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Abstract. A linear analysis of the modified Ginzburg - Landau equation for a SNS 
(superconducting/normal/superconducting) junction with two rough boundaries 
is presented. An integral equation for the spatial variation of the complex-valued 
order parameter (the wave function) is formulated and solved to the first order 
of the surface fluctuational heights. The influence of the surface roughness on 
the current-phase relation and the structural fluctuations of the critical Josephson 
current density are investigated analytically. 

PACS number: 74.50.+r 

1. Introduction 

The fonnalism of Ginzburg-Landau (G - L) provides a relatively simple method to 
learn about the global properties of non.homogeneous superconducting stmctures. A 
common approach to handle theoretically with the effect of granularity in the frame of 
G- L phenomenology is the supposition that local volume variations of both transition 
temperature and coherence length exist, i.e. one considers the coefficients in the G-L 
equations as random functions of spatial coordinates [ l]. This approach is applicable 
for the description of small-scale impurities embedded in bulk infinite superconductor. 
A second class of larger-scale real-world inhomogeneous structures is the well-known 
class of SNS sandwiches with plane (or as in our paper irregular) boundaries which fix 
the position of the intimate contact between the superconducting and normal domains. 
In this case once again random volume impurities as well as quantum or quasiclassical 
thermal stochastic sources give rise to supercurrent and resistance fluctuations in the 
disordered SNS junction [2]. To our knowledge the specific contribution of the rough 
surface fluctuations yet has not been considered in details. This fact is partly due 
to the assertion that the question of boundary conditions to be applied to the G- L 
equations remains open [3], although some progress had been made recently for a 
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Josephson junction containing normal material, on the basis of the so-called modified 
G-L model [4]. 

Our purpose here is: (i) to make a connection between the essential physics of rough 
surface scattering and the modified Ginzburg-Landau type theory; and (ii) on the basis 
of the general results to estimate the d. c. Josephson current-phase relation by taking 
into account the effect of the irregular boundaries. 

In Section 2 the modified G-L equations and boundary conditions appropriate to 
them are summarized and the explicit model of the problem discussed here is formu
lated. Section 3 deals with the scalar wave scattering from two rough surfaces and its 
effect on the supercurrent density. The characterization of the first and second order 
fluctuational corrections to the constant value of the critical current density (jg) are 
given in Section 4 and finally a smrunary and discussion of the results is outlined in 
Section 5. 

2. Statement of the Problem 

The modified G-L equations can be written as follows [4]: 

in Ws (superconducting domain) 

~ (in'V + es .A.)
2 

1/; + as1/J + bs l1/Jl
2

1/J = 0, (1) 
21ns c 

. h 2 2 
~'Vx(Vx.A.) = - ie:_• (1/J*V1/;-1/;V1/J*)- 2e: 11/JI A , (2) 
4np.s 2cms c ms 

in Wn (nonnal domain) 

~ (ih.'V + en .A.)
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~ 'V x ('V x A) = - ier:_fi (1/J*v;j; -1/;V1/J*) - 2e~ l1/Jl2 A (4) 
4nµn 2cmn c mn 

and the boundary conditions are (ft is the unit vector normal to the N-S interface) 

[A)=[1/J]=o, 

[ft. r~ (in'V +~A) 1/J] = o, 

[~rot.A.xft] =0 . 

(5) 

(6) 

(7) 

Here es and en are equal to the charge of the superconducting charge carriers, ~nd a~e 
both equal to twice the electron charge; P.s,n are the relative permeability coefficients m 
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the superconducting (normal) regions. Let us mention the following ·rough estimations 
for the quasi-isotropic model of YBCO crystal [5] : 

ihs ~ 5m e, bs = 4 x 10- 49 J.m3 , Tc = 90 K , 

as= a o(T - Tc) , aoTc = 1.2 x 10- 2 1 J , [1,8 = 1 
(8) 

as well as the following phenomenological information for a typical grain boundary 
junction in this material (a tunneling layer with thickness d of up to more than 1 run) 
[6, 7] 

d = l - 2run , 

(9) 

Further we employ the- usual dimensionless variables (under the conditions an > O, 
as < 0) 

f = AT = 
ihsbsc2 

4nlas le;µ s r ' 

for the current density and the vector potential 

and let 

""' _ I··'· 1 2~las l · J - es 'f/O - _-J , A = 
1ns 

X = 
m;c2bs 

2nfl,8e~n? 

(10) 

(11) 

denotes the Ginzburg - Landau parameter. It is important to note that the maximum 
Josephson current Ic(H) as a function of the applied parallel magnetic field If can be 
expressed through the H-independent critical current density ]c(p) = ]c(x, y) as an 

. I ti . f . . ( he) mtegra over 1e middle plane o the Junct10n [8] </>o = 
2

e 

Ic(H ) = (12) 

So that in order to estimate the fluctuations of the critical current density in a 
tunnel junction with rough boundaries it is justified to consider only the dimensionless 
equations ( I , 3) without taking into account the external and self-induced magnetic 
fi e ld (A = 0). We shall also use the linearization l'l/!1 2 « 1 having in mind only 
small fluctuations and temperatures sufficiently close to ilie superconducting transition 
temperature. Under these assumptions for two identical superconductors (z > h1 (p) 
and z < h2 (p)) separated by a tunnel layer h2 (p) < z < h 1 (p) filled with "normal" 
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material (nonnal metal or isolator, corresponding to some material parameters rnn > 0, 
an > 0) we arrive from (I, 3) at the following scalar equation valid in the whole space: 

where 

\72'¢( r) 
2 ( ) + a(r)'lf;(r) = 0 xmr 

a(r) = 1 + (1 + ,::,) {B[h2(P) - z] - B[h1(P) - z]} 

m( r) = 1 + ( 1 - ,::,) { e [h2 (p) - z] - e [h1 (p) - z] } 

and the boundary conditions are as follows: 

['¢] = 0 ' [
, \7'¢]=0. 
n. m(r) 

We shall show that the density of current flow 

-I 
J(r) = -(-) ['¢* \7'¢- '¢\7'¢*] 

2x r 

(13) 

(14) 

(15) 

(and especially the component J z in the mean z-direction across the junction) leads 
naturally to the inhomogeneous critical current density Jc(x, y) which is essential for 
the experimental investigations based on fonnula (12) . In the next section we formulate 
and solve by perturbation teclmique the relevant to (13-14) wave scattering problem. 

3. Wave Scattering from Two Rough Boundaries 

In order to use the fonnal results and general formulations of the multiple-scattering 
theory [9] it is necessary to transfonn the original differential Eq. (13) into an equivalent 
integral equation. If we nonnalize to unity the coefficient before the second derivative 
and introduce the notation 

where 

c(r) = a(r)m(r) = 1 + (1 + a){B[h2(p) - z] - B[h1(P) - zl} 

anmn 
a= fs/n"is ' 

(16) 

then Eq. (13) can be written into the fonn of well-known scalar Helmholtz equation 

Nevertheless we shall use only Eq. (13) in order to consider later an inhomogeneous 
equation of the same kind having a delta-function source situated exactly at the S-N 
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grain-boundary interface. For application of the perturbation method of solution the 
following family of only z-dependent step-wise functions are introduced: 

C:z = 1 + (1 + a)[O(h2 - z) - O(h1 - z)], 

az = 1+(i+
1

::

1

) [O(h2 - z) - O(h1 - z)], (17) 

mz = 1 + ( 1 - :: ) [O(h2 - z) - O(h1 - z)]. 

We consider z = h1,2 as reference planes from which we measure the detenninistic 
values of the surface heights. However if the roughness is considered as a random 
process, then the convention h1 ,2 = (h1 ,2 ), where (- · ·) means ensemble averaging, 
shall be used. Without loss of generality Eq. (13) can be represented as follows: 

\72'1/J 
- 2- + az'l/J = V(r) 
x mz 

(18) 

where 

( 
1 1 ) \7 2'1/J(r) 

V(r) = - - -(-) 2 + [az - a(r)]'ljJ(r). 
mz mr x 

(19) 

We shall denote by 'ljJ0 (z) the solution corresponding to the special case when the 
real boundaries are the planes z = h1 ,2 , i.e. V(r) = 0. This solution satisfies at the 
plane boundaries z = h1,2 the following requirement for two identical superconducting 
electrodes (0 < 8 < 1) 

- ·e 
'l/Jo(z = h1 ,2) = 8e' 1

•
2

. 

In Appendix A we give the distribution of 'ljJ0 (z) in the whole space. 
In the normal region h2 < z < h1 we have 

8 - -
'l/Jo(z) = . I (k d) {[exp(i01 - knh2) - exp(i02 - knh1)] exp(knz) 

2 sm i n 

(20) 

+ [- exp(i01 + knh2) + exp(i02 + knh1)] exp(-knz)} (21) 

Here the wave number in the tunnel layer is denoted as kn = xfo and the thickness is 
d = h1 - li2 . The current-phase (0 = 01 - 02 ) relation for this unperturbed "zero-order" 
solution is easily found from (15) and (21) in the familiar Josephson form [4] 

·O kn02 

Jc = xmnsin h(knd) 
(22) 

where 

J O ·O · 0 z =Jc Sill , 
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Now we introduce the Green's function corresponding to the replacement of the 
RHS of Eq. (18) by 8-function: 

\72 
-

2
-G(r, r 1

) + azG(r, r') = 8(r - r') 
x mz 

(23) 

and suppose that this function can be Fourier-transfonned with respect to the transverse 
p-coordinates: 

I 
eib.(p-p') 

G(r, r' ) = d 2 b 
2 

Gb(z, z') 
. 47r 

where 

1 (cl 2
Gb(z, z') 2 , ) ') x( , 

-
2

-
2 

-bGb(z,z) +azGb(z,z =uz-z). 
x mz dz 

(24) 

Fonnulas (18), (23) lead to the following linear integral equation: 

?/i(r) - ?/io(z) = j c!3r' G(r, r')V(r'). (25) 

Using the perturbation theory for small fluctuational heights 8h,i(P) = hi(P) - Ti.i and 
introducing the weight factors 

c5h1 (p) > 0 

c5h1 (p) < 0 

8h2(P) < 0 

8h2(P) > 0 

(26) 

we finally arrive at the following result for the deviation 87/i(p) = 'lj;( p) - ?/io(z) of the 
wave function due to scattering from two rough boundaries. In the first order to the 

roughness fluctuation heights we have 

(27) 
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whereas in the second-order we derive 

'1f;2(r ) = 1 
+a j d3r' G(r, r') {8h2(p')8'( z' - h ) 
2 m(r') 1 1 

- 8h~(p')8'(z' - h2)}'1f;0 (z') 

J G(r r') 
+(l+a) d3r' ' {8h1 (p)8'( z'-h1 ) 

m(r') 

- 8h2(/i)8' (z' - h2) }'1f;1 (z'). 

4. Influence of the Surface Height Variations on the Critical 
Current Density . 

(28) 

Due to the decomposition of the wave function 'lj;0 + 'lj;1 + 'lj;2 we can distinguish exactly 
three current densities of different origin. Let us restrict z in the depth of the normal 
layer (h2,max < z < h1,rnin). From the general definition (15) we have 

(29) 

where J o = zjg sin (B1 - B2) was given earlier in (22) and is the surface roughness 
free value. The current density J 1 (p, z) is proportional to fluctuations 

(30) 

and finally J 2 (p, z) is bilinear in surface roughness heights: 

(31) 

If we introduce the notations for the Green's function , if the source point z ' = 7i1,2 

(1 2) -
G ' (z) = Gb(z· h ) b - ' 1,2 (32) 

and Dhi(b) for the Fourier components of the "weighted" surface roughness fluctuations 

8l ·( ) = Dhi(P) 
Li p ( ) , 

mi p 

J 
2 e-ib.p_ 

8hi(b) = d p-2-Dhi(P), 
47r 

(33) 

then the first correction to the order parameter (27) can be put into the following form: 
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The correlation matrix K with components 

and its power spectmm matrix S(b) 

(35) 

(36) 

(37) 

give sufficiently full description of the two rough boundaries [IO] and are convenient 
tool to compute the statistical average values of the second-order current density as well 
as the general current - current correlation function. But for junctions with finite length 
and width a common practice is to measure the critical current (not density) as a function 
of the applied magnetic field Ic(H), that is if we neglect discrete inhomogeneities as 
in this paper such kinds of experiments probe directly the topography of the surface. 
In order to adopt the computation to critical current - magnetic field dependence, it is 
preferable to deal with a deterministic description of the irregular interfaces. 

Let us introduce the following symmetry restriction in the shape of the two rough 
boundaries: 

(38) 

where the slow varying function h(x, y) gives a prescribed (detenninistic) description of 
the irregular boundaries in the region of observation. Using the results in Appendix B, 
the solution (27) and the definition (30), we derive the following expression for the 
full nonuniform critical current density: 

]c(x, y) _ _ x-J'(i(l + a)m,n(m; +a) sh(2x-j'Cid) l ( ) 
.
0 

- 1 2 ix, y . 
Jc (mh - a) 2 sh (x-J'(id) + 4amh ch (x-J'(id) 

(39) 

The real measurements of the magnetic field dependence of the maximum Josephson 
current Ic(H) usually are based on relation (12) which leads to equality Ic(H) = A(q) 
where 

dj .1f 
A(q)eiB(q) = J dy J dx Jc(x, y)eiqx (40) 

0 YI 
2 

and q is proportional to the external magnetic field. Our formulation (39) together 
with this relationship gives an unique opportunity to investigate the properties of the 
inhomogeneous current flow with the terminology inherent to the G-L model. 
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5. Conclusions 

In this paper we have estimated the role of the rough superconducting - normal interfaces 
on the direct current Josephson effect. By using Ginzburg - Landau type equations we 
analyze the modification of the current-phase relation. We have extended the well
known fonnulation for the uniform critical current density to the case of spatially 
inhomogeneous junctions by introducing as opposite limiting cases the statistically 
rough or deterministic description of the grain boundary interfaces. The possibility of 
experimental verification of theoretical results has been briefly discussed. 
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Appendix A. The Zero-Order Solution 'lj;0 (z) 

In the case when the S - N interfaces are the planes z = h1,2 the governing equation 
for 'l/Jo(z) is as follows from (18): 

d2t;;z) + x2E.z'l/Jo(z) = 0 (A.I) 

with the following general solution 

{

A exp [ix(z - hi)]+ B exp[- ix(z - hi)], 
'l/Jo(z) = N+ cxp[kn(z-=_ h2)] + N _ exp[- kn(z_ - h2)], 

C exp[ix(z - h2)] + D exp[- ix(z - h2) ], 

z > hi 

Ti.2 < z < h1 
z < h2 

where kn= x ,,/O:. The boundary conditions (14) now have the forn1: 

['l/JJ = [z. V'l/J ] = o 
rnz 

(A.2) 

(A.3) 

and these conditions give four relations for the six yet unknown constants in (A.2). 
We fix the complex values of 'lj!0 (z) at the planes z = h1,2 as given by Eq. (20). After 
introduction of the notation 

ikn 
g =:; X17"/.n 

(A.4) 

we fi nd for the constants A , B , C, D which describe the scattered field outside the 
normal layer the following expressions: 

A= ~e i O, - go [ch(knd)eiO, - ei82 ], D = A(01 <=2 02) 
2 2 sh(knd) 

B = ~ e i 81 - go [ch(knd)eiO, - ei82], C = B(B1 <=2 B2) . 
2 2 sh (knd) 

(A.5) 
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Appendix B. Evaluation of Green's Functions G~' 2 (z) 

Here we evaluate the Fourier transfonns of the Green's function for the t'.vo particular 
cases: the source point z' is situated at li1 or at li2. In (32) we have introduced the 
notations 

We introduce the characteristic wave numbers: 
in the superconductors 

178 (b) = J x 2 - b2 , Im 1Js(b) 2: 0 

in the normal material 

1/n(b) = J-x2a - b2 = ikn(b) = iV x 2a + b2 , 

and write the solution of (B. l) as follows: 

Gbi)(z) = A(i) exp[i7Js(b)(z - li1)J, 

Gl>i)(z) = Mli) exp[kn(b)(z - hi)] 

+ M~i) exp[-kn(b)(z - hi)J, 

Gbi)(z) = B('i) exp[-i7Js(b)(z - h2)J, 

(B. l) 

(B.2) 

Re kn(b) > 0 (B.3) 

(B.4) 

(B.5) 

(B.6) 

The choice of only decaying waves at z -> ±oo ensures the requirements of the 

radiation condition for the Green's function at infinity. In order Gb
1

) (z) to be a unique 
solution of the consequent inhomogeneous equation (B.l) the following four boundary 

conditions must be satisfied 

Gb1) (h1 + 0) = Gb1) (h1 - 0) (B.7) 

oGb(l) - 1 oGb1
) -

--(h1 + 0) - ---(h1 - 0) = x2 oz mn oz 
(B.8) 

(1) - (1) -Gb (h2-0)=Gb (h2+0) (B.9) 

1 0G~ 1 l - oGb1
) -

--'-(h2 + 0) - --(h1 - 0) = 0. 
'!Tin oz oz 

(B.10) 

Obviously for Gb2
) (z) we must take into account the source at z = h2 and modify 

the equations (B.8) and (B.10). Due to the symmetry of the Green's function in both 
cases we can introduce one and the same dispersion relation like b-dependent function 

.0.(b) = [kn(b) + i7/s(b)J2 exp[-kn(b)d] - [kn(b) - i178 (b)] 2 exp[kn(b)d] (B.11) 
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where 

and write the final result for the unknown constants as follows: 
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