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Abstract. The paper represents an extensive study of the nonlinear beam dynamics in the superconducting heavy ion synchrotron NUCLOTRON operating
in JlNR - Dubna. Two methods: distortion functions and particle tracking have
been used for this investigation. Beam distortion, SMEAR, dynamic aperture and
nonlinear acceptance have been calculated for different particle energies and betatron tunes. Nonlinear resonances have been examined both analytically and by
tracking with special attention to 3Qx = 20 slow extraction resonance.
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1. Introduction
The NUCLOTRON is an accelerator of relativistic nuclei working at the Joint Institute for Nuclear Research in Dubna, Russia [ 1]. This is a superconducting heavy ion
synchrotron. It has FODO magnetic structure with 32 periods and 8 superperiods. The
main accelerator parameters are as follows:
Circumference
Injection energy per nuclei
Maximum energy per nuclei (Z/ A= 0.5)
Beam intensity

251 .52 m
5 MeV/ A
6 GeV/ A
5 x 10 11 A/ Z2 particle/ cycle

This paper represents an extensive study of the nonlinear dynamics in the NUCLOTRON.
In a real circular accelerator the focusing magnetic fields in the quadrupole lenses
and the bending magnetic fields in the dipole magnets are far from to be perfectly linear.
There exist high-order multipole components of these fields arising from fabrication
tolerances.
In superconducting magnets the strongest nonlinear field distortions are due to persistent eddy currents in the magnet filaments. In dipole magnets persistent currents
excite all even multipoles but the sextupole component is prevalent. At low excitation
of the magnet the persistent current field distortions are quite large.
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In addition to the random and systematic field errors sextupole lenses with purely
nonlinear magnetic fields are intently placed in any circular accelerator. These sextupole
lenses control the dependence of the tune of the particle oscillations on the particle
energy (the so-called chromaticity).
In superconducting accelerators the sextupole correctors are of less importance for
the nonlinear character of the particle motion . The superconducting accelerators are
said to be "error dominated" machines which means that the systematic and random
field errors in the magnets are the most important source of nonlinearities.
The Hamiltonian approach is the most convenient treatment of the nonlinear beam
dynamics in circular accelerators. The Hamiltonian of a machine with nonlinearities
can be written in the form [2]:
00

H(x ,z, px, Pz) = Ho(x, z, px, Pz)
tensive study of the nonlinear beam dyon synchrotron NUCLOTRON operating
ion functions and particle tracking have
istortion, SMEAR, dynamic aperture and
ted for different particle energies and bebeen examined both analytically and by
=20 slow extraction resonance.

+

L

H(N)(x ,z, px, Pz)

(1)

N>2

where x and z are the transverse particle coordinates, Px and Pz are the corresponding
conjugate momenta,
the particle azimuth which is taken here as independent
variable instead of the time, Ho is the linear Hamiltonian and H(N) - the Hamiltonian
of a nonlinearity of order N
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In (2) R is the mean radius of the accelerator, B p - the beam rigidity which is
determined by the equilibrium particle momentum p through
(3)

p= eBp
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The corresponding Hamilton equations of motion
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are highly nonlinear in the general case and the transverse degrees of freedom are
coupled. That is why analytical solutions exist only in some particular cases.
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Several approximate analytical and numerical methods for treatment of the nonlinear
beam dynamics in circular accelerators have been developed and successfully applied
in practice. In this work we shall use two of them, namely the T. Collins's analytical
method of distortion functions and the numerical method of particle tracking.
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2. Beam Distortion
In a perfectly linear accelerator the particles occupy the volume of a 6-dimensional
ellipsoid in the 6-dimensional single-particle phase space. As in the linear case the
motion in both transverse directions x and z and in the longitudinal direction s are
decoupled, the 6-dimensional phase space is transformed to three independent phase
planes: (x , Px) , (z, Pz) and (0, po) , 0 = s/ R being the azimuth. The area occupied by
the particles in each phase plane is confined by an ellipse. This ellipse is invariant of
the motion (Courant-Snyder invariant [3]) which means that if a particle lies on the
ellipse after one turn it will lie again on the same ellipse.
In the machine with nonlinearities the beam profile is not so simple as the horizontal
and the vertical motions are coupled. The particles move on a distorted surface in fourdimensional transverse phase space, the so-called "hyper-egg". We can talk only about
the projections of this hyper-egg onto the two transverse phase planes (x , Px) and
(z, Pz) . These projections are no longer clean curves but bands.
T. Collins (4] has shown that for sufficiently weak sextupole or octupole nonlinearities the beam distortion will be linear or quadratic function of the strengths of the
nonlinearities. He devised a set of closed i. e. periodic functions, the so-called distortion
functions. These functions are independent of the beam amplitude and depend only on
the linear lattice properties and the strengths of the nonlinearities. They are nonlinear
analogues to the beta-functions and alpha-functions of the linear theory.
With the help of the distortion functions we can constmct an invariant beam shape
for the nonlinear case. This shape is mapped back onto itself turn by turn if we use
only tenns of first-order in the sextupole and octupole strengths. If second-order terms
are used the beam shape will be distort still further but the new invariant beam shape
can be calculated through the second-order distortion functions.
In this way a self-consistent result for the shape in a single particle phase space
is developed order by order in the nonlinearities strengths just as in the perturbation
theory.
T. Collins has shown that all important effects of nonlinear fields can be derived
from the set of distortion functions including the betatron tune shifts !::,.Q x and !::,.Q z
with the amplitude of the oscillations.
We shall not reproduce here the explicit expressions for the distortion functions
(there are only five such functions for the nonnal sextupoles) but we shall tum our
attention to a discussion of the results obtained for the NUCLOTRON applying this
method.
Fugure I shows the invariant beam shape in the horizontal phase plane for maximum energy of the NUCLOTRON: E = 6 GeV/ A for ions with Z/ A = 0.5 (beam
rigidity Bp = 45.8 3 Tm). Figure la depicts both the linear phase ellipse (no errors) and
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distortion figure . The latter has typical for sextupole errors triangular shape. This can
be seen better in Fig. I b where the case of third-order resonance 3Q x = 20 is shown.
The horizontal tune was chosen Qx = 6.664.
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Fig. I. Beam distortion (Bp = 45.83 Tm)
(a) beam distortion ; (b) beam distortion close to 3Qx = 20 resonance (Q x

= 6.664)

The strength of the errors are taken from the magnetic measurements [5] and at
maximum beam energy are equal to

82B z
- 2
8x

= 18.436 T / m2

The beam envelope is not a clean curve but a band as this is the projection of
the squashed hyper-egg in the four-dimensional transverse phase space onto the phase
plane. The width of the distortion figure is a measure for the deviation of the accelerator
from the linear machine. The figure of merit is called SMEAR and is defined through
SMEAR = a(A)

(A)

A= .jA2x

+ A2z

(7)

where A x and A z are the horizontal and vertical amplitudes, a denotes the standard
deviation and () - the mean value.
For NUCLOTRON we have calculated that SMEAR= 5.3 %. This is a rather small
value. It was decided (SSC, LHC, HERA) that if SMEAR < 6.4 % the machine is
considered to be sufficiently linear.
As we have mentioned above T. Collins's method allows for the dependence of tunes
on the amplitudes to be calculated. We received for the NUCLOTRON
dQ x = 92.08 ,
dc:x

dQ z = -11.68,
dcz

dQ x = dQ z = 7 _38
dcz
dcx

and cz being the horizontal and vertical emittances. These values are in good agreement with the values received with the other methods.

C:x
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3. Dynamic Aperture
One of the most important characteristic of the circular accelerators is the dynamic
aperture [6]. By definition the dynamic aperture is the area of the single-particle phase
space in which the particle motion is stable. It is well-known fact that in presence of
nonlinear fields the single-particle phase space strncture gets quite complicated and is
divided to areas of stable and unstable motion.
It is very important for one to know how much of the phase space is stable. If this
stable area is not large enough the nonnal operation of the machine might be destroyed .
In case a particle is injected into the accelerator with initial coordinates outside the
dynamic aperture, the trajectory of that particle will be unstable and finally it will be
lost on the vacuum chamber walls.
As it has been mentioned in Section 1 no analytical solutions of the equations of
motion in the general case of nonlinear magnetic fields have been found. That is why a
quite straightforward numerical approach for calculation of dynamic aperture has been
developed - the method of particle tracking [7].
The method consists of launching a particle into the accelerator with given initial
coordinates and tracking its motion for several hundreds turns (or even up to 10 6 turns)
in order to determine if the particle trajectory is stable.
The problems arising from the nonlinearities are solved in the following way [7] . We
consider the particle motion in dipoles and quadrnpoles purely linear not taking into
account the multipole components of the fields. The nonlinearities are simulated by
attaching a nonlinear lens at the end of each dipole and quadrupole. These nonlinear
lenses are described in "impulsive" or "kick" approximation which means that we
consider the lengths of the lenses L ---> 0 while the lenses strengths En ---> oo , but
LBn ---> coust, or in other words we take the field distribution in the nonlinear lenses
as a 8-function of the longitudinal coordinate. In this approximation the transverse
particle coordinates x , z keep constant when we cross the lens while the particle slopes
x', z' jump to new values - the so-called "kicks".
In the particle tracking treatment of the nonlinear problem we obtain the dynamic
aperture as the maximum amplitude of a probe-particle for which the trajectory is stable
over a given number of turns. It has been noticed that the dynamic aperture defined
that way depends rather strongly on the initial phase of the particle [8]. That is why
many particles with different initial phases should be tracked in order to obtain the real
dynamic aperture.
Due to the limited computer power the number of tracked turns in our calculations
was set to 500, which is a commonly used value. The dynamic aperture calculated for
such a low number of turns is referred as short-tern1 dynamic aperture.
One should distinguish between the area of stable motion obtained with imposing
of aperture limitation representing the real vacuum chamber sizes and without such
limitations. We shall call the area of stable motion "nonlinear acceptance" in the first
case preserving the name "dynamic aperture" for the latter case when no real physical
aperture but rather artificial limiting value is used. In our numerical calculations we
use an amplitude limit of I meter for obtaining of the dynamic aperture and aperture
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For comparison we have depicted the linear acceptance of the accelerator which
is determined only by the physical aperture of the magnet elements in Fig. 2. The
acceptance polygon is shown for three fixed particle momenta 8 = dp
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p being the equilibrium particle momentum.
Figure 3 shows the dynamic aperture and the nonlinear acceptance for the injection
energy E = 12 MeV I A (Bp = 1.0 Tm) while Fig. 4 shows all these for the maximum
beam energy E = 6 GeV/ A (Bp = 45.83 Tm).
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Figure 5 depicts the dependence of the nonlinear acceptance on the particle momentum (energy) .
The boeneral conclusion which could be made is that the beam stays far enough from
the dynamic aperture and nonlinear acceptance.
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4. Resonance Effects
If the horizontal Q x and vertical Qz frequencies of the particle oscillations satisfy
(8)
n 1 , n 2 , and p being integers, a resonance of the transverse motion takes place [2] . The
value N = ln 1 I + ln2 I is called resonance order. A resonance of order N is driven by
Hamiltonian H (N) given by (4, 5), i.e. by p-th Fourier hannonic of field nonlinearity
of order N - 1.
Systematic field imperfections excite only resonance harmonics with p multiple to
the number of accelerator periods P, p = kP, the so-called fundamental or structural
resonances. Random field imperfections excite all resonance harmonics p.
Both are quite dangerous as under resonance conditions the amplitude of the particle
oscillations grows boundlessly and ultimately the particle will be lost on the vacuum
chamber walls.
Nuclotron's resonance chart up to fifth-order is depicted in Fig. 6. The working point
is chosen at Qx = 6.85 and Qz = 6.85.
The width of a resonance provided is excited by random field errors which is proportional to the following resonance hannonics [9]
4

dp= -

1

27!"

1

fp=-

27!"

2":, f3'iiif31i:f 1::;.e;
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i

( 0 (N -l) B )
(N-1)z
8X
( 0 (N-l)B
EJ (N-lt
X

\Ip

(9)

\Ip .

(10)

RMS

)
RMS

In (9, 10) f3 is the Twiss's amplitude function and e is the azimuth.
The explicit expressions for the resonance with /::;. e = !::;.(n1Q x + n2Qz - p) for
different kind of resonances are given in [9].
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The widths of some resonances which lie close to the working point calculated from
(9, l 0) are given in Table I.
Table I

Resonance

Bp=l.OTm

Bp= 45.83 Tm

width x 104

width x 104

EJ 2 Bz
fJx2

10.8

7.2

22.6

EJ2Bz

8.8

8.6
6.0

2.1
9.0

0.28
0.89

=

3Qz
20
2Qz -Qx = 7
2Qx-Qz = 7
4Qx = 27
3Qx -Qz = 27

fJx2

As this often happens resonances being a hannful phenomenon in some cases can
play an useful role. One example is the resonance method of particles extraction from
the circular accelerators. ·
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Fig. 7. Third-order extraction

The principle of the resonance extraction consists in exiting a resonance at the end
of the accelerating cycle when the particles have already obtained the full energy. The
amplitude of the oscillations begins to grow and after some turns the particle falls in
the extraction septum magnet. This is a special magnet or electrostatic deflector in
which the magnetic (or electrostatic) field is strictly confined in the septum and the
fringe field is reduced almost to zero. Thus the fringe field from the septum does not
disturb the accelerating particles and the septum acts only on the particles falling inside
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it. The septum magnet deflects the particles so that they leave the accelerator towards
the experimental equipment.
In the NUCLOTRON the resonance 3Qx = 20 will be used for resonance extraction.
It will be exited by means of four sextupole lenses with field gradients.

Bp= 45.83 Tm

32 B z
?
x = 233 T /m- for LS I and LS3
8 2
32 Bz
?
x 2 = 110 T / m- for LS2 and LS4.
8

width x 104

7.2
8.6

6.0
0.28
0.89

1 phenomenon in some cases can
ethod of particles extraction from

The phase space picture at the septum azimuth is shown in Fig. 7. It has been
received applying the method of particle tracking. The particles close to the equilibrium
orbit (:r = x' = 0) have stable oscillations with typical for the 3rd order resonance
triangular shape of the phase trajectories. On the contrary the particles lying close to
the beam envelope have unbound phase trajectories. After several turns such particles
reach the septum deployed at x = 30 mm. The step of particles towards the septum is
5 mm. Taking into account that the septum edge thickness is 0.3 mm this results in an
extraction efficiency of 95 %.
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