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Abstract. Starting from Fick's equation for the penetration of gases in solids 
certain analytical expressions are obtained and a method is proposed for deter
mining (appraising) the applicability of diffusion through solid membranes in a 
specific case as well as for the choice of an optimal membrane for the separation 
of a given mixture. 

1. Introduction 

The ~eparation of gas mixtures using diffusion through solid membranes is a relatively 
new method. The process of diffusion through solids is exhaustively studied neverthe
less it is already widely applied in practice as in many cases it yields excellent results. 
For this reason its study is of particular interest [ 1, 2] 

The method is based upon the difference in penetration of gases through solids. The 
process of gas penetration through solids is quite intricate. It involves three different 
stages: gas adsorption in the surface of the solid, activated diffusion through it and 
evaporation from the opposite surface of the solid [1, 3). The diffusion process has a 
decisive effect upon the penetration speed as it is the slowest one. 

Under stationary conditions it is described by the equation of Fick [ 1] 

V = DFgradc. (1) 

One can integrate Eq. (1) on the assumptions that: (i) D is concentration independent, 
(ii) gas solubility in the solid (the membrane) is small, (iii) there are no chemical 
reactions, and (iv) the Henry law 

C= Sp (2) 

•Author dedicate this work to professor M. Borisov on the occasion of his 75 anniversary. 
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is valid. Integrating Eq. 1 we have 

(3) 

where 

K=DS. (4) 

Making use ofEq. (3), first Weller and Steiner [4] and later Blaisdell and Kammermeyer 
[5] developed a method for designing the diffusion apparatus. However, the relations 
obtained by these and other authors refer to assessing the applicability of diffusion or 
of a specific membrane to the separation of a given gas mixture. 

1 

Po,co1 
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Fig. 1. Scheme of complete mixing (tiniform concentrations) membrane circuit 

tttttttttt 

Fig. 2. Scheme of cross-over current membrane circuit 

The purpose of the present work is to elaborate simple and universal analytical 
expressions in order to estimate the applicability of diffusion to the separation of gas 
mixtures and calculate the separation capacity of a membrane. 

In practice the process of diffusion through membranes runs in the following se
quence (Figs 1, 2, 3 and 4). 

Binary gas mixture flow (Vo Nm3 Is) under pressure p0 enters the membrane appa
ratus 1. The initial mole fraction of the main gas is co and the concentration of the 
second gas is 1 - Co· The partial pressures of the two gases are Poi and Po2 corre
spondingly. The gas mixture passes through in parallel with the diffusion membrane 
2. A partial flow of it (Vp Nm3 /s) passes through the membrane 2. Nondiffused gas 
CVw Nm3 /s) under pressure Pw (for negligible hydraulic resistance Pw ~Po) is let out 
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of the opposite end of the apparatus I with final mole fractions of the two gases Cw 

and 1 - Cw partial pressures Pw1 and Pu12 and quantities V wI and V u12. The compo
sition of the non-differed part of the gas mixture varies from Co in the front end of 
the membrane to Cw at its opposite end. The composition of diffused part varies also 
along its way t~rough the membrane. When gas flows diffusing through various parts 
of the membrane have mixed the concentrations of the two gases in the gas mixture 
they become Cp and 1 - ep. Their quantities are Vp1 and Vp2 respectively. The pressure 
upon this side of the membrane after neglecting the hydraulic resistance, is Pp and the 
partial pressures of the two gases are PpI and Pp2 respectively. 

Vo, Po 

COJ 

1 
2 

Fig. 3. Scheme of counter current membrane circuit 

If in the first approximation it could be considered that Co ~ Cw then the membrane 
circuit works in a regime of complete mixing or uniform concentrations (Fig. 1 ). If the 
diffused gas flow is perpendicular to the membrane while the nondiffused gas flow is 
parallel then we have the crossover current circuit (Fig. 2). When the two flows are 
parallel to the membrane and the diffused gas let out from the beginning region of the 
membrane, the membrane circuit is counter current (Fig. 3) and when it is let out from 
the opposite end of the membrane, the membrane circuit is direct current (Fig. 4). For 
more details about membrane circuits see Ref. [1]. 

2. Analytical Expressions for the Calculation of the Ideal Separa
tion Coefficient 

When the process of binary gas mixture diffusion runs the quantities of the two gases 
diffusing through the membrane according to Eq. (3) are as follows: 

K1FD..p1 
Vp1 = Vpcp = 

0 
, (5) 

K2FD..p2 
Vp2 = Vp(I - ep) = 

0 
(6) 

If the second gas is admitted to be an impurity in the first one then from Eqs (5) 
and (6) one can determine the quantity of the impurity contained in an unit volume of 
the basic gas after the diffusion 

Vp2 K26.P2 1 - Cp 

Vp1 = K16.P1 = ~ 
(7) 
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Now we .accept the following notations: 

(8) 

(9) 

(10) 

The parameter a is often referred as ideal coefficient of separation (see Ref. [1]). 
Having in mind the accepted notations Eq. (7) can be written in the form: 

7r 
a= - . 

<p 
(11) 

One can calculate the required ideal coefficient of separation a for any case using 
Eq. (11) and with regard to the.value obtained to choose the proper membrane. To this 
end one has to take beforehand a given value of cp (i.e. of ep) and then to calculate 7r. 

Vo, Po 

CQ) 

1 2 

Fig. 4. Scheme of parallel current membrane circuit 

As the penetration of the two gases through the membrane is different, their concen
trations vary along the membrane. So the value of 7r varies too. In order to determine 
the average value of 7r one can conventionally divide the membrane length into n seg
ments. In the ideal case n-> oo. The initial concentration of the basic gas in each of 
the segments (micromembranes) is Ci-i, the outlet concentration is Ci and the concen
tration in the diffused gas is ep;,. For sufficiently large value of n Ci-1 ~ Ci ~ Cmi and 
the partial pressures of gases can be considered constant so that 

and 

2= 7ri 
7r= -

n 
(12) 

(13) 
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Obviously, from Eq. (10) we shall have for the i-th micromembrane 

6.pli = Pi1 - Ppli = PiCmi - PpiCpi , . 

6.p2i = Pi2 - Pp2i = Pi(l - Cmi) :__ Ppi(l - Cpi) , 

'Tri = 6.P2i = (1 - Cmi) - (1 - Cpi)Ppi/Pi 

.6.P1i Cmi - CpiPpi/Pi 

21 

(14) 

(15) 

(16) 

As defined in Ref. [ 1] the extraction coefficient for the basic gas is determined from 
the equation 

e = Vp1 . 

Vo1 
(17) 
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[ 
eo(l - ep)e] 

Vw2 = VwCw2 = Vo2 - Vp2 = Vo (1 - Co) - Cp 

The joint solution of Eqs (18) and (19) yields 

eo(1 - e) 
Ci.u = eeo 

1-
Cp 

In the same way it can be shown that 

and 

Cpi = (1 - ()i)Ci.-1 ' 
1 - -'----'---

Ci. 

eeo 
Cp = (1 - e)eo 

1---
Ci.u 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

Now a can be calculated from Eqs (13), (8), (16) and (22). The larger the value 
of n the more precise formula (13). However, high precision for the value of ·a is not 
necessary. If gas concentration on both sides of the membrane varies rather weakly 
along the length of the membrane (for instance, at low values of a or ()) so that in 
the first approximation it could be considered constant (6.c/ c < 10 %) then the task 
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reduces to the well-known case of complete mixing (see Ref. [l]). In this case it is 
advisable to take n = 1 (Fig. 1), so that Eqs (16) and (13) reduce to 

where 

(1 - cm) - (1 - Cp)Pp 

H= ~~~~~~P~m"-"--~ 
cm- CpPp 

Pm 
1-cm_Pp 

o:= 1-Cp Pm 
cm_ Pp 

Pm 

Co+ Cw 
Cm= 2 

If the value of Pw is known or can be evaluated easily 

Po +Pw 
Pm= 

2 

in the other cases one can consider Pm~ pa. 

(24) 

(25) 

(26) 

(27) 

This method can be used for approximative and estimative calculations with quite 
sufficient precision. 

3. Application of the Expressions Obtaine~ 

Considering the results obtained the following sequence of steps for estimation the 
applicability of diffusion through solids is suggested: 

1. Given the values of e, eo and Cp the outlet concentration Cw is calculated with 
the help of fonnula (20). 

2. Having given p0 , pp. Co and Cp evaluated Pw and calculated Cw one can find the 
ideal coefficient of separation from Eqs (25), (26) and (27). 

For more precise calculation of o: one can use Eqs (13), (16), (8) and (22) instead 
of Eqs (25), (26) and (27). In this case the suggested sequence of steps for calculation 

is: . 
1. Given the values of 0, eo and Cp the outlet concentration Cw can be calculated 

frqm Eq. (20). 
2. The number of membrane segments - n, has to be defined. 

If computer is used for calculation it can be assumed n 2 10 otherwise the value 
of n has not to be greater than 3-4. 

3. Given the value of eo and calculated Cw one finds Ci using the next equ~tion 

Ci= Ci-1 + b.c (28) 

where 

Co - Cw 
b.c= . (29) 

n 
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4. Once Ci being calculated, the values of Crni can be found. If n » 1 then Cmi ~ Ci 
otherwise it can be assumed 

Ci-1 +Ci 
Cm,i=---

2 
(30) 

5. Having given Po, Pp and fJ and evaluated Pw, the values of Cpi and 1fi are calculated 
from Eqs (22) and (16) respectively. 
If the value of Pw cannot be preliminary estimated one assumes Pi ~ p0 , otherwise 
the fonnula 

can be proposed, where 

Pi= Pi-1 - t::..p 

6.p ~Po- Pw. 
n 

(31) 

(32) 

As the value of Ppi cannot be preliminary calculated the next formula is recom
mended for estimation of 

Ppi ~ (1 to l.l)Pp. (33) 

6. The value of cp is calculated from Eq. (8). 
7. The ideal coefficient of separation a is calculated from Eq. (13). 
Having calculated a one can select the material for the membrane or ascertain 

whether given material would be of use for the specific case. 
If the received value of a is too large, then the values of Cp or Cw and fJ can be 

varied and· if even this would not help then one turns to multisteps diffusion or looks 
for another technological solution. 

4. Conclusion 

Diffusion through solid membrane is a very promising method for separation of gas 
mixtures and for the removal of impurities from certain gases. It is markedly promising 
in the helium and hydrogen technologies "Yhen applied either individually or as a stage 
in an overall gas technology. For this reason the relations obtained in this work will 
prove useful for people working in the field. 

Symbols 

c - mole fraction of the gas diffusing through the surface of the solid (the 
membrane); 

grad c - concentration gradient in mole fraction along the normal to the · solid 
(membrane), m- 1 ; 

t::..c - difference in the gas concentration; 
ca - mole fraction of the main component in the inlet binary gas mixture 

flow; 
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mole fraction of the main component in the nondiffused part of the 
binary gas mixture; 
mole fraction of the main component in the diffused part of the binary 
gas mixture; 
mean mole fraction of the main component in the nondiffused part of 
the binary gas mixture; 
mole fraction of the main gas in the diffused part of the binary gas 
mixture in the i-th membrane segment; 
mean mole fraction of the main component in the nondiffused part of 
the binary gas mixture in the i-th membrane segment; 
diffusion coefficient, m2 /s; 
cross-section of the solid in the direction of the concentration gradient, 
m2; 
diffusion coefficient characteristic of the material of solid (the mem
brane), m3m/m2s.MPa; 
characteristics of the membrane diffusion coefficient for the two 'gases 
in the mixture, m3m/m2s.MPa; 
number of membrane segments (micromembranes); 
pressure, MPa; 
pressure of the inlet binary gas mixture flow, MPa; 
partial pressure of the two components in the inlet binary gas mixture 
flow, MPa; 
pressure of the nondiffused part of the binary gas mixture, MPa; 
partial pressure of the two components in the nondiffused part of the 
binary gas mixture, MPa; 
pressure of the diffused part of the binary gas mixture, MPa; 
partial pressure of the two components in the diffused part of the binary 
gas mixture, MPa; 
mean pressure of the nondiffused part of the binary gas mixture, MPa; 
mean pressure of the nondiffused part of the binary gas mixture in the 
i-th membrane segment, MPa; 
pressure of the nondiffused gas mixture in the i-th segment of the mem
brane, MPa; 
pressure of the diffused part of the binary gas mixture in the i-th segment 
of the membrane, MPa; 
partial pressure of the two gases in the nondiffused gas mixture in the 
i-th segment of the membrane, MPa; 
difference between the partial pressure of the diffused gas on the two 
sides of the solid (the membrane), MPa; 
differences in partial pressures of the two gases on the opposite sides 
of the membrane, MPa; 
the values of .6.p1 and .6.p2 for the i-th membrane segment, MPa; 
coefficient of solubility of the gas in solid; 
the quantity of diffused gas in unit time, Nm3 / s; 
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Vo - inlet binary gas mixture flow, Nm3 /s; 
Vo 1 , V02 - quantity of the components in the inlet binary gas mixture flow, Nm3 /s; 

Vw - nondiffused part of the binary gas mixture flow, Nm3 /s; 
Vw1 , Vw2 - quantity of the two components in the nondiffosed part of the binary 

gas mixture flow, Nm3 /s; 
Vp - diffused part of the binary gas mixture flow, Nm3 /s; 

Vp1 , V p2 - quantity of the two components in the diffused part pf the binary gas 
mixture flow, Nm/s; 

a - ideal coefficient of separation; 
8 - linear dimension (thickness) of solid (membrane) along the concentra-

tion gradient, m; 
n - symbol accepted in this paper (n = f:::..p2/ f:::..p1); 

7ri - the value of n for the i-th segment of the membrane; 
cp - symbol, accepted in tltis paper, Eq. (8); 
{) - extraction coefficient for the basic gas; • 

(Ji - extraction coefficient for the basic gas in the i-th segment of the mem
brane. 

References 

I. S. T. Hwang, K. Kammenncyer. Membranes in Separations (Wilcy-lnterscience Publication, 
New York 1974). 

2. N. 1 Nikolaev. Diffusion i11 Membranes (Chimia, Moscow 1980) (in Russian). 
3. R. M. Barrer. J. Chem. Soc. 378 ( 1934); DifjiJsion in and Through Solids (Cambridge University 

Press, London 1951 ). 
4. S. Weller, W. A. Steiner. J. Appl. Phys. 21 (1950) 279; Chem. Engng. Progr. 46 (1950) 585. 
5. C. T. Blaisdell, K. Kammermeyer. Chem. Engng. Sci. 28 (1973) 1249. 




