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Abstract. A systematic study of the chromatic effects in the superconducting 
heavy ion synchrotron NUCLOTRON in the Joint Institute for Nuclear Research 
in Dubna has been performed. The natural chromaticity has been evaluated taking 
into account the effect of the dipole magnets. The impact of the systematic and 
random imperfections in the magnetic field of dipoles on the chromaticity and 
the dependence of the betatron tunes on the amplitude of oscillations have been 
investigated. The strengths of the sextupole correctors necessary to cancel the 
chromaticity have been calculated. The chromatic perturbations have been studied 
by means of the Montague chromatic functions. 

PACS number: 41.75.Lx 

1. Introduction 

The NUCLOTRON is an accelerator of relativistic nuclei working at the Joint Insti
tute for Nuclear Research in Dubna, Russia (1]. This is a superconducting heavy ion 
synchrotron. It has FODO magnetic structure with 32 periods and 8 superperiods. The 
main accelerator parameters are as follows: 

Circumference 
Injection energy per nuclei 
Maximum energy per nuclei (Z/A = 0.5) 
Beam intensity 

251.52 m 
5 MeV/ A 
6 GeV/ A 
5 x I 011 A/ Z2 particles/cycle 

As first approximation the circular accelerator is considered to be a linear machine. 
The beam shape and quality are detennined by the linear optics parameters, the so 
called Twiss functions f3 ( s), a( s) and 1( s). 

Unfortunately the real accelerator is quite far from the linear device. 
Fielcl imperfections in the magnetic elements (dipole magnets and quadrupole lenses) 

have as a consequence a nonlinear character of the particle motion. 
On the other hand the accelerated beam is not monoenergetic. The accelerated par

ticles cover a range of energies (momenta). In NUCLOTRON the relative momentum 
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spread is t:..p/ p = ±4 x 10- 3 at injection energy and t:..p/ p = ± 8 x 10- 4 at maximum 
energy. The result of this fact are different kinds of chromatic effects - a shift of 
betatron tunes with particle energy and beam envelope distorsions. 

Besides this a dependence of the betatron tunes from the amplitude of oscillations 
appear in the multipolar magnetic fields. 

This paper represents a systematic study of the chromatic effects in the suppercon
ducting heavy ion accelerator NUCLOTRON. A large number of numerical computer 
calculations have been carried out in order to receive all the figures of merit. 

2. Natural Chromaticity 

Even in perfectly linear accelerator the parameters of the particle motion depend on 
the energy (momentum). Between these dependences the most important is the depen
dence of the frequency of betatron oscillations on the momentum, the so-called natural 
chromaticity [2]. The natural chromaticity is defined as 

Q being the betatron tune. 

QI = dQ 
d8 ' 

8 = dp 
p ' 

(!) 

We calculated the natural chromaticity in the NUCLOTRON taking into account the 
influence of the accelerator dipoles. For small machines with relatively small bending 
radius p (of the same magnitude as the dispersion D x) this influence is essential (up 

to 100 %) 

1 

47r B p 
Quad. 
+ Dip. 

+ ~ I (2 f3x D 8Bx +Ix D - 2ax D' - /Jx - /Jx D a2 ~x ) ds 
47r . Bp p 8x p p p2 Bp Dr 

Dip. 

Quad. 
+ Dip. 

+ ~j ( -f!3._ D 8 B z+/z D _!!3_ 0 8
2
B z ) ds. 

47r Bp p 8x p Bp Dx 2 

Dip. 

(2) 

We calculated Q~ and Q~ by numerically integrating of (2). The obtained values are 

given in Table 1. The random sextupole component in dipoles is seven times smaller 
at low fields and 18 times smaller at maxima fields. That is why it has been neglected 

as first approximation . 
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Table I. NUCLOTRON chromaticity 

Parameter 

Natural chromatic ity 

C hromaticity at Bp = 1.0 Tm 
(systematic c1Tors in dipoles) 

Chromaticity at Bp = 45.83 Tm 
(systematic errors in dipoles) 

Value 

- 7.735 
- 7.937 

- 10.206 
- 5.346 

4.889 
-22.398 

There are two main negative effects of the chromaticity: 
• A spread of the betatron tunes !::;.Q appears and as result the beam occupies an 

area in the tune diagram instead of a point. The particles with energy different 
from the energy of the equilibrium particle fall in the resonance stopbands and 
are lost. 

• For bounched beams the transverse head-tail instability developed. 
Therefore it is necessary to correct the chromaticity and the sextupole magnetic 

lenses are used for this purpose. 

3. Multipole Errors 

Unfortunately the accelerator is not a linear machine. There exist different kinds of 
imperfections in the dipole and quadrupole magnetic fields. The largest is the systematic 
sextupole errors in the dipole fields. It is due to steel saturation, remanant fields, 
persistent currents, eddy currents, etc. In superconducting magnets the systematic field 
error is mainly due to eddy currents induced in the superconducting filaments in the 
magnet coils, the so-called persistent currents. 

Systematic high multipole errors are also present. 
Besides the systematic field errors there exist also random errors due to manufac

turing tolerances. 
The results of magnetic measurments of field imperfections in the NUCLOTRON 

dipoles are given in Tables 2 and 3 [3]. 

Table 2. Sextupolc en-ors in NUCLOTRON dipoles 

Beam rigidity Bp (Tm) 

1.0 
45 .83 

Sextupole errors B" (T / m2 ) 

systematic random, a 

-0.0712 
+18.436 

0.014 
1.047 

Taking into account these errors the chromaticity in the NUCLOTRON is changed 
to the values given in Table 1. 
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The dependence of the systematic errors on the excitation current (kinetic energy 
per nuclei) is shown in Fig. 1. The curves marked by letter M concern dipoles and 
those by letter 7r - quadrnpoles. The number before the letter is the order n of the 
nonlinearity dnBz/dxn, i.e. 2M means sextupole component in dipoles, 4Jvl means 
decapole component in dipoles etc. 

Table 3. Octupole errors in NUCLOTRON dipoles 
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of the magnetic field 
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quadrupoles 

As at injection (B p = 1.0 Tm) the relative momentum spread is 8 = ± 4 x 10- 3
, the 

corresponding tune spread is 

!:,.Q x = ± 0.04 !:,.Qy = ± 0.02. 

At maximum energy (Bp = 45.83 Tm) the relative momentum spread is 8 = ±8 x 
10- 4 and therefore the spread in the betatron tunes is 

!:,.Q x = ± 0.004 !:,.Qy = ± 0.018. 

We must underline that the criteria for linearity of the accelerator adopted after a large 
number of theoretical and experimental investigations on a big number of machines is 
!:,.Q = 0.005. Therefore the chromaticity in the NUCLOTRON must be corrected. 

4. Chromaticity Correction 

Two families of sextupole lenses are available in the NUCLOTRON for correction of 
chromaticity. They are placed just before the focusing and defocusing quadrupoles in 
the straight sections of each superperiod. 
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The tune shift produced by these sextupole lenses is given by [4] 

I 

/ 1 J / Qx,y = ± 
4

7f /3x,yK Dxds 
0 

(3) 

1 8 2 B 
where f(' = _ ___JJ_ is sextupole strenght, Dx is the dispersion and L is the accel

Bp 8x2 

erator circumference. 
We have calculated numerically the strenghts of the sextupole correctors from (3) 

taking into account the chromaticity levels in Table 1. They are given in Table 4. 

Table 4. Strengths of the NUCLOTRON sextupole correctors 

B" 

SF 
SD 

SF 
SD 

SF 
SD 

without errors 

with systematic errors in dipoles 
at Bp= 1.0 Tm 

with systematic errors in dipoles 
at Bp = 45.83 Tm 

5. Dependence of Tunes on the Amplitude 

Value (T/ m2 ) 

1.50 
-2.55 

1.74 
-2.05 

8.27 
-249.37 

In presence of sextupole fields a dependence of the betatron tunes on the amplitude of 
oscillations appear. The perturbation theory gives [5] 

I 

llQ x = ::; L J K'(s)/]~12 (s) ds 
rn=l ,3 0 

I 
(4) 

x J K'(s')f3~12 (s)sinm[µ(::;- µ(s)]ds. 

0 

Octupole fields also give such a dependence of the tunes from the amplitude. In this 
case the perturbation theory gives [6] 

I 

llQx = + l~7f J K"(s)f3x(s) DEx/3x(s) - Ey/3y(s)] ds 
0 

I 

llQy = - 1 ~7f J K"(s)/3y(s) [.sxf3x(s) - ~Ey/3y(s)] ds. 
0 

(5) 

(6) 
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We have calculated the dependence of betatron tunes in the NUCLOTRON on 
amplitude numerically integrating the above equations. The results obtained (Bp = 1.0 
Tm) are 

l:.Q x = 101.4 
dc:x 

t:.Qy = -12.4 
dc:y 

l:.Q x l:.Qy 
-- = -- =4.4. 
dc:y dEx 

Taking into account that the emittance at Bp = 1.0 Tm are Ex= Ey = 30xl0-6
7T m, 

we receive the following tune shifts: 

t:.Qy = -0.3 x 10-3 . 

These are obviously small values. 

6. Chromatic Perturbations 

The beam envelope in a circular accelerator is detennined by the linear optics para
meters, the so-called Twiss functions f3 ( s), a( s) and 'Y( s) . The Twiss functions for the 
NUCLOTRON have been calculated by means of the computer code MAD, developed 
at CERN [7]. They are shown in Fig. 2. Figure 3 depicts the beam envelope at injection 

energy. 

Twiss function 
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Fig .. 2. NUCLOTRON linear optics functions 

' ' 

By chromatic perturbations we imply here the change of linear optics functions with 

energy. 
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Fig. 3. NUCLOTRON beam envelope at injection energy 

Following Montague [8] we shall describe the chromatic perturbations by the func
tions 

B = {3(8) - {3(0) ~ [:). {J 

Jf3(8){3(0) {J 

/:).{J 
A = [:).a - o:(0)/3. 

It can be shown that vector 

W = (B,A) 

rotates with frequency 2Q in the achromatic areas. 
In thin quadrupole 

[:).B =0, [:).A = -{J(K L)8. 

In thin sextupole 

[:).B =0, [:).A = -{J(K'L)8. 

(7) 

(8) 

(9) 

(10) 

(11) 

We have calculated numerically the Montague functions using these properties. The 
calculated functions for maxinmm energy are plotted in Fig. 4. 

The maximum values of the vector W taking into account the magnet imperfections 
are summarised in Table 5. 

The maximum relative chromatic error in the amplitude function {J(s) taking into 
account the systematic errors in the dipoles at B p = 1.0 Tm is 

[:). {J 
13 = ±63 
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and at Bp = 45.83 Tm 
fl{3 
13 = ±43. 

As the beam amplitude A is expressed by the beta function through 

A= J€jj, 

€ being the emittance, we receive that 

flA 1 fl{3 
-=--=±33 

A 2 {3 

which is rather small value. 

Systematic errors, Bp =45.83 Tm 

25 

'\ 'I 

\\ :,' 

' /: 

\\ // \ 
\ ..... ' B 

x 

' .. ,\. \ .... ,' .. ..... ___ ..... ... 

By 
-25 

Fig. 4. Montague's chromatic functions at maximum energy 

Tab le 5. Montague's chromatic functions in NUCLOTRON 

max Montague chr. function 

without errors 

systematic errors in dipoles (Bp = 1.0 Tm) 

Wx,max 
Wy,max 

systematic errors in dipoles (Bp = 45.83 Tm) 

Wx,max 
Wy,max 

Value 

1.60 
1.60 

14.50 
9.90 

31.40 
46.40 
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7. Conclusions 

Following are some general conclusions that could be derived from the above calcula
tions . 

• The NUCLOTRON chromaticity is relatively large, especially if we take into 
account the sextupole errors. That is why it should be corrected. The necessary 
strengths of the sextupole correctors are relatively large. 

• The dependence of the betatron frequency on the amplitude of oscillations is 
weak. 

• The dependence of the optical Twiss functions (3 and a on the energy shift 
(t::,,E / E) is weak. 
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