IIOTeHn:HaJIOB Ha BepxHeH IIOJIOBHHe IIJIOCKOCTH IlyaHKape H KOH
CTpyHpOBaHbl COOTBeTCTBYIOtn:e <j>yHKU:HH rpHHa. rpHHOBaH <j>yHKn;HH 
){JIH OCU:HJIJIHTOp-n0){06Horo JlOTeHn:HaJia MOlf<eT 6b1Tb IIOJiy'leHa, TOr){a 
KaK rpHHOBhle cpyHKU:HH JJ;JIH KyJIOHO-IIOJJ;06Horo HJIH ){JIH IIOCTOHHHO
ro BeKTOp-IIOTeHn:MaJia BHenrnero MarHHTHOro IIOJIH MoryT 6h1Th TO'IHO 
Bhl'lHCJieHbl rrpH IIOMOl.ll;H CBH3H c IIOTeHn:HaJIOM Mop3a rryTeM rrpHMhlX 
Tpanc<jlopMan:Hli. TaKHH o6pa3oM rrony'leHhl anepreTH'leCKHe crreKTphl 
){JIH Bcex IIOTeHn:HaJIOB. 
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1. Introduction 

Much attention has recently been given to the algebraic method: several problems 
in the field of Quantum Mechanics have found an accurate and smart solution 
through S0(2,1) Lie algebra [1,2). Let us mention, for instance, the Dirac electron 
in a static Coulomb field, for which the Green's function has been obtained in an 
integral representation [3). 

The purpose of our study is the application of the algebraic S0(2,l) method to 
certain types of local and separable potentials, on the Poincare upper half-plane U: 

(i) The oscillator-like potential defined by 

(ii) the Coulomb-like potential defined by 

Vi(x , y) = y2 
[ U(x) + ~ 

1
:J 

where U ( x) is a potential for which we obtain a perfectly solvable Schrodinger 
equatiuon, its energies and corresponding wave-functions being respectively E>. 
and ¢>.. 

(iii) The case of velocity-dependent interactions may be dealt with along the 
same lines. We propose to illustrate this with the motion of a particle, of mass m, 
subjected to the action of a vector potential A, i.e. an interaction [4) 

Va(x, y) = - m2B i:y. 

Two main reasons give a particular interest to these problems. Firstly, these poten
tials admit a separation of variables and, therefore, have exact solutions. Secondly, 
the Poincare upper half-plane is an important model in the theory of strings [5-
8), as well as in the Quantum chaos theory [9- 12). In the path integral approach 
the calculation of the propagator for these potentials has been given by Grosche 
[13-14). 

2. Green's Function for a ~(x, y) Potential 

In nonrelativistic Quantum Mechanics, the motion of a particle subjected to a 
V; ( x, y) potential , on the Po in care upper half-plane U, can be described by the 
Hamiltonian 

fi2 ( [)2 [)2 ) 
H = -2my2 ax2 + [)y2 + V;(x,y) (1) 

where the V; potential has the form: 

V;(x, y) = y2[U(x) + V;(y)), i = 1, 2. (2) 
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Let G(x, y, x', y'; E) be th~ 
of the differential equatio 

(H -E)G( 

or equivalently, 

ri2 a2 
where H1(x) = ----1 

2mox2 

of Eq.(4) can be expressed 

G(x, y, x', y'; E) = 
J 
0 

where the x and y variabl 
This integral can now 

commute, 

00 

G(x,y,x',y';E)= jds 
0 

Let us assume that the pI 
development in a sum inc 
within the configuration s1 

The Green's function (6) a 

G(x,y,x',! 

where 

G(y, y'; -E>-.) 

represents the Green's fun~ 
potential with an addition 
(ii) cases, in order to appl 
the expression (9). 
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Let G(x , y, x', y'; E) be the time independent Green 's function which is a solution 
of the differential equation 

(H - E)G(x, y, x', y'; E) = -i1iy28(x - x')8(y - y'), (3) 

or equivalently, 

(H1 + H2)G(x, y, x', y'; E) = -iM(x - x')8(y - y') (4) 

1i2 02 1i2 02 E 
where H1(x) = --

2 
.!l 2 +U(x) and H2(y) = --

2 
.!l 2 + V;(y)- 2 . The solution 

mvx m vy y 
of Eq.( 4) can be expressed in Schrodinger's integral representation [15] as follows : 

00 

G(x,y,x',y';E)= jdsexp[-i:(H1 +H2 -i0)]8(x-x')8(y-y') (5) 

0 

where the x and y variables have been separated. 
This integral can now be written in the following way because H1 and H2 

commute, 

00 

G(x, y, x', y'; E) = jds exp [- i: H1] 8(x - x') exp [- i: (H2-iO)] 8(y - y') . (6) 

0 

Let us assume that the propagator relative to U ( x) potential is known; hence its 
development in a sum including discrete as well as continuous states can be given 
within the configuration space by 

[ 
iS ] J ( iE).,S) exp --,;H1 8(x - x') = dE)., exp +-Ii- <P~(x')<P).,(x) . (7) 

The Green's function (6) can then be written 

G(x, y, x', y' ; E) = j dE).,</i~(x')<P).,(x)G(y , y'; -E).,) (8) 

where 

00 

G(y,y';-E).,)= j dSexp[-i:(H2-E).,-io)]8(y-y1
) (9) 

0 

represents the Green's function for a particle moving along the y-axis within a V;(y) 
potential with an additional centrifugal term. Let us stick to the specific (i) and 
(ii) cases, in order to apply the S0(2 ,1) algebraic technique to the calculation of 
the expression (9) . 
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2.1. The oscillator-like potential 

Along the y-axis, the dynamics of the particle is governed by the hamiltonian of an 
oscillator with an additional ci:lntrifugal potential 

fi2 d2 mw2y2 E 
H2(y) = --- + -- - -. 

2m dy2 2 y2 (10) 

We can treat it with the algebraic method using the noncompact 80(2,1) Lie algebra 
characterized by the communication relations 

and (11) 

The specificities of (10) allow the use of the realization of the generators [16] 

/i,2 [()2 µ(µ -1)] 
T1(y)= 2m oy2 - y2 , 

m 2 
T3(y) = 

4
/i2 y . (12) 

Thus, the H2(y) operator may be written in terms of these generators 

(13) 

This last expression gives us the G(y, y'; -E>.) Green's function through Milshtein 
and Strakhovenko's version [3] of the algebraic approach 

G(y, y' ;-E>.) 
00 

= jdsexp [+ i: (E>. +io)J exp [- i: (T1(Y)+21i2w 2T3(y))J 6(y-y'). (14) 
0 

In order to evaluate the kernel 

K(y, y'; S) =exp {- i: (T1 (y) + 2/i2w2T3(y))} 6(y - y'), (15) 

let 

1 m y y mA 2 12 µ 11-µ +•1'00-6 { \ } 

8(y - Y) = 2/i2 2i~ d). exp 4/i,2 (y - Y ) , 6 > 0, (16) 
-ioo-6 

and let us use the two following Baker-Campbell-Hausdorff (BCH) formulae: 

(17) 

where 

a= 2/iw tan(ws), b = 2Ln [cos(ws)], 
1 

c = liw tan(ws), (18) 
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and 

exp( -iaT3) exp( 

wherein 

i). 
a = -----rxc, 

1--
2 

The kernel (15) can then be 

I ffi y'l-µ 
K(y, y ; S) = 

2
/i2 ex1 

ioo+6 

~ J d).exp (--
2i~ I 

-ioo-6 

It is obvious that 

and it is easy to verify that 

exp(-i 

so that (21) becomes 

K(y, y'; S) 

imw ( ') 
1i sin(wS) yy 

wherein v = µ - 1/2 and Iv 
The integral of the exprE 

{ 
m ).y2 } 

of exp 2fi2 2 - iAc and 

We pass over from Eqs 
Green's function can then o 

G(y, y', -E>.) 
oo I 

mw 'J efEA, = ~(yy')> dS-. (-' 
in sm WJ 

a 
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and 

exp(-iaTa) exp(-,8T2) exp(-1T1) = exp(-icT1) exp(ATa), 

wherein 

a= 
1 

_ iAc' 

2 

The kernel (15) can then be written 

K(y, y'; S) = 2~2 y' 1-µ exp(-iaT3 ) exp(-ibT2) 

ioo+o 

c 
I= iAc. 

1--
2 

5 

(19) 

(20) 

2~71' j dA exp (- 4~2 y'
2 
A) exp(-iaTa) exp(-i,BT2) exp(-i1T1)Yµ. (21) 

-ioo-6 

It is obvious that 

exp(-i1T1)Yµ = yµ, 

and it is easy to verify that the following identity holds (2] 

exp(-i,BT2)f(y) = exp(-,B/4)f(e-Pl2y), 

so that (21) becomes 

m Ay'2 AY2 K(y,y';S) { ( )} 
· ioot6 exp 21i2 --2-+ 2- iAc 

(22) 

(23) 

= .!!!:_ y' 1-µ e-iaT3 e -ibT, yµ _l_ J dA ----'----'----.,------'-.:;_ 
21i2 2i71' ( iAc) µ+1/2 

-ioo-6 1 _ _ (24a) 
2 

= im e-iaT3e-ibT, r(yy')l/2 I ! (rr:yy') exp { im (y2 +y'2)}] 
!i2c ~ µ-, ili2c 21i2c (24b) 

imw ( / 1 ( mwyy' ) {imw 2 y'2 ( )} = lisin(wS)yy)>I,, ilisin(wS) exp 21i(y+ )cotwS' 
(24c) 

wherein v = µ - 1/2 and I,, is the modified Bessel function . 
The integral of the expression (24a) is calculated through an expansion in series 

of exp { 2~2 2 
~yi

2

Ac} and via the residue theorem. 

We pass over from Eqs (24b) to (24c) by applying the Eqs (23) and (18) . The 
Green's function can then be written 

G(y,y',-E>.) 
00 . 

mw , 1 J etE~s [imw 2 ,2 ] ( mwyy' ) 
=iii (yy)> dSsin(wS)exp 21i(y +y )cot(wS) I,, ilisin(wS) (25) 

0 
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where 

1 [ 8mE] t v=- 1--- >0 
2 li2 ' 

(26) 

for bound states. 

Setting q = iwS, u = 7 y'
2

, v = 7 y2 and p = ;::.; , and using Gradshteyn's 

formula [17], with v > u, 

/

00 

e-2pq { 1 } ( (uv)t ) 
dqsinh(q)exp - 2(u+v)coth(q) Iv sinh(q) 

0 

v 1 
f(p+ - + -) 

2 2 M (u)W (v) (uv)!r(v + 1) -p,v/2 -p ,v/2 

where Mp,v/2(u) and W-p ,v/2(v) are the standard Whittaker functions, the Green's 
function (25) may then be written: 

v 1 
/ 1 f(p+ 2 + 2) (m,W 12) (mw 2) 

G(y, Y ;-E>.) = iw (yy')!r(v + l) M-p ,v /2 -,;Y W-p ,v /2 -,;Y , (27) 

withy>y'. 
Finally, we obtain the complete Green's function for the oscillator-like potential 

on the Poincare upper half-plane U, as follows: 

-E>. 
If we use p = 

2
1iw , the discrete energy spectrum can be deduced from the poles of 

r (P + ~ + D in (28), 

-E>. 
nw + v + 1 = -2n. (29) 

By definition, the v parameter is positive, and (29) shows that bound states 

only exist for E>. > 0 and E < :: . Upon substitution of (26), (29) now yields , 

E = !£_ - !£_ ( E>. - 2n - 1) 
2 

(30) 
n Sm 2m nw ' 

with n = 0, 1,2, ... ,Nmax < ~ (~ -1). 
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2.2. The Coulomb-like potential 

Along the y-axis the particle is confined within a Coulomb potential with additional 
centrifugal barrier. Its effective hamiltonian becomes 

(31) 

To bring Green's function (9) back to a form solvable for the potential in (31), let 
us come back to the differential equation 

[H2(Y) - E>.]G(y, y'; -E>.) = -iM(y - y'). (32) 

Then let us perform the nonlinear y = exp( -e) transformation. Thus it follows 
that 

( 
f;,2 d2 2' a c -) - -

---- - E>.e- '+ -e-, - E G(e e· E) = -iM(e -() 
2mde 2m ' ' 

(33) 

where 

- , - (e + e) , G(e,e;E)=exp -
2

- G(y,y;-E>.), (34) 

stands for the Green's function of a particle moving in the following Morse potential 

with 

as energy. 

E= E- /j,
2 

8m' 

(35) 

(36) 

In order to obtain the discrete part of our Green's function, let us impose two 
conditions, i.e. E>. < 0 and a < 0 for which the bound states are possible. 

The next step in the computation of the G(e,e'; E) Green's function, consists 
in performing another transformation such as 

(37) 

Equation (33) now becomes 

-- - - + -rni:; 2r/ - £ G(TJ, TJ'; £) = -2iM(TJ - TJ') (38) [ 
/j,2 ( d2 v2 - 1/4) 1 ] 
2m dTJ 2 T/2 2 

where 

v= [ _ 8mE] 112 

1 fi2 ' 
£ = _ 2a_ 

m 
(39) 
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The hamiltonian in (38) features the S0(2,1) dynamical symmetry. Its form is 
similar to (10). If we now apply the same method of calculation as for (28), we 
obtain 

r (P+ ~ + ~) . 
G(11, r,'; £) = i~ (1111')tr~v +21) M-p,11/2 ( ":' 11'2) W-p,11/2 ( ":' ,,,2) 

£ 
where p= --. 

2/ii:; 

(40) 

Eventually, by inserting (40), (37) and (34) into (8), the complete Green's func-
tion for the Coulomb-like potential on the Poincare upper half-plane U, can now 
be written: 

. ( v 1) 
J 

dE r p+ 2+ 2 
G(x,y,x',y';E)=-2i wA I'(v+l) 

X <Pt(x')<f>A(x)M-p,11/2 (~ y') W-p,v/2 (~ Y), 
with y > y1

• 

fj,2k2 
Setting -EA= --, the discrete energy spectrum now reads: 

2m 

. 1 ( io:I ) with n = 0, 1, 2, ... , Nmax < 2 h2k - 1 · 

3. Green's Function for a Particle in a Magnetic Field 

(41) 

(42) 

We can also apply this method to the case of velocity-dependent interactions. Let 
us consider the case of a particle subjected to the effect of a constant external 
magnetic field upon the Poincare upper half-plane U. The corresponding vector
potential A can be written 

( 
mB ) A = (Ax, Ay) = -2Y, 0 . (43) 

The quantum hamiltonian governing the motion of the particle in A is given by 

H=-- 2 -+- +-y-+--n2 
( a2 a2 

) ib a b
2 

2m y ax2 ay2 m ax 2m/i2 

enmB . d b .. where b = -- 1s assume to e pos1t1ve. 
2c 

(44) 
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00 
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+oo 

'5(x - x') = 2_ j dkeik(x-x 
21T 

-00 

We can now write the Green's 

G(x, y, x', y'; E) 

-00 

n.2 d2 bk 
where 1i(y) = --- + -

2m dy2 my 
This equation shows that t 

the momentum along Ox bein 
motion of the particle along 0 
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fj,2k2 
-Ek=--. 

2m 
To calculate the Green's f 
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us to write the final state of t!i 

G(x, y, x', y'; E) 

r (~ -b- ~) 
m 2 2 

in1T r(v+l) 

[ 
8 E] 11 

where v = 1 + 462 
- ~ 

Thanks to the poles in (47) 

En= 
2 

with n = 0, 1, 2, ... , Nmax < b 
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In which case, the Green's function we have to calculate becomes 

00 

G(x,y,x1,y1;E)= j dSexp{-i: [:2(H-E)-io]}c5(x-x')c5(y-y1).(45) 
0 

Let us get rid of the operator ( -ifi :x) , thanks to the identities 

+oo 

c5( x - x') = 217r J dkeik(x-x') and f (-in :x) eik(x-x') = f(nk )eik(x-x' ). 

- oo 

We can now write the Green's function ( 45) as follows: 

G(x, y, x', y'; E) 
+oo oo 

= 2~ j dkeik(x-x') j dS exp [- i: (1i(y) - Ek - iO)] c5(y - y') ( 46) 
- oo 0 

n2 
d

2 
bk ( b

2 
) 1 

where 1i(y) = - 2m dy2 +my+ 2mfi2 - E y2. 

This equation shows that the motion of the particle is free along the Ox-axis -
the momentum along Ox being preserved all through the motion - whereas the 
motion of the particle along Oy-axis, is governed by the sum of two potentials -
coulomb-like and centrifugal - with an energy remaining constant and equal to 

fi2k2 
-Ek=-- . 

2m 
To calculate the Green's function which governs the evolution along Oy-axis, 

we shall use the S0(2,1) algebraic approach, as we did previously. This will enable 
us to write the final state of the complete Green 's function 

G(x, y, x', y'; E) 

r (~ - b- ~) 
m 2 2 

in7r f(v+l) 

+ oo 

j d: cos[k(x - x')]Mb,v/2(2ky')Wb,v/2(2ky) (47) 

- oo 

[ 
8 E] 1/2 

where v = 1+4b2 - ~ and y > y'. 

Thanks to the poles in (47) , we may now deduce the spectrum 

En = !f_ r~ + b2 
- (b - n - ~)] 

2m 4 2 ' 

with n = 0, 1, 2, . . . , Nmax < b - ~ · 
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4. Conclusion 

We have demonstrated, within the framework of the recently studied S0(2,1) alge
braic technique, how the Green's functions can be accurately calculated for three 
specific types of potentials, i.e. the oscillator-like potential, the Coulomb-like po
tential and the vector-potential associated with a constant external magnetic field. 
This is a worthwhile alternative to the path integral technique. It can obviously be 
generalized to other types of interactions. 
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