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Abstract. The practicability of the Phoenical SHASTA FCT algorithm is exam
ined for conditions close to those of a streamer (electric discharge) channel. An 
optimised, universal procedure is proposed which works practically in arbitrary 
conditions. As a test two examples are simulated, not specifying the electric field 
distribution. We treat self-consistent systems of "generalised" continuity equa
tions. An easy to use FCT algorithm for 20 Cartesian and cylindrical coordinate 
systems is given. Several limiting techniques are explored, and it is found that 
the combination of 1 D and 20 limiters without correctors is a suitable procedure. 

PACS number: 02.70.-c 

1. Introduction 

This work was initiated from the problems arising in the numerical simulation of a 
streamer channel - the stage of electric discharge determining the physical properties 
of coronas. Recently, an increasing amount of theoretical and experimental works in 
this field is mainly due to the usage of the corona discharge for flue gas cleaning 
[1]. The modelling of the streamer channels requires description of the kinetics of 
particles (charged and neutral ones) in conditions where moving large-gradient zones 
detennine the physical properties of the regarded system. Steep gradients of gas and 
flow parameters can result within very small grid-spacing and long computational 
time in many numerical methods. One of the most convenient algorithms for use with 
source tenns and boundary conditions that offers the potentiality to overcome the above 
mentioned problem, is the Phoenical Low Phase Error SHASTA FCT algorithm, first 
described by Boris et al [2 - 4] and further developed by Zalesak [5] and Morrow [6, 
7]. The procedures given by these authors represent a wide range of possible versions. 
Initially, our particular purpose was to use one of the above procedures and to simulate 
the particle kinetics in the streamer channels. However, our first attempt to calculate 
the streamer channel with the Boris and Book limiter (the simplest and fastest of 
the limiters) was unsuccessful. The movement of the neutral particles was calculated 
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2 P S. Pirgov, I. N. Jotov 

correctly, but accounting for the movement of the ions and especially of the electrons 
led to density fluctuations _of the discharge, and therefore to the appearance of variable 
fields in the streamer body. This was not unexpected as far as the FCT algorithm has 
not yet been placed on a rigorous analytic foundation, and "great care is needed in 
confinning the accuracy of results obtained with it" [8). Therefore it is the purpose of 
this work to look for an optimised and universal procedure which works practically in 
arbitrary conditions. As far as the modelling of Poisson equation represents a separate 
simulation problem, we shall publish these results separately. In order to keep some 
generality, we regard appropriately chosen examples and do not assume any specific 
distribution of the electric field because the results strongly depend on the assumed 
electric field distribution. Therefore the situations we model in this work are represented 
by a self-consistent system of "generalised" continuity equations (see Eq. (1) of this 
paper) . The results obtained can be used as a base for more complicated physical 
modelling. · 

In this work we explore one- and two-dimensional flux limiting procedures and 
present the implementation of Cartesian and cylindrical coordinate systems to the sim
ulation of the following two examples: 

1. A Mach 3 wind tunnel with a step. This two-dimensional test problem was intro
duced more than 25 years ago by Emery [9] and has been proved to be a useful 
test for a large number of methods [ 1 OJ. This is a typical case where the highest 
gradients in the density are established inside the regarded volume even though 
the boundary (walls) is the cause for their appearance. 

2. Gas flow into a vacuum. In contrast to the wind tunnel test example, here we 
consider the case of large gradients establishing at a free boundary. We chose 
this example in order to apply the FCT scheme to conditions which are closer to 
those in the streamer. Our purpose is to find limiters which should work in such 
conditions. In streamer channels there is high density of charged particles, while 
in the surrounding gas their density is practically zero. The existence of such steep 
gradients in the density at the boundary of the regarded domain is the reason for 
failure of our first attempt to calculate the streamer channel with the Boris and 
Book limiter. 

2. Basic Equations and Calculation Procedure 

Equations of the type 

8R - + \J · (RW) + \JP - \J · Q = S at 
(1) 

treated in this paper are called "generalised conservation equations". For formal sim
ilarity, R is called "density", W "velocity", P "pressure'', Q "diffusion" and S the 
"source". Furthermore, is noted that Eq. (1) may also represent a system of equations. 
In that case the symbols R, W, P, Q and S represent a set of physical quantities. The 
explicit forms of the div and grad operators depend on the dimensions and coordinate 
system of the simulation. Thus the Navier-Stokes equations needed to simulate the 
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chosen situations could be written as a system of equations in this general form by 
defining the density, velocity, gradient, diffusion and source like tenns . In this sys
tem of equations the "densities" (according to Eq. (1)) are considered as the unknown 
functions. The other tenns are considered as functions of these known "densities". The 
explicit fonn of the Navier- Stokes equations for compressible gases (the equations of 
conservation of mass, momentum and energy) is 

8p 
at+ \J. (pw) - \l · (D\lp) =Sp 

8pw ~ 
---al+ \l · (p w ® w) + \lp - \l · tµ, = Spv (2) 

8pE ~ Bt + \l · (pHw ) - \l · (t · w + k\JT) = SpE. 

Here w is the gas velocity and p, p and T are the gas density, pressure and temperature 
which obey the gas-law p = pR9T (Rg is the gas constant). E and H are the internal 
energy E = CvT + ~lwl 2 and the enthalpy H = E +p/ p. D is the diffusion coefficient, 

k is the heat conduction and tkt = µ(8kWl + 8twk) - ~µ(\l · w)Dkl is the shear stress 
tensor with viscosity f.l (8k means k-th spatial derivative). Further external influences 
are described by the source tenns S. 

The system of equations (2) is used in a nondimensional fonn. The nonnalization 
is perfonned by division of: density - to the maximal initial density; pressure - to 
the maximal initial pressure; velocity - to the sound velocity at the initial conditions, 
and space - to the maximal transverse distance. 

The FCT positivity-preserving finite-difference technique is specially designed for 
the case when the characteristic scale lengths for the desired solution are as small 
as or smaller than the computational cell size. Phoenical FCT algorithms can use 
nonuniform meshes and various curvilinear coordinate systems [8] and yield results 
essentially identical with those of flux uncorrected schemes in the absence of large 
gradients . To advance the numerical equations by one time step, the flux correcting 
algorithms perform four operations [6] . First, a low-order numerical scheme that guar
:Hltees monotonic (ripple-free) results is used to compute the low-order transport and 
diffusive solution. Second, anti-diffusive fluxes are constmcted from high and low-order 
numerical schemes. These fluxes are an approximation for the surplus of numerical dif
fusion in the low order calculation. Third, a nonlinear correction procedure is used to 
limit the anti-diffusive fluxes in such a manner that the final solution will be free of 
extrema not present before. The last step calculates the final solution by applying the 
corrected fluxes to the low-order transport and diffusive solution. The Phoenical LPE 
SHASTA FCT is a 7-point numerical scheme. For each coordinate line we add three 
extra grid-points outside the simulated field to avoid the special treatment of points 
near the boundary. The values of the densities in these points are forced by a rou
tine which is called after each computational step. The numerical boundary conditions 
will be discussed together with the examples. The explicit form of the Phoenical LPE 
SHASTA FCT calculation scheme for Cartesian and cylindrical coordinates is given in 
the Appendix. 
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The time integration of the above equations follows a simple midpoints rule of a 
second-order accuracy where the velocity, gradient and diffusion terms are determined 
at a half-time step by a forward difference first-order algoritlun. These half-step quan
tities are then used to advance the densities (and the functions depending on them) 
for a full time step in a time centred manner. A brief description of the calculation 
procedure for one time step is given below: 

1. Calculate the initial velocities, gradient and diffusion terms 

2. Calculate half-time step. 

3. Predict half-step densities by applying the two-dimensional FCT method on the 
initial densities, velocity, gradient and diffusion tenns. 

4. Calculate and apply sources on the half-step densities by means of a two-step 
method using the initial and half-step densities. 

5. Force the boundary c9nditions for the predicted half-time step densities. 

6. Calculate the half-step velocities, gradient and diffusion tenns from the half-step 
densities. 

7. Calculate the full time step. If this time step differs much from the half-time step 
then repeat the procedure from point 2 with the smaller of them. 

8. Calculate the full time step densities by applying tl1e two-dimensional FCT method 
to the initial densities and predicted half-step velocities, gradient and diffusion 
tenns. 

9. Calculate and apply the sources on the full step densities by means of a two-step 
method using the initial densities and the predicted half-step quantities. 

10. Force the boundary conditions for the full time step densities. 

11 . Go back to point 1 for further calculations. 

For each computational step (half- and full time step cycle) we calculate the source 
term twice [6] . The time step can be varied freely within the stability criteria. To 
minimize the calculation time the maximum possible step size is calculated for each 
cycle, and we restrict our considerations to two-dimensional time dependent case (2Dt). 
The corresponding 3Dt schemes can be developed following the same approach. The 
two-dimensional solutions are calculated by treating the coordinate directions indepen
dently during one time step by means of one-dimensional limiting procedure. A full 
two-dimensional flux limiter can be also applied to increase the accuracy. The max
imum possible tin1e step is determined by the local maximum infonnation velocity 
(gas velocity + sound velocity) and the local grid distances [7]. If the source tenn is 
larrrer than the convection or diffusion tenns it has to be taken into account too. The 

b 

Courant-number used for our simulations is 0.4 [11]. 

Example 1 Mach 3 wind tunnel with a step 

The test begins with a unifom1 Mach 3 flow in a wind tunnel containing a step. The 
tunnel is 3 units long and 1 unit wide. The step is 0.2 units high and is located 
0.6 units from the left-hand end of the tunnel (Fig. 1 ). At the left end of the tunnel 
there is an inflow boundary condition, at the right end all gradients are assumed to be 
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zero, and on the walls reflecting boundary conditions are applied. Using the general 
density notation the boundary conditions can be written as R_i = const for the inflow; 
JL .i = Ri for the zero gradients; R-i = Ri in tangential direction (also Ro = 0 for 
viscid flux) and R_i = -Ri and Ro = 0 in normal direction for the reflection. For 
one coordinate, i = 1, 2, 3, point 0 is on the boundary, and -3, -2, -1 are extra points 
outside the simulated field. These conditions can only be applied when the mesh near 
the boundary is uniform. Initially, the tunnel is filled with a gamma-law gas (r = 1.4) 
with density 1.4, velocity 3 and pressure 1. For this example we used a uniformly 
spaced grid of size I /70. 

Fig. 1. Schematic representation of the wind 
tunnel. The mesh is split into two parts. The 
boundary conditions arc discussed in the text 

wall 

copy copy 

wall 

wall 

wall 

The gasdynamic equations without viscosity and heat-conduction (Euler equations) 
for two dimensions that describe this test problem result in four conservation equations 
written below: 

op + o(pvx) + o(pvz) = 0 
o t o:r o z 
opvx o(pvxvx) D(pvxvz ) op _ O 
fit+ ox + oz +ox -

OpVz o(pvzVx) o(pVzVz) Op _ Q 
fit + ox + oz + OX -

(3) 

opE + o(pEwx) + o(pEwz ) = O. 
ot o x o z 

The "densities" are p, pvx , pvz and pE, with the energy E = CvT +p 1/ 2lv l2 . The .ve

locity components of Eqs (3) (the last one) are Wx 0 , z = Vx or z ( 1 + pE). The physical 

variables Vx, Vz and p can be calculated from the "densities" by these expressions and 
the gas law. 

To simulate the wind tlmnel we split the mesh into two parts. The boundary condition 
between these two parts copies the last right hand 3 points of the left array into the 
last left hand 3 boundary points of the right array and vice versa. Splitting the meshes 
into parts can also be useful in the case of branching channels . 

The simulation of this test problem was performed with the Phoenical LPE SHASTA 
FCT srheme from the Appendix. To detennine the importance of a fully two
dimensional flux limiter, we explore one-dimensional limiter of Book et al. [3] , one
and two-dimensional limiters of Zalesak [5] (with or without using the initial density 
infonnation to evaluate the minimum and maximum possible fluxes into grid point) 
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Fig. 2. Calculated distribution of the density at time t = 2 according to Table I. 
lsolines are equidistant through 0.07 nondimensional units 
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Fig. 2. (Continued) 
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and combinations of them. We also tried to apply (i) the half-time step densities or 
a combination of them with the transported and diffused densities to define the anti
diffusive fluxes [12], (ii) 1 D limiter with "peak preserver" [5], (iii) a greater artificial 
diffusion and (iv) the "gradient velocity" term for detennination of half-step velocities 
[12]. 

The Phoenical LPE SHASTA FCT algorithm with several of the explored limiters, 
has small numerical diffusion resulting in very narrow shocks (Fig. 2). The nonlinear 
limiting procedures introduce some noise in the density contours. When some "phys
ical diffusion" is included in the calculation, for example heat-conduction, such noise 
and undershoot effects disappear. It is impossible to include "physical diffusion" on 
such a coarse grid in other numerical schemes, because of their numerical diffusion. 
Another way to avoid the noise can be the application of some nonlinear (i. e. loga
rithmic) evaluation of the quantities between mesh points [13], but this procedure is, 
computationally, very expensive. 

Regarding the results, shown in Fig. 2, the best results seem to be the combination of 
one- and two-dimensional limiters (Figs 2d and 2.D, although the differences between 
the results obtained by the one-dimensional and the combination of one- and two
dimensional limiters are small. However the results obtained with the pure 2D flux 
limiter (Fig. 2j) and with 2D limiter plus 2D corrector (Fig. 2i) are unacceptable. The 
fact that the typical shock contour on the right side of the picture becomes fuzzy gives 
us the reason for the above conclusion. Therefore we recommend one-dimensional 
limiters or a combination of one- and two-dimensional limiters (see Zalesak [5]) . 

The inclusion of the initial density infonnation to correct the anti-diffusive fluxes in 
the Zalesak's limiter leads to worse results in this example. Possibly a smaller Courant 
number (::; 0.1) or some additional physical information concerning the minimum 
and/ or maximum possible densities could help in this case. 

Application of the half-time step densities or a combination of them with the trans
ported and diffused densities to define the anti-diffusive fluxes [ 12] , removes the noise 
and smooths the results, but makes the shocks very thick and not in the right place. 
Using larger artificial diffusion or the "gradient velocity" tenn for determination of 
half-step velocities [12] shows similar large numerical diffusion in this example. Inclu
sion of the "peak preserving" algorithm of Zalesak [5] makes the situation even worse. 
The calculation time of the schemes that include the two-dimensional limiter is about 
30 % greater than that of the schemes without it. 

Example 2 Gas flow into a vacuum 

A schematic representation of the second example is shown in Fig. 3. In order to work 
with a limited number of mesh cells, we represent the free space as a cylinder with 
sufficiently large length and radius which in our case are 1 and 0.8 respectively (all 
numbers are in nondimensional units). Therefore we apply the zero gradients boundary 
conditions (see the boundary conditions of example I) to the lateral and downstream 
side of this cylinder (denoted with "open"). We apply reflecting boundary conditions to 
all walls: the plane outside the downstream side of the feeding tube and its lateral side. 
The gas ('Y = 1.4) flows in the free space through a 0.1 long, 0.1 radius cylindrical 
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tube (feeding tube). The initial gas density on the tube axes is 1.4, the temperature 
and the pressure are 1, and the velocity 2 (Mach 2). On the wall of the tube we have 
temperature 1/7, pressure 1/ 25, velocity 0 and density according to the gas law. All 
quantities are parabolically distributed along the tube radius, and the initial conditions 
are always specified at the entrance (inflow boundary conditions). In all points of the 
free space the initial conditions are as on the tube wall. 

open 

' 
' . . . 

copy 

· - · -0-p-~-~- · - · · - · - · - · - ·-·-· - · - · - · - · - · - · - · - ·-·-·-·-· ~:- ·-· -,·._! - - +--~ 

z -
open 

'. wall 
' 

inflow 

Fig. 3. Schematic representation of the gas flow into a vacuum. The smaller cylinder is the feeding 
tube, the larger cylinder - the free space. The boundary conditions are discussed in the text 

The conservation equations in cylindrical coordinates describing this example are 
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The gas law and the internal energy are the same as in example 1 and the shear stress 
tensor has the following form: 
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All cases described in Table 1 were examined. We found that all pure one-dimensional 
limiters are unsuitable for simulation of this example. Thus the application of the Boris 
and Book limiter led to a quite fuzzy lateral shock of the flowing profile. Adequate 
results were obtained only in three cases which are given in Table 2. 

Table 1. Combination of different limiters and correctors used to obtain the results presented in 
Fig. 2 

Figure 2 ID limiter ID corrector 2D limiter 2D corrector 

a Boris & Book yes no 
b Zalesak yes no no 
c Zalesak no no no 
d Boris & Book yes Zalesak yes 
e Boris & Book no Zalesak no 

I Zalesak yes Zalesak yes 
g Zalesak yes Zalesak no 

" Zalesak no Zalesak no 
no no Zalesak yes 

j no no Zalesak no 

Table 2. Combinations from FCT limiters and correctors allowing the simulation of the gas flow 

into a vacuum 

Figures 3, 4 ID limiter I D corrector 2D limiter 2 D corrector 

a Zalesak yes Zalesak yes 

b Zalesak no Zalesak no 

c no no Zalesak no 

a 
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Flux Limiting Techniques in Streamer Like Situations 

Fig. 4. Calculated distribution of the axial speed at time t = 1 according to 
Table 2. Isolines are equidistant through 0. I nondimensional units 

b 

Fig. 5. Calculated distribution of the axial speed at time t = 6 according to 
Table 2. lsolines are equidistant through 0.1 nondimensional units 

11 

Comparing the cases (a) and (b) it is seen that the number of isolines is smaller in 
Fig. 4a) compared with Fig. 4b), as a consequence of enhanced diffusion due to the 
correctors used. This is more evident for the later time history shown in Fig. 5, where 
the gas is almost blown out from the region considered. Thus from analysis of Figs 4 
and 5 it can be concluded that it is preferable not to use correctors; which in some cases 
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limit the anti-diffusive fluxes more than necessary. Contrary to the previous example, 
t~e pure 20 limiter now gives more satisfactory results . However, as clearly seen in 
Figs 4c and Sc, back diffusion along the z axes of non- physical nature is still presented. 
Therefore as in the previous example, it is still preferable to use the combinations of 
l~ and 2D limiters. It is however not preferable to use correctors in all cases. Figure 6 
gives the distributions of the density, axial and radial speed and of the pressure at the 
moment t = 1, calculated with lD + 20 limiters (case (b) of Table 2). 

c 

= ._.._ -. 

Fig. 6. Calculated distribution of the density (a), axial speed (b), radial speed (c) and pressure (d) 
at time t = 1 with ID+ 2D limiters without correctors (case b of Table 2). lsolines are equidistant 
through: 0.07 nondimensional units for density, 0.1 nondimcnsional units for velocities, and 0.05 
nondimensional units for pressure 
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3. Conclusion 

A test was made of the practical applicability of the Phoenical SHASTA FCT method 
to simulate conditions which are close to those of the streamer channel. This was done 
with the use of simple examples based on the gas-dynamic equations. The first example 
shows that almost all limiters are workable on it, while the second shows that only a 
few limiters are able to deal with the streamer like conditions. Different limiters were 
estimated, and the best results were obtained by a combination of one-dimensional 
and two-dimensional limiters without correctors. The Boris and Book's ID limiter and 
Zalesak's ID limiter without initial density infonnation also give acceptable results. 

Besides the Navier-Stokes dynamics of fluids the generalised conservation equa
tion can describe propagation of turbulent kinetic energy and turbulent dissipation, 
induced magnetic field in MHD approximation, pushing of projectiles through barrels, 
propagation of signals through optical fibbers, etc. This allows to simulate, by the de
scribed procedure, a number of practical processes involving evaporation, condensation 
and chemical reactions of injected particles and gases into a plasma flow, corona and 
different streamer discharges and many other "evolution" processes. 

In all examples we consider only one gas. In principle, the movement of gas mixtures 
can be described in the same way, but in this case the continuity equations must be 
solved for each gas component, and the sum of all partial densities should be taken in 
the equations of momentum and energy. 
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Appendix A. 

The aim of this work is to solve the "generalised conservation equations" (1). In general 
we follow the original papers of Boris and Book [2 -4] and further development of the 
method by Zalesak [5] and Morrow [6, 7]. 

Let a nonunifonn Cartesian or curvilinear 2D mesh be specified by two indices, i 
and j . The positions of each grid point are specified by two numbers { .'Ei,j, Yi,j}. By x 

we denote any of the coordinates used (Cartesian, r, z or <p cylindrical) and by y the 

other coordinate. The interleaved mesh spacings are /::,, xi,j = ~(Xi+l ,j - Xi-l,j) and 

1 
8xi+ 1; 2,j = 2(Xi+l ,j - Xi,j); similar relations are valid in the other spatial direction. 

All desired quantities are known at each grid point. We denote by index (i + 1/2, j), 
the value of each quantity halfway between grid points (i , j) and (i + 1, j). This can 
be found by some interpolation procedure [13]. In the present paper we use the most 

simple way for interpolation, Bi+1; 2,j = ~(Bi+i ,j + Bi,j)· 

Since all transport and diffusion operators commute, we can use a one-dimensional 
routine for detennining the low-order fluxes, the antidiffusive fluxes and the "trans
ported and diffused" low-order solution. The flux limiting procedure, however, depends 
on the vicinity (all directions) of the mesh point considered. 

Here we consider the different operators in Eq. (1) separately. Only one index will 
be held when we deal with one-dimensional routines (for example, with 8xj+ 1; 2 we 

denote 8x.;+ 1; 2 ,j or 8yi,j+1;2). 

A.1. Low-order "Transported and Diffused Solution" 

The low-order solution and the "transported and diffused solution" are 

j·W JW j"P JP JQ JQ RT_ R. _ j+i/2 - j-1/2 _ j+i/2 - j-1/2 _ j+1/2 - j-1;2 

J - 1 /::,, x ·Cw /::,, x cf /::,, x GQ 
J J J J J J 

(A.l) 

RTD = RT+ Dj+l/2 - Dj-1 /2 
J J /::,, x c\!V 

J J 

(A.2) 

where f is the different low-order fluxes corresponding to convection, pressure and 
common diffusion terms of Eq. (l); D is the corresponding artificial diffusion flux and 
G is the corresponding weight factor. The low- and the high-order fluxes and the weight 
factors are listed in Table Al. 

The first row for each tenn in Table Al corresponds to any Cartesian or z cylindrical 
coordinate; the second and the third rows - to r and <p cylindrical coordinates (all 
coordinates are symbolically denoted by x or y). Here 8t is the time step and Ej+i/2 = 

8tWj+1;2 

bXj+l/2 . 
The auxiliary diffusion flux Q j+l/2 is detennined outside the routine. For the par-

ticular direction there are two possible operators given in Table A2. 

Table A.1. FCT fluxes and weight factc 

No 

2 

3 

2 
3 

2 
3 

2 

3 

2 

Coordinates 

Cartesian or 
z cylindrical 

r cylindrical 

rp cylindrical 

Cartesian or 
z cylindrica l 

r cylindrical 
rp cylindrical 

Cartesian or 
z cylindrical 
r cyl indrical 
rp cyl indrical 

Cartesian or 
z cylindrical 

r cylindrica l 

rp cylindrical 

Cartesian or 
z cylindrical 

r cylindrical 

Jf+.1/2 = 8Xj+I/ 

!J";.J/2 = 8Xj+I/ 

Dill 

1 
Dj+I /2 = (,'5Xj. 

1 
Dj+I/ 2 = 60xj. 

Aj+I/2 = ~ ( 1 

Aj+I/2 = ~ (1 
3 rp cylindrical 

Table A.2. Possible FCT diffusion ope 

.Q_ (b(x) ac(x)B) 
ax ax 
~ (b( )8c(y)B ) x,y """ ax uy 

A.2. Zalesak's Flux Limiter in I 

c {o Aj+1/2 = 

Aj+1;2Cj+i/2 
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Table A. l. FCT fluxes and weight factors 

No Coordinates Convection nux J)'r_
112 

Cartesian or JW 8 [ 1 2 ] 
z cylindrical j+1;2 = Xj+1;2 Ej+1;2Rj+1;2 - 3cj+i;2(Rj+1 - Rj) 

2 r cylindrical J)'-i;.112 = 8xj+i;2Xj+i/2 [c:1+i;2Rj+i/2 - ~C:J+i;2 (R;+1 - Rj)] 
3 cp cylindrica l same as I 

Cartesian or 
z cylindrical 

2 r cylindrical 
3 cp cylindrical 

Cartesian or 
z cylindrical 

2 r cylindrical 
3 cp cylindrical 

Cartesian or 
z cylindrical 

2 r cylindrical 

3 cp cylindrical 

Cartesian or 
z cylindrical 

2 r cylindrical 

3 cp cylindrical 

Pressure nux f [+ 1 / 2 

same 
same 

Diffusion, heat conduction, viscosity fji. 112 

same 
same 

Artificial diffusion Dj+i ; 2 

1 
Dj+1/2 = 5DXj+i;2(Rj+1 - Rj) 

1 
Dj+I /2 = 5DXj+1 ; 2Xj+1;2(Rj+L - Rj) 

same as I 

Antidiffusive nuxes Aj+ L/2 

A.i+1/2 = ~ ( 1 - EJ+i;2) Dxj+1;2 ( RJ+1 - R'I) 

Aj+i;2 = ~ ( 1 - EJ+i/2) 8xj+i;2Xj+i /2 ( RJ+i - R'I) 

same as I 

Table A.2. Poss ible FCT diffusion operators 

!}_ (b(x) 8c(x)B) 
EJx EJx 

(cB)i+1,j - (cB)i,j 
Qi+1; 2,j = bi+1 ;2, j Dx · . 

. i+l/2,J 

. . - b . (cB)i+I/2,j+I - (cB)i+I/2,j-l 
Qt+I/2 ,J - i+l/2,J 2ll.y· . t,J 

~ (b( ) EJc(y)B) 
a x,y a x y 

A.2. Zalesak's Flux Limiter in One Coordinate Direction 

Ac -
. j+l/2 -

otherwise 
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cw 
J 

Tj 

Tj 

G'f 

Tj 

Tj 
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where 

max 

C· - {min(Rj+1, Rj ) ifAj+i;2 2: 0 
1+

1
/
2 

- min(Rj , Rj+ 1) otherwise 

R ± = {O ( Q±) if Pf = 0 
1 min 1, Pf otherwise 

Pf= (max (O, Aj'f l / 2) - min (O, Aj± i ;2)) / (6 x jGj") 

Q+ = Rmax _ R T D 
J J 

Here R (min) are the bounds for the maximum (minimum) values of R during the time 
• max 

step. The safe choices for them are R(min) = (t~~1i~i) ( R ffi, nf D). Another possibility 
max 

is to use also the initial densities R(min) = (t~~i~i) ( R j±i, R f fi, R j, Rf D). Further any 

physically motivated upper and lower bound values can be applied . Also "peak" values 
(see Zalesak [5]) can be included in the formula . 

A.3. Zalesak's Two-Dimensional Flux Limiter 

where 

Here 

C . _ {min (R t+i,j• R j) if Ai+i;2,j 2: 0 
i+l/2,J - · (R+. R -:- ·) otherwise min t,J' t+l,J 

{
min (R tj+i• Rjj) if Ai,.f+1;2 2: 0 

ci,j+1;2 = . + _ · 
mrn (R i,j• R i,j+l) otherwise 

{

o if p± = o t ,J 

R ± = ( Qt) 
i ,J m in 1, pi~ otherwise . 

P ± - Px·± + J=>y± · i .j - i ,j ' i,j , 

Px[,.i = [max(O, Ai'fl / 2,j) - m in (O, Ai±1;2,j)) I (6 xi ,jGr1) 

Pytj = (max(O, Ai,j'fl / 2) - m in (O, A;,j±1 ; 2)) / (6 Yi ,jGj") 

Q + . = R max _ R TD Q-:-. = R TD _ Rmin , 
t ,J t,J t.J 7,,J 

max 

Where R(min) max (R RTD R . R TD R · '±1 nTP ) or other values (see = (min) i±1,j, i±l ,j• i ,J, ·i,j , · i,J , i ,J±l 

1 D limiter) . 

A.4. Boris and Book's Flux Limi 

In our notation 

where Sj+1; 2 = :;ign(Aj+1;2), G~ 
and f3 depend on the coordinate S) 

Table A.3. Powers in Boris and Book' 

a 
(3 
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0 
0 

A.5. Final Solution 

d. d. . Rfim For one coor mate !fect1on: j 
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The radial spherical coordina 
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the same quantities must be used. 
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1 

Bj+1;2 (Rf~ - Rf_£D L'.xj+1 

x (Gf+1t (Xj+l / 2)/3' 
XJ+3/2 

Sj+l / 2 (R'JD - R'J!i) Llxj 

X (G.ft (Xj+l /2 )/3 
XJ-1/2 

where Bj+1/2 = sign(A.i+1; 2), Gj" are the convection weight factors and powers a 
and {3 depend on the coordinate systems and are given in Table A3. 

Table A.3. Powers in Boris and Book's limiter for different coordinates 

Cartesian or r cylindrical <p cy lindrical r spherical z cylindrical 

Q 0 I 
/3 0 0 

A.5. Final Solution 

ti I AJC+l/2 - AJC-1/2 
For one coordinate direction: RJ"" = Rj - --~-~~

LlXjG j" 

2 
2 

Two-dimensional case: R~,•11~ 1 = R
1
· _ Af+112.j - Af- 112.j Afj+l/2 - Afj-1/2 

L'.x · ·Gw L'.y · cw t,J t t,J J 

The radial spherical coordinate is described with formulae similar to the radial 
cylindrical coordinate but instead of rj and rj+1; 2 everywhere the second power of 

the same quantities must be used. 

A.6. Program Structure - One Equation Without Source 

We shall denote the two independent coordinates with x and y (indices i and j). The 
x loops consist of one-dimensional integration of each row (fixed y) and the y loops 
consist of one-dimensional integration of each column (fixed x). The common density 
before the time step is R~,j · 

Let us write symbolically RJD, Aj+1; 2 = F (R, W, P, Q, 8t) for the operations of 

LPE SHASTA FCT that calculate the transported and diffused solution (TD) and 
the rough antidiffusive fluxes (A) in time 8t (see Section 1 of the Appendix). Let 
AJ+i / 2 = A 1 (R, nTD , A) (see Section 2 or 4) and Rf= L 1 (RTD, Ac) (see Section 5) 

be the one-dimensional flux limiter and final solution operators. Using this notation, 
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the sequence of operators for advancing the dynamical variables (R) one time step by 
one-dimensional flux limiting procedure is given in Table A4. 

Table A.4. Algorithm according to one-dimensional flux limiter FCT 

x loop 

For j = 1 to M (each y) 

For i = 1 to N (x loop) 

R'[D, ~+ i /2 = F (R, W, P, Q, 8t) 

Af+i/2 = Ai (R, RTD , ~+i;2 ) 

R{ = L i ( RTD , A.f+i ;2 ) 

RlJ=R{ 

End i loop 

End j loop 

y loop 

For i = 1 to N (each x) 

For j = 1 to M (y loop) 

Rf 0, Aj+i/2 = F (R, W, P, Q, 8t) 

A_f+i / 2 = A i ( R, RTD, Aj+i ; 2) 

Rf= L i ( RTD, A_f+i/2 ) 

J - I J Ri,j - Ri,j + Rj 

End j loop 

End i loop 

Denoting by Af+ 1; 2,j, Afj+i/2 A 2(R, RTD, Ai+l/2,j, Ai,j+l/2 ) (see Section 3) 

and RL = L 2 (RTD , Af+1; 2 ,j, Afj+l / 2 ) the two-dimensional flux limiters and final 

solution, we give the x and y loops in Table A5. 

Table A.5. Algorithm according to one- and two-dimensional flux limitrer FCT 

Two-dimensional flux limiter 

x loop 

For j = 1 to M (each y) 

For i = 1 to N (x loop) 

R'[0 , ~+i/2 = F (R, W, P, Q, 8t) 

Af;_1;2,j =Ai ( R, RTD, ~+i;2 ) 
End i loop 

End j loop 

y loop 

For i = 1 to N (each x ) 

For j = 1 to M (y loop) 

Rf0 , Aj+1 /2 = F (R, W, P, Q, 8t) 

Af.j+I / 2 = A1 (R,RTD , Aj+112 ) 

End j loop 

End i loop 

Both directions 

~+1/2,j• Af.j+i/2 = A2 (R, RTD , Ai+1/2 ,j• ~.j+i;2) 

Rf.J = L2 ( RTD , Af;_1;2,j• Af.j+1/2 ) 

A.7. Program Structure - Self-consisted System of Equations with Sources 

Let us denote by W, P, Q = P (R) the subroutine determining the common velocity 
vector, pressure and the diffusion tensor; by Rf= FCT(R, W, P, Q, 8t) - any FCT 
algorithm (one- or two-dimensional flux limiting) advancing the common densities with 
a time step 8t (see Section 6) and by S = S(R) the source term in the Eq. (Al). The 

algorithm used is given in Table A6. 

Table A.6. Source treatment in FCT 

Row Half time cycle 

Wo,p0,QD = p (W.) 
2 R1j:_

0 
= FC'I' (_RO, Wo, flJ , 

3 Rl/4 = ~ (_RO + R¥:.o) + 

4 Rl/2 = R1/:.o + ~s (Rl/4) 

5 force boundary 

Thus we obtain a second-order 
second-order accurate treatment oJ 
rows 3 and 4 have to be omitted. 
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y loop 

r i = 1 to N (each x) 

or j = 1 to M (y loop) 

Rf D, Aj+i / 2 = F (R, W, P, Q, c5t) 

Af+1;2 =A1 (R, RTD,Aj+i ; 2) 

Rf= 11 ( RTD, Af+1/ 2) 

17f =Rf +Rf J."i,J t 1J J 

nd j loop 

di loop 

Ai+l / 2,j• Ai,j+i; 2) (see Section 3) 

dimensional flux limiters and final 

onal flux limitrer FCT 

miter 

y loop 

r i = 1 to N (each x) 

or j = 1 to M (y loop) 

RJD• Aj+i ; 2 = F (R, W, P, Q, c5t) 

Af.j+l /2 =A1 (R,RTD , Aj+1 ; 2) 

nd j loop 

di loop 

A;+l /2,j• A;,j+1 ; 2) 

• Af.j+1 /2) 

m of Equations with Sources 

determining the common velocity 
FCT(R, W, P, Q, Ot) - any FCT 

dvancing the common densities with 
e source tenn in the Eq. (Al). The 

Table A.6. Source treatment in FCT 

Row 

2 

3 

4 

5 

Half time cycle 

Wo,pO,QD=P(Ji.O) 

R1j;0 = FCT ( J7.0, Wo, p0, QD, ~) 
Rl/4 = ~ (w + Ri12 ) + ~s (W.) 

2 S=O 4 

Rl / 2 = R1/:o + ~s (Rl/4) 

force boundary 

Full time cycle 

w1/2
1
p1/2,Q1/2 = p (R1/2) 

Rto = FCT ( J7.0' w1/2' p1/2' Q1/2' c5t) 

Rl/2 = ~ (W. +Rf ) + ~S (W.) 
2 5=0 2 

Rf = Rf=o + c5ts ( Rl / 2) 

force boundary 
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Thus we obtain a second-order accurate time-centred integration procedure with a 
second-order accurate treatment of the source tenn. If there is no source in Eq. (Al), 
rows 3 and 4 have to be omitted. 


