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Abstract. Here we study the persistent current I in finite width mesoscopic 
rings within the framework of the Tight-Binding Model. Disorder is introduced 
via Cauchy-distributed on-site electron energies {c:i}. The results we have found 
for the effect of disorder and band filling are in good agreement with the existing 
theories. However, the computer simulation show clear dependence of the current 
I on the aspect ratio g = t:.S/ S, with t:.S being the area of the ring and S -
that one of its hole, which is pronounced as slight change of the <I> 0-periodicity 
and as linear in the enclosed magnetic flux drift of the persistent current. Jn the 
case of 2M-chain ring the radial and azimuthal structure of the current is briefly 
discussed as well. 

1. Introduction 

In the resent years considerable theoretical and experimental interest was focussed on 
the very small or mesoscopic devices. 1 This length scale under some specific cbnditi6ns 
such as external fields or extremely low temperatures ( ""mK) determines novel and 
sometimes particularly surprising quantum effects. A typical example for the latter are 
the persistent currents observed in normal-metal rings when threaded by perpendicular 
magnetic field and cooled down to several mK. 

The original idea predicting the phenomenon in one-dimensional (lD) normal metal 
ring was put forward in the pioneer work ofBiittiker, Imry and Landauer [1] stimulating 
both the theoretical and experimental activities in this type of mesoscopic studies. It 
is commonly accepted that the persistent current is due to the response of the energy 
spectrum of the rings to applied external magnetic field. The low temperature is required 
for the energy levels to become distinguishable. At this, they could carry an equilibrium 
cu,rrent circulating in the ring. It is periodic in the enclosed magnetic flux with a 
period one flux quantum 1> 0 = he/ e. In subsequent paper many features of the current 
behaviour were addressed including the effects of temperature, elastic, inelastic and 

1 for a nice review on mesoscopic physics see for example IBM J. Res. Dev. 32 1988. 
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spin-orbital scattering, the effects of averaging and the influence of the geometry as 
well. In addition, we note that recently the possibility for existence of persistent currents 
in quantum dots, i. e. in simply connected systems, has been investigated (2), and also 
the effect of electron-phonon coupling [3). 

After the experiment of Levy et al. [ 4] which proved the existence of persistent cur
rents, the main attention has been concentrated on their magnitude and on the effects of 
ensemble averaging [5). The electron-electron interaction.has been invoked [6] in order 
to resolve the discrepancies between the measured experimental values of the current 
and the theoretical estimations, and subsequently the finite width of the real rings was 
studied [7). In other papers non-thennodynamical [8] or semiclassical [9] approaches 
were adopted. Nevertheless, good agreement has not been achieved. For example in 
the experiment of Chandrasekhar et al. [ l O] a current amplitude was measured to be 
from 30 to 150 times larger than the predicted one. This is not the case, however, in 
the recent experiment [11] performed on GaAs-AlGaAs single loop, where the typi
cal current amplitude of 4 ± 2 nA is good within the range of theoretical predictions. 
Despite this, according to the authors some pending questions remain concerning the 
influence of disorder and the number of channels. 

Fig. l. One-dimensional N:site mesoscopic chain threaded by magnetic 
field B. Through suitable gauge transfomrntion the magnetic phase r.p = 
2ml> / <J>o can be assigned solely to the link connecting the N-th and the 
first site 

Under these circumstances we find it appropriate to consider persistent current in 
a simple lattice model within the framework of a tight-binding model. It might be of 
principle interest but we do not pretend to elucidate the problems mentioned above. 
Our starting point is lD-N-site mesoscopic chain shown in Fig. 1. One may think of 
it as a "building· block" out of which we can "build" more complicated structures as 
those shown in Fig. 4, Fig. 8, and Fig. 10, which we shall refer to as double chain ring, 
4-chain torus and multichain ring, respectively. It turns out that the present model could 
be an useful tool for alternative treatment of some particular features of the currents. 
For example, it allows us to address again the effect of the finite width of the rings 
and study interference effect in multichain configuration. 

Our convention is to consider persistent current for noninteracting electron system in 
disordered mesoscopic rings at zero temperature and placed in perpendicular magnetic 
field B. In Sec. 2 we discuss the effect of disorder and band-filling on persistent 
current in ID-single-chain ring. In Sec. 3 the same problems are addressed for the 
case of 2D-ring and 4-chain torus, respectively. In addition, we take into account the 
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finite width of the rings. Section 4 represents a generalisation of our approach for torus 
consisting of 2M-rings (M - integer), Fig. 10, in which continuqus limit could be 
considered. Having derived analytical expressions for the current, we perform.computer 
simulations substantially facilitating the understanding of its behaviour. The latter can 
be summarized as follows: ( 1) In a single-chain ring the persistent current oscillates 
as a function of the enclosed magnetic flux, with period <T? 0 . For certain choices of the 
Fenni energy EF "sawtooth" changes occur around <T?o/2. When it reaches the band
center E = 0 the current amplitude increases which we identify to be a manifestation 
of the anomalous transparency of the states residing in a small neighbourhood of 
E = 0. Disorder reduces the maximum current ampiitude and the peaks in the I - <I> 
characteristics become rounded; (2) For a double-chain ring the perfect flux periodicity, 
inherent to the ID-case, is violated and a linear drift of the current is superimposed. 
These interference effects, governed by the parameter g = D.S / S, arise for the currents 
"feels" the flux gradient due to the finite width of the ring. In the border-line case 
of vanishing hopping integral between the two chains the beats are observed which, 
however, is not a surprising feature; (3) All of the conclusions in (2) hold also for the 
currents in the 4-chain torus. It seems that the finite thickness of the torus is irrelevant to 
these effect; ( 4) The current in a ring consisting of 2M-chains implies for the existence 
of edge effects. 

2. Persistent Current in Disordered Single-chain Ring 

In this section the persistent current in ID-disordered ring is calculated. A schematic 
view of the simplest structure is shown in Fig. 1. It consists of N-sites forming a ring 
with "lattice constant'1 a and circumference L = Na. The electrons can hop along the 
chain and therefore in a perpendicular magnetic field B would acquire an extra phase 

· 27rBS ""F full h .. l. N·'· 2<I> h shift'¢= - - at every step . or a tum t is imp ies cp = 'f' = 7r;;::-, w ere 
n <T?o '*'O 

<I? is the enclosed magnetic flux and S - the area of the ring. Within the framework 
of a tight-binding model with diagonal disorder this behaviour is described by the 
Hamiltonian 

N N 

fJ = - L:)cvi+1,iaJ+1ai + O:i,i+1aJai+i) + L::CiaJai · (1) 
i=l i=l 

Here aJ and ai, denote the creation and annihilation operators at site i, €i - the on-si~e 
energy. The magnetic field enters the problem via the hopping integral aik =. ak;, = aei'l/1 
between the nearest neighbour sites i and k; the indices i = 1 and i = N + 1 should be 
referred to as N and 1, respectively. However, in the following we shall use a gauge 
assigning the magnetic phase cp solely to, the link conne.cting the N -th a~d the first 
site. According to this, the Hamiltonian H and current I operators are given by the 
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following N x N matrices 

H= ( .. ~o~_ .... ~~--~a .. •.•.• .. -r) 
-ae-icp 0 0 . . . €N 

(2) 

i= -c~! = e: ( .. ~ ...... ~ .. ~ ....••. 'TJ '· 
-iei'P 0 0 . . . 0 

(3) 

(4) 

We point out here that i 2 is a projection operator and being concentrated on one link is 
size independent as well as disorder independent - properties inherent to the universal 
conductance fluctuations. This may have an influence on the fluctuations spectrum and 
be possible related to their universal value. Further we assume random independent 
on-site energies {ci} with Cauchy distribution of the type 

P({c:·}) _ 1 . 17 
i - 1r (c:i - co)2 + 772 co= 0. (5) 

By definition die total current I through the chain for noninteracting electrons is 

I= (f) = (Tr(pf))D = J dEf(E)(Tr(8(E - H)f))D. (6) 

Here p is the density matrix and f (E) is the Fermi distribution. The angular brackets 
( ... )D 'denote averaging over random variables {c:i} with distribution (5). Then the 
Green function operator c± is introduced and the trace in Eq. (6) is easily evaluated 

Tr(8(E - H)f) = eato {Gi Ne-icp,_ Gj,, 1 eicp _ G~ Ne-icp + GjV 1ei'P} (7) 
27rn ' ' ' ' 

where for the Green's function in absence of magnetic field G(O)± one has 

(G~~)D=((nlE-~o±i81m))D ~ ~;;.E+~:nc~~~:±i77 · (8) 

This expression for the Cauchy distribution was found by P. Lloyd [12) and it is obtained 
by the replacement of 8 with the finite width 77 from Eq. (5). The latter is very_ much 
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like the self-consistent energy operator in the cross technique. in "pair approximation" 
especially if we define ry vja elastic scattering time T 

ri 
TJ=-. 

2T (9) 

It also demonstrates the limits of the Cauchy distribution - the diffusion and cooperon 
are not taken into account. 

Let us give an account of the magnetic field in Eq. (7), which appears only in the 
hopping integral between the first and the N-th link in Eq. (2). Therefore, it is a local 
perturbation and for it the I. M. Lifshitz treatment (13] can be used. It is convenient, 
however, to modify his original method describing it in site representation. We define 
the perturbation by the N x N matrix 

v = -a(ei'P - 1) . (10) 

Its 'Simple form in this "concentrated magnetic phase" gauge leads to an equation for 
the Green's G function ·in presence of magnetic field, which reads as 

G G eo) cco> c cco> t c n,m = n,m + n,1·V· N,m + n,N·V · 1,m · (11) 

For simplifying the notations, the indices (±) were omitted and further we use them 
only in the cases when an ambiguity is to be avoided. Solving the pair of equations for 
G 1,m and GN,m, we find all tenns necessary for the calculation of the trace in Eq. (7) . 

In the evaluation of Gi~1, G~:1 , Gi~{ and G~:N in Eq. (11) appear lattice summations 

of the type (8) which one can find in the book of Maradudin, Montrol and .Weiss [ 14]. 
Thus, the persistent current in ID- disordered ring takes the form: 

I= ~ J dE f (E) [ 1 - 1 ] sin cp. n 2ni C08 N()+ - cos cp cos N()- ,_cos cp 
(12) 

Here -2a cos()± = E ± iry = E ± ~~,'and the result is valid only for even number N 

of sites in the ring. For our purposes, however, it appears to be an awkward expression. 
However, in the particular case of vanishing disorder given by the co~dition 'T/ = 0, it 
readily reduces to the form: 

N 

J = 
2
ea JdEf(E).!_ L ::;in()m8(E - Em) ' 
h N n=l . 

Em= -2acos()m, 

()m = ~ ( m + :
0

) = ~~ + ~ · 

(13) 

(14) 

(15) 
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Even though it has a well-known "design" this equation is remarkable for the fact that 
the factor sin cp in the result (12) now is substituted by sin em including the distributed 
phase 'I/; via em. In the following we shall return to this very important feature and 
discuss its relation to gauge invariance of the results. On the other hand, Eq. (15) enables 
us to obtain another, closer to the physical intuition, version of the finite-disorder-case 
fonnula (12). Indeed, in presence of disorder 17 = li/27 it is necessary to take into 
account the finite width of the energy levels which is of order 277. It is straightforward 
to take into account the smearing of the levels in Eq. (15) by means of the replacement 

8(E - Em) --> 2_ li/ 7 

2 
27f ( Ii) (E - Em)2 + . 27 

(16) 

After that, the persistent current for the case of finite disorder looks like 

N 
2ea j . 1 ""'""' . Ii/ 7 

l=T dEj(E)NLsmem [. 2] 

n=l 2n (E - Em) 2 + (
2
:) 

(17) 

The current-flux characteristics I (/fl), according to the above equation, are shown in 
Figs 2 and 3 for N = 100 anq zero temperature where the Fermi distribution turns into 
step function e(EF - E) and the integral becomes a trivial one. Henceforth, instead 
of specifying the number of electrons we shall specify the chemical potential, i. e. the 
Fenni energy EF at T = 0. At this, to have distinguishable energy levels, 7 is needed 
to satisfy the condition 

Ii 1 - « t:,,.E""' -
27 N 

(18) 

where !::,,.E is the spacing between neighbour energy levels. Since the ID-ring leads 
to a spectrum defined by the energies Em( ifJ), and therefore to a single-energy band 
having width 4a, it is relevant to measure EF with respect to the band center E = 0 in 
units of 2a. When the band is weakly filled, Fig. 2, the disorder plays an important role 
in the sense that it reduces significantly the current amplitude and the discontinuities 
in the I - /fl characteristic become rounded. Moreover, increasing the disorder in the 
ring, i. e. decreasing 7 in our case, the current tends to. exhibit a sinusoidal behaviour. 
The same holds also for the "symmetric" case of nearly fulfilled band. 

The current oscillates with period iflo and the "sawtooth" changes around iflo/2 are 
effect of the band-filling. At zero temperature all the states below the Fermi level are 
occupied and above it they are empty. Then the changing of the magnetic field will 
lead to renumbering of the energy levels Em(ifi), for example Em(O) = Erri;f1(±iflo) . 
Thus, for certain choices of E F a given level may cross it as a function of /fl and 
therefore the number of electrons in the ring will change too. 

• These are well-known features and_ the reasons for them have already been discussed 

in detail elsewhere [ 15]. 
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When the Fermi level approaches the band center or coincides with it, Fig. 3, the 
main characteristics of the persistent current are preserved but now the crucial point 
is that the band center of the ID-disordered system has an anomalous transparency, 
i.e. it is extended state [16). Indeed, apart from the fact that the maximum current 
amplitude is reduced again due to disorder, we stress that for the same values of T now 
it is more than two times larger than the current in the former case. And vice versa: the 
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persistent current has approximately the same amplitude at 10 times stronger disorder 
(compare the pattern for r = 100 in Fig. 3 to the one for r = 1000 in Fig. 2). As for 
the influence of the band-filling, the case Ep = O implies fixed number of electrons 
(even or odd) in the ring which i~ reflected in absence of "interpeaks" around <Po/2. 

3. Double-chain Ring and 4-Chain Torus 

All of the results in the preceding section were derived in the specific gauge assigning 
magnetic phase <p only to one link connecting the N -th and first site instead of using 
the usual way in which the efectrons gain phase 'l/J at every step. At first sight, the 
equivalence of the results in the two gauges is not so obvious. However, as has already 
been mentioned, it is remarkable that expressions (15) and (17) include the distributed 
phase 'l/J via Bm. As we shall see now, this demonstrates their gauge invariance. 

For the distributed gauge and mesoscopic ring yielding a discrete spectrum {En(<p)} 
one may use the following equality valid for the Cauchy distribution: 

I=-~! dEf(E) (i;;8(E-En(cp)) 8~n) D 

E ) e a de 1 1 
= - dEf(E)- Tr -. A - A n J 8cp (. J 2ni c -H - i8 c - H + i8) 

-oo D 

(19) 

e J 8 ( E - H + i17) = --,; dEf(E)-
8 

Tr ln A •• 

tl <p E - H - ZTJ 

In k-representation the Hamiltonian is diagonal and this expression takes. another more 
convenient fonn including the determinants: 

I==_:::_ J dE f(E).i_ ln det(E - ~ + iry) 
n 27ri 8cp det(E - H - iTJ) 

(20) 

Then taking into account that 

lndet(Z - H) = ln IllZ + 2acos(ka + '¢)] = L ln(z + 2acos(ka + '¢)), 
k . k (21) 

Z = E ± iry, 

one can reach the results (15) and (17) exactly in the same form. 
The real use of Eq. (20) reveals in calculation of the persistent current for the case ?f 

double-chain ring we are passing now to. Its sketch and basic parameters are shown m 
Fig. 4. In order to give electrons an opportunity to hop in traversal direction we have to 
include in the Hamiltonian (1) additional terms of the type b!, a! bi, where creation and 
annihilation operators at site i for the outer chain are denoted b! and bi, respectively. 
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Fig. 4. Finite width mesoscopic ring structured of two concentric single-chain rings as than in 
Fig. 1. The electrons can hop·along the chains as well as in traversal direction, i. e. from one chain 
into another; the respective hopping integral is denoted by -/3 

For a perfect double-chain ring { ci} are set to zero and according to the above remark 
one can obtain the "double-chain" analog of Eq. (1) 

N 

If = - 2::) O:i+i , i a!+l ai + O:i, i+ i a! ai+i) 
i=l 
N N (22) 

- L ( o:i+l,ib!+l bi + o:i,i+l bJ bi+l) - /3 L (bJ ai + a! bi) . 
l=l i=l 

. ·'·' 27r B sr Here we note that this expression incorporates another magnetic phase '!-' = N <I>o 

relat~d to the electron hopping alon~ th.e outer chain having area S' (the area of 
the inner ring is denoted by S). It enters the problem through the hopping integral 
a,jk = o:eicp'. Then ·applying the standard diagonalization procedure, the Hamiltonian 

(22) in k-representation takes the form: 

JI -{3) 
c~ , 

{

cm= -2o:cosBm 

c~ = - 2o: cos B'm 
() / 27T ~/ =-m+ m N 

and thus the spectrum of the ring shown i? Fig. 4 reads as 

2E~· 2 ) =cm+ c~ ± J(cm - cri.) 2 + 4/32 . 

(23) 

(24) 

Consequently, the energy levels are of s and p type in traversal direction giving rise to 
two bands separated or partially overlapping. Each of them is constructed with account 
of both magnetic phases~ and~' along the two chains. Moreover, they determine p.ew 
stationary state conditions different from those for ID-case. In order to calculate this 
influence on the persistent current we shall take advantage of Eq. (20). Now putting 

In det = Lm In { ( Z - E~)) ( Z - E~))} and taking the derivative with resp.ect ·to cp 
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on~ can find the current for the case of a double-chain ring 

I= ea J dEJ(E)~ t { __!!____ r am+ bm ·1 
fi. N rn=l 27rT (E - E~(:,_})2 + ( 2:) 2 

+ 2
:

7 r(E-;;,)~~(2Wl}. 
(25) 

Here am and bm are i~troduced for convenience and denote the following expressions 
which appear in the intermediate calculations · 

am= :;in ()m + (1 + g) sin ()'m 

bm = [:;in ()m - (1 + g) sin ()'mj ~7;- €72) 
Em -Em 

(26) 

where, in tum, the parameter g is related to the simultaneous variation of the magnetic 
flux in both rings and is given by the derivative 1 + g = 8cp<p' = S' / S, <p1 

= N 'lj;'. Thus, 
the interference of the two phases clearly modifies the result (17). In fact, appearance 
of the parameter g in the case of finite width topology could be anticipated realizing 
that for a lattice model small phase differences can be expected and therefore S' = 
S + !:::..S, <p' = <p + !:::..<p = <p(l + g) with g being a small correction. If we defme the 
radii of the inner and outer rings as 

27rr =Na, r' = r+ b, (27) 

1 ~-r 
respectively, then within the factor of -, g has the meaning of the ratio --, i.e. 

2 r 
the width of the ring to the radius of its hole. In the event, however, it turns out 
t.hat this aspect ratio is not so small. A trivial estimation based on the size of real 
rings shows that for the three cited above experiments [4], [10], [11] g ~0.64, 0.17 
and 0.27 respectively1 , which implies a difference from about 30 % to 60 % between 
the flux enclo~ed by as inner and outer as possible electron trajectories. The simplest 
interference effect that may arise due to this are the beats. With certainty, it would 
take place if two noninteracting concentric rings. are threaded by magnetic field. It is 
not clear a priori whether such an approximation is in order if the rings are connected 
in one or another way, but it is the tuning of the parameter {3 that allows us to test 
these possibilities. Indeed, as seen in Fig. 5, the smaller is the hopping integral fJ the 
more expressive are the beats in the current-flux characteristics. This behaviour within 
the present model is self-explanatory by the fact that at vanishing hopping among the 
two chains one should sum in Eq. (25) two independent oscillating currents of slightly 
differing phases <p and <p1 • In the case of <p = <p1 and f3 = 0 simply the result (17) 

1The last value of gin the opening stage of ring fabrication has even run up to 1.9; see Ref. [11]. 
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Fig. 5. Effects of finite width on the I - <Ji characteristics of double-chain ring for N ~ 100, EF = 
0, and T = 103 . The hopping integral f3 is measured in units of 2a. (a) The dashed line region 
is given on a large scale in the inset. For f3 = 1, 2 the Fermi level falls into, the bandgap and 
the curref)t oscillations die out; (b) The case f3-> 0 corresponds to two disconnected concentric 
chains and as discussed in the text beats are well-pronounced 

is reproduced. Further, as far as according to Eq. (24) the mutual location of both 
subbands E (l ) and E<2l depends on (3, it is possible the Fenni level to fall into a 
bandgap. Then the lower subband E(1) would be entirely filled and the upper one E<2l 
- unoccupied, which results in dramatical suppression of the persistent current as 
observed in Fig. 5 (a). For (3/2a :::; 1 they start to overlap and for small enough values 
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Fig. 6. Influence of the aspect ratio g = t::.S/ S on the I - <I> characteristics; the 
values of g correspond to the experiments [4, JO, 11] 
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Fig. 7. Effect of disorder on the persistent current in double-chain ring. As in the 
case of ID ring, maximum current amplitude is reduced again and the discontinuities 

become rounded 

of (3 can be referred to as a single "doubly-populated" band which, in turn, increases 
the current amplitude; compare the current scale in Fig. 5 (b) and (c) to (a). Other two 
peculiarities of the currents in double-chain configuration are also seen there: the linear 
drift of the I - <I> characteristics and the smearing out of the perfect <I> 0 -periodicity. 
Both of them arise due to a modification of the energy spectrum of the ring caused 
by its finite width. In absence of magnetic field the energy spectrum splits into two 
branches separated of order of 2(3. Within the present model, however, a small positive 
correction depending on the aspect ratio g and on the enclosed magnetic flux adds to 
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the band splitting. As in correlation with our previous paper [7] we note that these 
corrections affect the current in two ways: they change the period of the oscillations 
and introduce aperiodic tenns. As for the latter, the influence of g-related corrections 
depends on the rate of band-filling and therefore, on the value of f3 as well. It is 
plausible the term cm + c~ and the expression under the square root to compensate 
each other if Ne < N/2 and only the lower subband is filled (at Ep = 0 this occurs for 
/3/2CY :'.::: 1). Then the average total energy slightly varies increasing <I>. At large enough 
Ne (that is /3 / 2a < 1) the terms mentioned above add together for the upper subband 
and as a whole tl1e "diamagnetic" contribution is getting larger. In addition, the aspect 
ratio affects the current in a similar way if aU other parameters kept constant, Fig. 6. 
As for the effect of disorder, it is expected to be the same as in ID case, Fig. 7. 

Now it is interesting to investigate ho\\'. the current behaviour changes if another 
spatial degree of freedom exists. To this purpose we consioer the 4-chain torus shown 
in Fig. 8, where electrons can also hop between the two "layers" and the respective 
hopping integral is denoted by -"(. Its spectrum is very similar to Eq. (24). The Hamil
tonian and its eigenvalues in k-representation have the fonn: 

(

C711 

-/3 
II mm: = Drnrn' 

-"( 

0 

-/3 
c~ 
0 

-"( 

0) -"( 

-/3 ' 
c~i 

cm 
-/3 

It is easy to realize that the current will take a form of the type 

eajdE 1 N {n I =-i;- -J(E)- L -(am+ bm) 
ii 21f N rn=l T 

x l (E - 7 - E;l)' + (~) 2 

+ (E + 7 - E;l)' + (~ )' l 

(28) 

(29) 

+~(am- bm{E-7~ E;))' + (~)' + (E+7- E;l)' + (~) ']} ' 

and therefore all of the features inherent to the double-chain geo.metry remain the same. 
Typical behaviour of the current in a 4-chain ring is shown in Fig. 9. A negligible 
change in the axial, with respect to magnetic field, the structure of the ring is _no~ of 
importance for the effects under consideration and one cannot expect any pnnc1ple 
difference between the double- and 4-chain case. 
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Fig. 8. 4-chain torus threaded by perpendicular magnetic field. The electrons 
cap hop between the two "Jayers" .and the respective hopping integral is denoted 
by -1 . 

2 
N=lOOO 

..,, 
0 
~ 

x 0 
~ 
....... ...... 

-I 

- 2 
0 2 3 

<I> I <l>o 

Fig. 9. A typical behaviour of the current in 4-chain torus. The parameters are set 
as follows: T = 1300, EF = 0, g = 0.17 and /3 =/=a 

4. Persistent Currents in Multichain Torus 

Essentially, the method we used to solve the problems in Sec. 2 and Sec. 3 does not 
impose any restrictions as regards the number of chains in radial or axial direction. 
What is inore, it is easily generalizable for arbitrary number of chains in both directions. 
However, the end of the preceding section provides a good reason for one not to be 
interested in the longitudinal structure of the finite width rings. Certainly, it is of 
significant importance for the case of thin cylinders and this aspect of the persistent 
currents within the framework of a tight-binding model has been studied in detail in 
the papers of Cheung et al. (15]. Hence, an appropriate for our purposes structure to 
consider is shown in Fig. l 0. To be more precise, it is just a small sector of 2M -chains 
torus that is represented. The effect of the magnetic field here is similar to the one in 
the Earth magnetosphere. Relatively small magnetic field is acting all along the electron 
trajectory on very large distances. At this, the hopping between the rings will lead to 
a rich variety of trajectories enclosing the same magnetic flux. Let us for example 
dwell upon the simplest case of double chain configuration and consider only non-self-
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intersecting paths, closed after one turn along the ring. If we denote .6.<I> = Bab to be 
the elementary flux in our problem and <I> - the one enclosed by the inner chain of 
the 2N trajectories satisfying the above condition, the number of those enclosing flux 
<I>m = <I>+ m.6.<I> (m = 0, . . . , N) is equal to (~. In case of multichain torus this 
value increases dramatically and one may expect, for example, the. radial distribution 
of the current density to be affected. 

Fig. l 0. A ring consisting of 2M chains. The less loop electrons can close has area D.S = ab 

A rigorous consideration of the possible effects here requires to begin with the 
evaluation of the detenninant det T = det(Z - H). The operator T describing the 
torus in Fig. 10 is easily constructed making use of the analogy with the lD-case 
Hamiltonian (1) and it has the following, in a sense "fractal", structure' 

i'u i'12 0 · t 
T1N 

• t 
i'22 T23 0 T12 

T= 0 T23 T33 0 (30) 
................... . ...... 

T1N 0 0 TNN 

Tnn= (~)). )] 

t 0 0 .. . T M x M 

(31) 

The off-diagonal elements have the form: 

(32) 

The operators f, £,a and the phases CfJm taking place in these equations are defined as 
follows: 

f = (~ i) ' (33) 
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& = (a: 0) 6. = 27r 6.S = 27r B1rr~ 
0 a ' <p <I>o , <pm N <I>o . (34) 

Here we have introduced the "elementary cell" area 6.S = ab as described in Fig. 10, 
and the rings radii rm= r + rnb (rn = 1, ... , M - 1), with r defined in Eq. (27). It is 
straightforward to diagonalize first the r-matrix to the form 

- = (z +I 0 ) 
T 0 Z-1 . (35) 

Then we introduce k-representation along every ring so that i' becaines diagonal of 
the type 

t~ C:>~' ...... t:J (36) 

Trnm = (I. :~. L .. · .· .... ~.) 
t 0 0 . . Tm 

(37) 

Tm= T + Wcos(ka +<pm). (38) 

Now applying an unitary transformation to the transverse momentum q defined by 

q = ~ 7 (m = 0, 1, ... , M - 1) and keeping the notation'!/; for the distributed phase 

related to the innermost couple of chains we find the diagonal part of the resulting 

operator i' 

T(E; k, q) = Z - c(k, q) (39) 

where E.(k, q) stands for the spectrum of the two perfect "layers" (Fig. 11) 

E.(p) = E.(k, q) = ±1- 2o:cos(ka + '!/;) - 2{3 cos(qb + 6.<p). (40) 

Here q and k can be considered respectively as radial and azimuthal ·components of 
the two-dimensional wave vector p = (q, k). Hence, the nondiagonal part of T(E; p) 
denoted by V reads as · 

V(p, p') = Vq,q'Dk,k' ' (41) 

Vq,q' = a[ei(ka+1/.>)(8q+t:.q,q' - Dq,q') + e-i(ka+'l/.>)(Dq-t:.q,q' - Dq,q')]; 6.q = 6.t · 
(42) 

In view of the obtained above expressions for the diagonal and nondiagonal parts 
of i', it is appropriate to work out the detenninant of G defined as f- 1

, i.e. we shall 
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make use of the following difference equation that G satisfies 

T(E; k, q)G(E; k, q) +a{ ei(ka+1/J) [G(E; k, q + !:lq) - G(E; k, q)] 

+ e-i(ka+1/Jl[G(E; k, q - !:lq) - G(E; k, q)]} = 1 . 
(43) 

Since both !:lcp and !:lq are very small, continuous limit can be taken in Eq. (43) and 
thus, to the first order of f:lcp we obtain a differential equation for G 

2iasin(ka + 't/J) ~cp :q G(E; k, q) + (Z - c(q, k))G(E; k, q) = 1. (44) 

k 

Fig. ll. The energy spectrum of the ring in Fig. I 0. Its shape is characteristic for the two-dimen

sional lattice models. Here k (2;) and q ( (M
2'!:_ l)b) denote respectively the azimuthal and 

radial components of the two dimensional wave vector p 

Its solution is a Bessel-type function but it is convenient, however, to represent it in 
another, more explicitly describing the boundary conditions, form. To this purpose, let 
us introduce new variable ~ related to q as follows: 

b(Z - c(k, q))dq = ~, (45) 

or 

~ = (Z + 2acos(ka + 't/J))x + 2,Bsinx (46) 

where x = qb+ !:lcp. In terms of~ the solution of Eq. (44) for G is given by the integral 

00 

c±(E; k, q) = J d(e-( 

0 

1 ~n 
x E ± iry + 2acos(ka + 't/J) + 2,Bcosx[~ - (2ia/:lcpsin(ka + 7/J))(] 
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including x[~] as the inverse relation of~ = ~(x). At the same time, this form of the 
solution ensures the condition b..cp = 0, valid in absence of radial flux gradient. If so, 
the integral in Eq. (47) is decoupled to give (Z - c(k, q))G = 1. The calculation of the 
current now involve double summation over k and q 

In det(z+ - I~) = - LL In c:(E_; k, q) 
det(z- - H) ±-v k G (E; k, q) 

I ,q 

(48) 

where .Z.:::::±
1 

implies an additional summation over the two energy surfaces, Fig. 11. 

We note that Eqs (20), (47) and (48) represent the full set of expressions necessary for 
calculation of the persistent current in a disordered multichain ring. As with the case 
of a double-chain ring and a 4-chain toms, one should care about the changing of the 
magnetic field B which causes variations of the flux cp and b..cp simultaneously. 

For explicit evaluation of the current, however, we return to Eq. (44) and use it to 
expand G in powers of b..cp. This perturbative solution to the second order of b..cp has 
the form: 

1 { . . {) 1 b..cp 
G(E; k, q) = Z _ c(k, q) 1 - 2wsm(ka + 'lj;) aq Z _ c(k, q) b 

.. · 2 a ( 1 a 1 ) (D..cp) 2

}(49) 
. +(2iasm(ka + 'lj;)) 8q Z - c(k, q) 8q Z - c(k, q) b · 

1 

<l> 
<l>o 3 

Fig. 12. Persistent current in multichain ring as a function of magnetic flux <I>/<I>o and Fermi 
energy. Sharp changes in the dependence appear due to the small values of N and M 

In the numerical calculation presented below we take into account only the zero order 
1 

Green's function c<o)± (E· k q) = . and assume N = 40, M = 5. 
' ' E - c(k, q) ± iry 

Moreover, the ring shown in Fig. 10 is considered to be "isotropic", i.e. a= f3 = 'Y 
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and for the degree of disorder 17, according to the condition (18), we take the value 
0.005. 

Fig. 13. Efl'cct of the finite width on the I - <I> characteristics for multichain ring 

Under these settings for the parameters the same conclusions drawn in the two 
preceding sections still hold for the overall current behaviour. Indeed, as seen from 
Figs 12 and 13, there exists clear dependence of the current on the number of electrons 
(via EF) and the aspect ratio g, even though at this level of precision and generality we 
find it difficult to conclude for the details in these relations. Probably, one should expect 
the exact expression for the Green's function, Eq. (47), to give more precise results. 
Despite this, it is tempting to mention another features of the current not yet thoroughly 
discussed in the literature. Expressions derived above allow us to get some insight on 
the interesting issue concerning spatial structure of the current. Fig. 14 (a), (b) represent 
the numerical simulations respectively for the radial and azimuthal distribution of its 
density. As expected, such kind of behaviour, Fig. 14 (a), is a manifestation of the 
stationary states structure in an annulus type geometry . . on· the other hand, Fig. 14 
(b) indicates how important may be the ring edges and related edge states. The latter 
problem is discussed in more details in the paper of Avishai, Hatsugai and Kohmoto 
[ 17]. However, going into the depths of such aspect of the persistent currents is beyond 
the scope of this paper. 

5. Summary 

Here we addressed the persistent currents in disordered multichain rings using an ap
propriate for the case modification of Lifshitz's degenerate perturbations method. As 
a result, analytical expressions for the current in a lD-ring (Sec. 2), double-chain ring 
and 4-chain torus (Sec. 3), and multichain ring (Sec. 4) were derived. The evaluation 
takes into account neither electron-electron and electron-phonon coupling nor the spin 
of the particles. Nevertheless, assumed in the above account approach, enables us to 
obtain some important results based only on a simple lattice model which is rather of 
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principle interest. For example the current in a ID-disordered ring, when Ep is right 
in the middle of the band, reflects its anomalous transparency. Further, the linear drift 
of the current and the aperiodic contribution turn out to be a hallmark of the finite 
width configurations. In this connection a simple note is in order. In fact, as seen from 

Eq. (24), the periodicity is easily recovered for 7rg/
2 _!_ = n1f, (1 + ~) _!_ = m, 

. N iI>o 2 <Po 
where n, m = 1, 2, .... Certainly, this may occur only for rational values of g. Hence, 
if the ratio t. <P / <P 0 is a rational number then as a whole all the quantities depending 
periodically on the magnetic field will have the same common period. 

Fig. 14. (a) Azimuthal distribution of current density as a function of enclosed magnetic flux; 
(b) Radial distribution of current density. It seems that the increasing of the magnetic field causes 
"pushing out" the current towards the edges 

The generality of the conclusions in Sec. 3 is tested for the case of ring consist~n? _of 
2M -chains considered in Sec. 4. Applying the same technique shows that a poss1b1hty 
for re'vealing the spatial structure of current exists, but more rigorous considerations 

~ are needed. Another problem to remain is how to take into account all possible electron 
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trajectories in such lattice model and in what manner they affect the current. It seems 
that here (as well as in Ref. [7]) we deal mainly with only one type of trajectories -
those closed after one tum along the ring. An averaging over the distribution of paths 
considered in connection with the double-chain ring implies for a subtle dependence 
of the Green's function on the number of sites. 

Nothing has been mentioned about the temperature dependence of the current. Al
though the estimations were performed· for T = 0, the analytical expressions are valid 
as well as- for finite temperatures. It is easy to realize that the effect of T i 0 will 
result in additional attenuation of the current amplitude. 

As for the disorder, within the framework of the presented model, i. e. lattice ap
proximation with Cauchy-distributed on-site energies, we find its influence to be in a 
good agreement with the existing theories. The same holds also for the effect of band 
filling. 
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