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AbstraCt. A new algorithm for revealing large field errors and element 
misalignments in synchrotrons is developed. The algorithm is based on 
the measured closed orbit distortions. Large linear perturbations often 
occur during the machine commissioning and may cause very large orbit 
distortions and therefore significant beam losses. The new algorithm has 
been applied to the superconducting heavy ion synchrotron Nuclotron 
in JINR-Dubna. 

PACS number: 29.20.Lg 

1. Introduction 

The transverse motion of particles in a synchrotron is a superposition of motion 
along a closed trajectory (equilibrium or closed orbit) and betatron and radial
phase oscillations around this curve. In a real machine both the closed orbit 
and the oscillations around it are destorted by errors in the magnetic field of the 
accelerator elements and by misalignments of these elements from their design 
positions. 

As far as the closed orbit is concerned perturbations cause its deformation. 
The closed orbit distortion and its correction are between the major tasks 

of synchrotron design, commissioning and optimum operation. Some recent 
publications devoted to the orbit control are [1-4] and the review paper [5]. 

During the commissioning of a synchrotron much larger linear perturbations 
than the usual random linear errors may occur. They are caused by unpre
dictable mistakes during magnetic elements and vacuum chamber assembling 
and by big quadrupole misalignments due to geodesic errors or local ground 

movement. 
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The main result of the big linear perturbations is a large closed orbit distor
tion. Such a large orbit distortion may cause significant beam losses. On the 
other hand the corrector strengths necessary to correct such a highly distorted 
orbit could become quite large and even to exceed the maximum available 
corrector power thus making the complete orbit correction impossible. 

It follows from all this that in case of large orbit distortions special efforts 
should be made to reveal the sources of these large distortions. After that the 
suspected magnetic elements should be carefully examined. 

The first paper specialy devoted to finding of large linear errors in syn
chrotrons is Ref. [6]. We shall describe the G. Guignard's approach in more 
details in the last chapter. G. Guignard's method has been successfuly applied 
to ISR in CERN. 

Furthermore this method has been incorporated in the orbit control expert 
system COCU [7] developed in CERN and used with success in LEAR. 

In this paper a new algorithm for revealing of large linear errors in syn
chrotrons is proposed. The algorithm is based on the successive orbit approxi
mations. 

This algorithm is described after some necessary introductory definitions. 
A description of a computer code LEA realizing the algorithm along with 
computational experiments follows. The paper ends with a comparison of the 
proposed method with other known methods for large error revealing. 

2. Linear Perturbations 

The linear perturbations are: 
• field errors in dipoles l:lB = B - Bo; 
• element misalignments l:lx and l:lz. x and z being the transverse particle 

coordinates; 
• dipole tilts around the longitudinal s axis e; 
• stray dipole fields flBst· 

All these cause linear about x and z members to appear in the transverse 

motion Hamiltonian [5]: 

H(x,px, z,pz) = H(O) + 8H(l) (1) 

where s<0l is the Hamiltonian of the linear machine (quadratic), Px, Pz are the 

canonical conjugated momenta and 

-el:lB x +Po Bz + Po(l + n) xl:lx 
z p p2 

Pon ( x) - -zl:lz + 1 + - l:lp 
p2 p 

egxl:lx - egzl:lz 

in dipoles 
(2) 

in quadrupoles. 
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In (2) Po denotes the reference momentum, p is the bending radius, n is the 
field index (if any) and g is the quadrupole gradient. 

The quadratic part H <0 l of the Hamiltonian describes betatron oscillations, 
as long as the linear part JH<1l gives rise to a depending on the longitudinal 
coorditate s external force. Thus we face a forced oscillation problem. The 
external force causes closed orbit distortions, the closed orbit being a 27r
periodic solution of the Hamiltonian equations of motion. 

The most convenient way to describe the closed orbit in the generalized 
variables [8] is: 

a) azimuth 

(3) 

where Q is the betatron tune and {3 ( s) is the Twiss's amplitude function. 
b) normalized deviation 

x 
T/ = ---=== jiiW " 

(4) 

In this variables the equation of transverse motion becomes an equation of 
forced oscillations. In the case when only one error kick co 

6-Blm 
co=--. 

Bop 
(5) 

lm being the magnet length and B 0 p, being the beam rigidity, is deployed at 
azimuth </> = 1/Jo we obtain · 

d 2T] 
d</>2 + Q2

T/ = Q$oco8( </> -1/Jo) . 

The 27r periodic solution of (6), i.e. the closed orbit is 

where 

80 = $oco . 
2sin 7rQ 

(6) 

(7) 

(8) 

From the superposition principle when M error kicks ci are deployed at 1/Ji 
we obtain for the closed orbit 

M 

TJ (<P) = L8jaj (<P) (9) 
j=l 
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where 

3. Algorithm of Successive Orbit Approximation 

3.1. Signal to Noise Ratio 

(10) 

In presence of a large linear error one of the members in the sum (9) will be 
prevalent. It will play the role of our 'signal'. Let prevalent be the member 
with j = k, i.e. the high linear error is located at 'ljJ = 'l/Jk· The remaining sum 
over all j -=/=- k will constitute the 'noise' for the fitting process. This noise is 
normally distributed and its dispersion could be easily calculated. In the case 
of full symmetry of the synchrotron with M dipoles having field errors with a 
standard deviation rJ(b..B / B) and a large error (6.B / B)k in the k-th dipole 

signal ( ¥-) k 

n01se - ~ 6.B 
v2MrJB 

(11) 

The numerical estimation of (11) shows that in the usual cases the signal to 
noise ratio is quite adverse thus making the revealing of the signal from the 
BPMs measurements a difficult task. 

3.2. Algorithm 

For determining of large linear perturbations we have developed an algorithm 
of successive orbit approximation. 

The algorithm is iterative. 
At each iteration we shall try to find only one large linear error, the one with 

the biggest influence on the current orbit. For that at each iteration we shall 
check successively every one of the M dipoles for being a source of big error. 

We shall distinguish between the usual random errors Ji and the large errors 
b,.i , which we are looking for. Numerous measurements on the accelerator 
elements show that with good approximation the distribution of the random 
errors 61 can be considered as normal (61 ""'N(O , D1)). The strength and the 
location of the large error are the unknown parameters of the search. 

Let at the k-th iteration we have found that the p-th dipole is a source of 
a large error 6.P. The error 6.P will generate a closed orbit 6.PaP( </> ), where 
the state ap(</>) is the curve (10) . We shall subtract now this closed curve from 
the current orbit 'f/ (k- l} ( </>), obtained at the previous iteration, to produce a new 
current orbit 'f/ (k) ( </> ). 
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Thus the current orbit is gradually reduced in the course of the iterations and 
after revealing of all the large errors it will coincide with the orbit produced 
only by the random errors . This reduced orbit is done with a sum like (9), but 
only over the random errors 6J and it plays the role of a noise in our particular 
task. 

Let us now describe the algorithm of successive orbit approximation in a 
more formal way. 

Step 1. Zero iteration 

We shall begin the approximation process with the measured orbit. 
We set 

(12) 

where 'T]BPM ( ¢) is the orbit measured by the beam position monitors (BPM). 
From this point on the number in parentheses in the orbit superscript will 

denote the iteration number. 

Step 2. k-th iteration 

The random errors 61 constitute the random vector 

The large errors b..j constitute the vector 

with only few (if any) nonzero components. 
We shall need two more vectors 

(k-1) ( (k -1) (k-1) (k-l))T 
T/ = 7]1 ' 7]2 ' · · · ' 'T7N 

Tip= ( b..Pa P( ¢1 ) , b..Pa P(¢2), ... , b..PaP(¢N ), )T 

(13) 

(14) 

(15) 

(16) 

where ¢; is the azimuth of the i -th BPM and 'T];k-l) is the current orbit at this 
monitor. In (15 , 16) N is the number of BPMs. In accelerators as a rule the 
number of BP Ms N is smaller than the number of dipoles M. 

We shall check now the M dipoles of the machine one after the other if they 

are sources of large errors. 
Providing a large error b..P originated in the p-th dipole the closed orbit 

b..PaP ( ¢) will be generated. 
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The current orbit 'r/ (k -l) ( ¢) can be separated into a random part At5 and a 
part rJ associated with the large error 6.P in the p-th dipole 

ry (k - l ) = 'r/p + At5 (17) 

where 

(18) 

is the so-called response matrix. 
We shall fit now the current orbit 'r/ (k - l ) ( ¢) with the curve 6.Pa P( ¢ ), where 

6.P will be an unknown parameter. We shall accomplish M such fits, moving 
from one dipole to the next, and we shall look for the best fit. 

What should be the quality criterion in these fits? 
The random variables Oj are independent and normally distributed (oj 

N(O , Dj)). The covariance matrix of the random vector t5 is 

i,j = 1, 2, . . . , M (19) 

oij being the Kronecker's symbol and D ; the dispersion of O;. 
Under the hypothesis of large error 6.P deployed at p-th dipole the random 

vector ry (k - l ) is also normally distributed, ry <k - l ) rv N(ryP, K .,,) . The PDF is 

( 
(k- 1) (k-1) (k-1 ) ) 

p 'r/l ' 'r/2 ' · · · ' 'rJN 

= 1 exp[-~ ( 'f/ (k-l)T _ 'f/T) K - 1 ( r., (k -1) _ 'f/ )] . (20) 
V(27r)NIK.,,I 2 p T) p 

The mean value is 

(21) 

and the covariance matrix 

(22) 

For determining of the unknown parameters 6.P we shall apply the Fischer's 
maximum likelihood method [9]. According to this method we should search 
for the maximum of the joint probability 

( 
(k-1) (k - 1) ?1(k- l ) l6. ) ~max 

p 'r/1 ' 'r/2 '· · · ' •t N P 
(23) 

where 'r/lk- l ) are the current orbit in the BPMs. 
The condition (23) is equivalent to 

( 'f/ (k- l )T - 'f/;) C.,, ( 'f/ (k -1) - 'r/p) ~ min (24) 
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where 

C11 = K;; 1
. (25) 

Formula (24) differs from the well-known LSQ criterion due to the fact that 
the components of the random vector rJ are correlated (see (9)). 

To find from (24) the optimum value ~; of the parameter ~P we must equal 

the first derivative of the left side to zero which yields: 

(26) 

where 

N 

( = L C11i j [77~k-iJ cos Q(7r - l</>j - ~vi) 
i,j=l (27) 

N 

~ = 2 L C11ij cos Q(?r - l</>i - ~vi) cos Q(7r -1</>j - ~vi) . (28) 
ij=l 

The optimum value of the goal function is 

q~k ) = r:&in [ ( 'r/ (k - l )T _ ,,,;) c11 ( 'r/ (k - 1) _"Iv) J 
p 

(29) 

It is a function of both the iteration number k and the large error position p. 
In order to find the best from all the M fits or in other word to find the most 

probable large error position we should look for that index p* for which 

(30) 

Let p* be the optimum large error position at the k-th iteration 

p* : q~~ l =mJn[q~k )J. (31) 

The optimum value of the goal function over the k-th iteration of the algo

rithm is 

q(k) = q~~ ) . (32) 

It remains to calculate the new current orbit through 

(33) 
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Step 3. Exit 

Check whether 

q<kJ < eps 

where eps is the chosen accuracy of the approximation. 

(34) 

If this is true the process of successive orbit approximation stops. All the 
optimum values !:1;. obtained at the optimization steps will be the most probable 

linear perturbations in the magnetic elements. If this is false we set k = k + 1 
and return to Step 2. 

The described algorithm can be used also for revealing of large quadrupole 
displacements simply substituting gb.x for b.B, g being the lens gradient. 

3.3. Confidence Interval for the Large Perturbation 

It follows from (26 - 28) that !:1; is normally distributed. The dispersion can be 
easily calculated and is equal to 

where 

N M N M 

D (b.; ) = "L "LB; A ;kDk + 2 "L "L B ;B jDkAik A jk 
i= l j=l ij k =l 

i<j 

2 N 

B ; = ~ ~ C;J A Jv 

and the dispersion D k of the generalized random error ok is 

Dk = (Qf3v7Jb.¢)2 

Db.B . 
2sin 7rQp B 

3.4. Confidence Interval for the Error Position 

(35) 

(36) 

(37) 

It could be shown that the 98 3 confidence interval for the error position covers 
all dipoles p around the best fit p* for which 

(38) 

where 

(39) 
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4. The Computer Code LEA and Computational Experiments 

A c ++ computer code named LEA (Linear Error Analysis) has been devel
oped for realizing of the described algorithm. The program computes also G. 
Guignard's '1!-function [5], which is another measure for availability of large 
linear errors and the error spectrum, which allows for assessment of the error 
(see below). LEA has off-line graphics. 

We have carried out a large number of computational experiments on the ba
sis of the JINR-Dubna superconducting heavy ion synchrotron NUCLOTRON 
[6]. Figure 1 shows the case of a large kick 0.327 mrad (b..B / B = 5 x 10- 3

) 

in dipole No. 2 and random errors with cr(b..B / B 0 ) = 5 x 10-4 in all the 
other dipoles. The accelerator has 96 dipoles. The signal to noise ratio 
according to (8) is ·o.7, i.e. it is unfavourable. LEA reveals unmistakably 
c2 = 0.4 ± 0.08 mrad. The 98 3 confidence interval for the location of the big 
error covers the part of the accelerator circumference from the first to the third 
dipoles (including). 

6 

4 /\ 
i l 

' \ i 

E' 2 

s 
0 

~ 

:e 
0 - 2 

- 4 

- 6 
0 10 20 30 40 

BETATRON phase 

Fig. 1. Measured and revealed orbits 
measured orbit (doted); orbit due only to the large error 6.B / B = 
5 x 10- 3 in dipole No. 2 (solid); orbit revealed by LEA (dashed) 

5. Comparison with other Methods 

The first method for finding large linear errors in synchrotrons has been sug
gested and successfully applied in the collider ISR in CERN by G. Guignard 
[3]. The G. Guignard's method could be described briefly in the following way. 

Let us divide the accelerator circumference into p areas (which may be 
overlapping). Each area will embrace N P= N/p beam position monitors . 
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Let 11Z:'M, i = 1, 2, ... , NP be the orbit measured by the BPMs in the k-th 
area. 

Two cases could be considered. 

A. No errors in the considered area 

In this case the equation of motion reads 

d277 2 

d</>2 = Q 1] = 0 (40) 

with a solution 

17(</>) = AcosQ</> + B sin Q</>, (41) 

A and B being constants. 

B. Large linear errors are available in the area 

We perform LSQ fit of the BPMs data ryz;M in the area with a curve of type 

(41) 

Nv 

q = L [(AcosQ</>k, + BsinQ¢k.) - ry~;MJ 2 ~min. (42) 
i= l 

Obviously the residual sum of squares 

q* = min(q) 
A ,B 

(43) 

will be a measure of the discrepancy of the orbit model without errors and the 
measured orb it. In other words q* will be a measure for the availability and 
strengths of the errors in the area. 

In our simulations each area covered four BPMs (Np = 4). The first area 
stretched from first BPM to the fourth BPM; the second area stretched from 
the second BPM to the fifth BPM and so on. 

Figure 2 shows the value of q* vs. BPM number. We started the X axis in 
Fig. 2 from the 6th BPM, the total number being 21. The maximum of the q* 
is at 21st BPM. As we have chosen overlapping areas the analysis of Fig. 2 
shows that the area between the 21st and 1st BP Ms should be a source of large 
errors. This area involves dipoles Nos 95, 96, 1, 2, 3, and 4. 

The simulations made with the computer code LEA have shown that the 
algorithm of successive orbit approximation gives as a rule narrower interval 
in which the large error must be confined than the G. Guignard's method. 
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1.0 

~ 0.8 . c: 
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c 0.6 • 
"' b :e 0.4 • 
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'b. 0.2 • • • • • • • • • • 
0.0 

10 15 20 5 

BPM number 

Fig. 2. G . . Guignard's probability for existence of large errors 

In principle any orbit correction algorithm could be applied for revealing of 
large linear errors if we chose orbit correctors deployed at the dipoles. 

We have experimented with the wide-spread MICADO orbit correction al
gorithm [11] and the computer code MAD [12]. MICADO is an iterative orbit 
correction algorithm and at the first iteration only single correctors are used as 
in the described algorithm. The difference of the algorithm under considera
tion with MICADO is that it uses single correctors at each of the successive 
iterations and in this it is analogous to the orbit correction algorithm proposed 
by L. Bumod and E. D'Amico [13]. 

For the above case of NUCLOTRON with large kick ~B / B = 5 x 10- 3 in 
dipole No. 2 MICADO gives: 
1. with single corrector used: error c: 12 = -0.54 rnrad (~B/B = - 8.2 x 10- 3

) 

at 12th dipole. 
2. with two correctors used: errors c: 12 = -0.36 mrad (~B / B = -5.5 x 10- 3

) 

at 12th dipole and c:46 = 0.35 rnrad (~B / B = 5.3x 10- 3
) at 46th dipole. 

3. all correctors permitted: MICADO has used ten correctors, the largest of 
which are: c:2 = 0.58 rnrad (~B / B = 8.8 x 10- 3

) at 2nd dipole, c45 = 
-0.24rnrad (~B/B = -3.7 x 10- 3) at 46th dipole, Es1 = -0.36mrad 
(~B/B = - 5.5 x 10- 3 ) at 51st dipole and c:6 1 = 0.lrnrad (~B/B = 
1.5 x 10- 3 ) at 61st dipole. 
Analogous results have been obtained with the code LEA if instead of the 

quality criterion (24) a pure LSQ quality criterion is used. With pure LSQ 
quality criterion LEA gives error c: 12 = -0.6 rnrad at 12th dipole. 

Computer code LEA have the opportunity to restrict the area of search. If 
we search a large error only between the 95th and 4th dipoles, an area pointed 
by the G. Guignard's method, LEA gives error c:3 = 0.85 rnrad in 3rd dipole 
(~BIB = 1.3 x 10- 2

). 
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The main reason for the better results obtained by the computer code LEA is 
in the used quality criterion (24), which utilises the available information about 
the error dispersion (see 19, 22, 25). The numerous computational experiments 
have shown that this improves the reliability of the search to much extent. 

Another opportunity for error search is incorporated in the computer code 
LEA, namely to mark simultaneously several points around the ring which are 
expected to be sources of big errors. After that we could fit the monitor readings 
with a curve like (9) but with only a few members in the sum. The fitting is 
done in LSQ sense applying SYD decomposition of the matrix A (18). The 
computer experiments performed with this approach have shown that it is not 
quite promising giving incorrect error levels. Working with single corrector at 
a time turns out to be much more reliable. 
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