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Abstract. We propose a minimal unified model of the electroweak in-
teractions without a Higgs particle in the final physical spectrum. This
is achieved through adding a nonlinear constraint for the Higgs field
in the Lagrangian in which the field’s content is the same as in the
Weinberg-Salam (WS) model. In the unitary gauge the generation of
masses of the W= and Z bosons, as well as for the leptons and quarks,
reproduces the known pattern in the WS model. The path integral quan-
tization shows that with the exception of the scalar particles, all other
vertices known from the WS model in the unitary gauge, remain. A
Ward identity relative to the electromagnetic gauge group is also de-
rived.

PACS number: 12.60.Fr

1. Introduction

The Weinberg-Salam model [1,2] uses the Higgs-Kibble mechanism [3, 4] for
the generation of masses for the W, Z and the spinor fields. After breaking the
original gauge symmetry down to the electromagnetic gauge group one has one
neutral Higgs boson in the physical spectrum. However, for the time being there
1s no conclusive evidence from the LEP experiments [5-7] or elsewhere for the
existence of the Higgs boson. This is our motivation to consider an electroweak
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16 1. Vitev and V. Rizov

theory along the lines of the Weinberg-Salam model yielding elimination of
the Higgs field from the physical spectrum.

In his attempt to avoid introducing a Higgs field LaChapelle [8] uses the
gauge group U, (3)xU(1)xC(3,1), where U.(3) is the color group and C(3,1)
is the conformal group acting on Minkowski space. In this model part of the
gauge potentials (except for the photon) acquire masses but there remain prob-
lems with the interpretation of the other gauge fields. In the framework of a
conformally invariant model Pawlowski and Raczka [9] also suggest the elim-
ination of the Higgs field, restricting its scalar length by a suitable conformal
transformation. '

In the present paper we propose to eliminate the Higgs boson by adding
a suitably chosen constraint on the scalar field which reduces the number of
particles in the final spectrum. In Section 2 we study the classical aspects of a
model of the electroweak interactions on the basis of the gauge group MU(2)
using a quadratic constraint on the Higgs field. The group MU(2) is defined in
the Appendix as a three-fold covering of the group U(2) and its representations
allow one to describe fields with charges proportional to 1/3 (in units of the
elementary charge). This group is an alternative to the well known group of the
Weinberg-Salam model and is different from that proposed as a gauge group
for the standard model in a recent publication by Roepstorff and Vehns [10].
The latter is a subgroup G- of SU(5) and like MU(2), G/SU(3) also appears
as a covering of U(2). In Section 3 we consider the model in the unitary gauge
and show that it reproduces all the features of the physical particles in the WS
model except for the Higgs field, which is absent in the particle spectrum. The
quantization of the model is carried out using Hamiltonian formulation. In
Section 4 we study the proposed model as a system with first and second class
constraints and derive the Hamiltonian. In Section 5 a Ward identity is derived
relative to the residual electromagnetic gauge group. In this paper we are not
considering the renormalizability of the the model.

2. Lagrangian Formulation of the Model

Our . convention for the metric in Minkowski space 1S g, =
diag(1, =1, =1, -1), the gamma matrices satisfy 7Y = ¢y, under her-
mitian conjugation and the matrix s = ivpy;17y27ys 1s hermitian. The projectors
acting in the spinor space S and separating the right- and left-handed part of a
spinor, are

; T+
I, = o He=—— (1)
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The space S is a direct st n
S:SL@SR, AS’]‘:HLS, SR:HRS. (2)

We start with a Lagrangian that contains singlet and doublet states with respect
to the group MU(2) = (RxSU(2)) /3%

left leptons L"eC’®8, cC*% S, 3)
left quarks R eC’®S, cC?x S, 4)
right leptons l?(A eNC* S CANC?’® S, ®))

right quarks of type “p” R} e A°C*® S C N°C* % S, (6)

right quarks of type “n” RYc ANC*’@ S Cc A*C*® S, (7

scalar Higgs field peC’ : (8)

where the index A = 1,2,3 denotes the three generations of spinor fields.

The fields (3-8) transform under suitably chosen representations of the group
MU(2) (see Appendix) as follows:

4 — L' =Tlu, A|L*, (9)
QY — Q' =T, AQ*, (10)
R} — R'Z =det[u, AR, (11)
R} — R’f:det_%['u,,A]Rf, (12)
R — R =det?[u, A|R?, (13)
¢ — ¢ =Tlu,Alo. (14)

In the notations of the Appendix we write [u, A] € MU(2) for the equivalence
class {(u + 3km,e " A) ; k € Z} ,u € R, A € SU(2), and

2iuk

T, Al = e™A, TFu, A] = "t 3A | det¥ [u, A] =™ . (15)

Since the Lie algebras of MU(2), U(2) and SU(2) x U(1) are the same,
LieMU(2) = R & Lie SU(2) (16)

there are three gauge potentials Ar (a = 1,2,3) relative to the Lie algebra of
SU(2) and one, B, for R, the respective gauge coupling parameters being ¢
and ¢'. A set of four generators for MU(2) is given by

a

1
X":(O,%), a=1,2,3, and X:(~§,O> (17)
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where ¢ are the Pauli matrices. Note that it is specific for this mode] that the
actions of MU(2) on the left leptons L# and on the Higgs field ¢ coincide, so
that the covariant derivative of ¢ reads
a® I
D,¢ = (é)ﬁ,, —igAj, - +1i¢'B, §> ¢. (18)
The remaining covariant derivatives are the same as in the WS model. The
Yang-Mills Lagrangian

1 T L/, 1 LV
['YM = — Z [',).’,/Fl R Z B“,,B‘ (] 9)
contains
1'?/7,, —_ ()“A:ﬁ - 0,,147; _I" ggubrAilLA;/ ] B/M/ - {)/L-BY./ - aJ/B/l, . (20)

In order to write the scalar-spinor interaction term in an MU(2) invariant
form we note the following: let ¢;, e, be a basis in C?, ¢ € C*, u € C* ® S,
and G be the standard hermitian metric in C*. Writing ¢ = ¢ie1 + dqe,,
U= uye; +ues one has dAu = (p1uy — douy ey Aey € A*C?® S, Using G
and Dirac conjugation we define a bilinear form in A>C® ® S denoted by ()¢
such that

(hey A eqg, ey Ney)g = 'zﬁ(). 21

Let @ = ic?u* where u* is the complex conjugate of . We shall further

. - -3 Ziuk
use the representations of MU(2) on A?C? defined by det* [u, A] = ¢*5*. We
may write now an MU(2) invariant term involving the spinor fields and the

Higgs field, namely

Ly = — I{ZB <(/I) A LA: RE>C; + KﬁB <(/; N QA? Rf)c
(22)
+ Kip(p AQMY RE),, +he.,

summation over the repeated indices A, B is assumed. Here K¢ ; are the matrix
elements of a 3 x 3 real diagonal matrix, while K% » and K7 ; are the matrix
elements of 3 x 3 complex invertible matrices. Note that the transformation
property of ¢ yields a form of Ly, which contains a nunor difference as
compared to the explicit form of the Yukawa term in the WS model. The pure

Higgs field term reads
Ly = (D,d) (D*®) + c(2)(¢" ¢ — a?), a=const, a>0. (23)

Instead of the standard potential V(¢) = —pu?d*d + (9" ¢)* it contains a
nonlinear constraint fixing the squared norm of the field ¢, ||¢]|* = a*. The real
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field ¢(x) is the corresponding Lagrange multiplier. Considering the equations

of motion for ¢(z) and ¢(x), we find
D, D¢ — c(z)p—V =0, (24)
clx)p* -V =0, (25)
(26)

(/):MDZD*“ _

¢"p—a’=0.

Dy implies hermitian conjugation of the covariant derivative as well as action

of the differential operator to the left. The explicit form of V € C? is

Pu _ (~Kso(TNF? = KERNQD), ~ Kin(@,R2)
K5p(L4), RY = Kp RNQP), + K} 5(Q), RE

and V" is the hermitian conjugate of V. Expressing c(z) from (24-26)
4" (D, D"$) — ¢"V] , - (28)
(29)

1
clz) = o
1

(0D D)6 — V7o)

olz) =
we eliminate the Lagrange multiplier and obtain
D, Dte¢ — &% [¢"(D,D*¢) — ¢*V]p — V =0, (30)
¢"D, D" — 5154) [(@“‘DZD*“M - V*d)} -V =0, 31)
(32)

¢ (DD 9) = 'V = ($"DD™)p = V'

3. The Unitary Gauge
The unitary gauge is the gauge in which the scalar Higgs field has one constant

component. Due to the nonlinear constraint (26) the other component is also
(33)

fixed
¢o(z)=(al ).

The electromagnetic subgroup MU, (1) is the little group for ¢y, i. e.
(34)

(e% 0 ):I(/)():(z)g, a€eR.

i
a2

. o
F{ 2’V 0 e
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For each point z we may choose an element [u, A] € MU(2), so that T'[u, A]
transforms ¢ to the form (33), namely

1,

[ Al = [O’ - ( i [’Oéﬂ T A= ( o w;) ,
a \—P2 ¥i a \—ps @ (35)

p=(dd), S =19l =1l +16s" = .

Following the standard pattern we define the physical fields W;fc, Z,and A,

as unitary linear combinations of the original gauge fields. The four fields with
definite electric charge are

1 i

(Wiw,) = (; ;) (ar42)

(36)

Indeed, the general gauge transformation
@ rpa s aa - 1 < e —]
AL = T()(ALTVT(9) ™ = S (@OT(@)T(9) " (37)

applied for an element from the electromagnetic subgroup MU,,,(1), gives for
the fields (36)

Wl =eWr, W' =eW,, 38)
1
Z\=2Z,, A, =A, + ga,,ta. (39)
The elementary electric charge is identified as ¢ = —-4e . Th-,erefore, in the

T
unitary gauge after breaking the symmetry down to the MU,,,(1) subgroup, we
recognize with no surprise that W'f are charged vector fields, Z,, is a neutral
vector field and A, is the remaining gauge potential (for the residual invariance
group), identified with the electromagnetic field.
If we go back to the Higgs field term (23), we see that in the unitary gauge
it only contributes to the masses of the vector fields
2.2 p) 12y 2
L, = wrwr 4 (S’_tlli)il_

=9 WA (40)
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The field () has been excluded and does not appear in the unitary gauge. As
in the standard scheme, in the unitary gauge the lepton fields are identified with
the physical leptons, whereas the quark fields appear as linear combinations of
quarks with definite current masses

A
1A Vf A ’ V= Ve, Uy, Uy 47
- A ’ e OR A _ H ( )
er et =e,u, T
: A A
A plﬁ R;‘ = pIR p’ = U’,: Cl: t/ (43)
=\../Al> A A .
n'y, RY =n'y n'" =d, sy

The scalar-spinor term in the Lagrangian after breaking the symmetry ac-
quires the form

o e A
LYuk = — [MABeReL

+ MApppp's + Mipn'zn's +he] . (44)
The mass matrices for leptons and quarks have matrix elements 1\4‘3 an = oK,
M5, = aKb ., M" ap = aK’%y. The neutrinos are strictly massless and the
quark mass matrices are in general non-diagonal. The procedure of their diag-
onalization «roes in the same way as in the WS model yielding the quark mass
cigenstates p* and n? [11].

The Lagrangian of the proposed model in the unitary gauge can be written
in a form, suitable for determining the canonical momenta of the fields and
the primary constraints for a further transition to Hamiltonian formalism and
quantization by path integrals. The term in the Lagrangian, associated with-the
massive vector fields and the electromagnetic gauge potential, is

ﬁ\’C(L =
(45)
1 .
— —(a,,A,, — 8,4, (0" A" — " AF) — i(auz,, —8,2,) (0" 2" — 8" Z")
1 )
= M 22" = SOW} = 0,WH) @ W™ — "W ") + ME, W, W

+\/.(1 + g [(

~(0. W, — 0, W) A" W]

B, AW W™ + (9, W, — 8, WH WA
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(0u2, — 0,2,)W W= + (9, W} — 0,W;H)W+2"

~(0,W; = 0, W) 2 W]

- % (WEW WFW™ — WEW W W)

212
- f S (WHW A, A — W+ AW AY)
P +g
4
Y (WrW ez, 2" — W ZPW S Z)
PR © I v
7°g

— 2L OWIW A, ZY — WA ZY — W2 AY).
g*+g"” ! ! !

The Lagrangian, describing a free spinor theory with physical fermions, is
+(0) __ Ay eNLA | ZAf ps Py, A
L0 =t (iy"d, — m:)et + pA (i, — mh)p (46)
+ at(iy"d, — m%)nt + iyt 9,0t

Here 1, m/y and m’; denote the masses of the three charged leptons and
quarks of type p and n respectively. It remains to list the electromagnetic
current part, the weak neutral current part and the charged current term of the
Lagrangian

/ 2 1
Lone = 7—:1(__1————9 {—EAA,"‘(%A + gﬁA'y"‘pA — gﬂ;Afy""7z,A A, (47D
Voo +g”
- 1 2 I2N\SA_ p A 12_A A
Ly = ;ﬁ ["({1 — g )eLyrer + 29 epyer
T (48)
2 2y — .
+(g® + g7 )ty I/A} Z,
1 N 49 ,
+ 2\/——:/2 {(9‘ = PP — —5PRYPR
g*+yg ‘
. 9 g”
—(g" + S )REYng + = 'ﬁéﬁ"“nfﬁ} Z,.
L., = % [(ag,yucg + P U2 )W + h.c.] (49)

where U is the Kobayashi-Maskawa matrix.
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Finally we go back to the Eqs (30-32). If we take into account the explicit
form of the vectors V' and V* in the unitary gauge, we find

72

3 3 !
ER N ey o
2 72 2 2
9*+g VI +g (50)

1\/5 e A, A n=A

dJ a7 * B p =Ayrs B\ _
+ ga? (m4ery” +munpUsppr — mpngUsppi) =0,

) . i .
‘ ig"” ; igg’ A
(.‘)I"]/T/_“ - ”"—J"‘— Z/LT/‘{/ i -+ ————L—-A;LL}V“M

a2 /2 \/’Z—(Z
Vo + 97 g +g -
iv?2 )
T ga? (m& e + mEppUapns — mhpalUapnl) =0,
1 o ~
w2t = [mS (Frer, — eper)

a’\/g* + g (52)
!y (PR — BApf) +miy (et — ndnf)] = 0.

Equations (50-52) appear in the unitary gauge as part of the equations of motion
for the W and Z bosons. They signify the fact that a massive vector field has
three physical components and are analogous to 9,U* = 0 in Proka’s theory
of a free vector field U*.

4. Hamiltonian Formalism

For the transition to a Hamiltonian form and a subsequent quantization of the
model we shall use the approach and terminology of [12-14]. Following [13],
we shall treat the fields in the model as elements of a Berezin algebra. The
time component of the electromagnetic gauge potential A, will be considered
as a Lagrange multiplier.

Given the Lagrangian (45-49) we find the conjugate momenta for the spinor
fields

OrL ., OrL
He/ = —— = i@ s HEA = =0 s 53
L ., OrL
1L, — = i7", ;4 = =0 54
V= ood 17400 A e (54)
OrLl . _ OrL
I = — =ipty°, s = —— =0 55
7 apA Py pA 8’[3A (55)
0, A %’;é =iy, Tl = g’%ﬁ =0, (56)
on
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O L . . o . .
Here & £ etc., stand for “right” differentiation. The canonical momenta for

the massive vector fields and the electromagnetic gauge potential are

7 = == =, 57
b gz ’ .( )
7 = ——aRﬁ =Z'+0:Zy + L (Wo W =Wy ), (58)
0z Vo +g? |
e OpLl
I = s =0, (59)
. L L ) L
vt = 9L g g 299 e A, — A
oW +i v g%+ g’2
) (60)
e (W Zi = ZoW),
¢+ g
_ Ol
HY'V — (1_2 — O7 61
0 AW -0 ' ©b
oy = ;{;[:: =Wt + oW + \/———lffg__——- (AW — Wi A)
A/ —1 g‘), .’_glg
2 (62)
+ = (Z W — Wi Z),
Vo t9g”
Ol . igg’
A = B2 o A4 0 Ag + ——2f (WW —WIWS).  (63)
DA [ + g2 ~

The corresponding velocities that can be expressed from here are W+ Z* and
A*. The remaining equations from (53-63) and the part of the Lagrangian that
multiplies A° define the primary constraints in the model

¢ = TLa —ie'y°, $ed = Tea . (64)
¢ =T,a —ip'4°, $pa = o, (65)
B =T —ip™", P =Thn, (60
(/57(11) =T — 40, ¢§_112 = .n . (67)

For the massive vector mesons and the electromagnetic gauge potential one
gets the primary constraints

(1 __ 7z M wt L we
¢z =1y, Py =1y, w- =1y
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g
Vor + g7

! 2 1
99 ( EA0e? 4 At 5 ,Aﬁ/nn,q) _

With the help of the explicitly solved velocities one finds the Hamiltonian
of the system

¢ = oI + (W — )

(68)

1 ATTA 1 A + — + —
(= —TIATTY L — v . 69
H = ST - \/TH(VW — W) (69)
g g
1., i
+ S/ - — L (W W, - W)

Vg +9”
— 070,20 + 1Y T~ + —L A, (@Y Wy — W)

Vg +g°

e (W 2, ~ ZyW) T
— 1Y (Wi Zi — ZoW) =Y 8, Wy — I oW

T, 1. 5 _
+ ~M~ZnZn + —MZZZ-Z,; + My, WHw;
5 1., RS
+M” IV‘W + ~ (aAk 8’€A1‘)H+Z(d‘izk"‘)kzi)‘

+ 5(&,-,W,: — W OW — O W)
— (0, A — B AW W + (B — B W W Ay

ig?

(0:2k = RZ)W Wy, + (OWF — W W, 2,

+(OW — 0W ) ZW;H
+ %(W: W WEWy = WrEW W wy)

g
7>+ g”

(WHW, ApAy — W AWC A
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4
+ H(Y/1/+I/T/ ZLZk—W ZW Zy,)
qg* +

(] (}
P +gR
+ & iy, 0 — m&)e? + p (i 0 — mh)p
+ A (i, 0 — m5%)n® + iy 0

sQWIW, A Zy, — WHAW, Zy — WHEZW,Ay)

A

ad 2 1
— __U_ { ehyee + St up® — 2nn® | Ay
) | 2 | e
T rig [~ (6? = ¢*)etvier + 20 gy et + (o* + 9V | 2,
gt + g~
1 g” 49" g
- (6" = I PR PR — 6" )y
297 +9"

2(]/2 A r;
+ 3 Y g | 2,

_ L A A I 4
/2 {(7/[ yrer +2)L7 UABH )W +hc}.

The Hamiltonian, in which we have added the primary constraints with the help
of Lagrange multipliers with their appropriate parities, can be written as

3 !
HY =H+ Ay |01 + N;-/,_g_ (v wo -1V W)
Vot +g®

_ 99’ <~_(.A 04 4 2pA,}()pA 1,7 x,)unA”

Vo +9* ’ ’ (70)
S OZTIZ 4 ATV AW T

+ Cealloa + (IToa —18*Y)on + (pallia

+ (T4 — 1024 Cn 4 Gpallpa + (T8 — ip*7°)(n

+ Crallna + (I — i ") Cpa

The requirement for the primary constraints to be time-independent completely
defines the odd Lagrange multipliers (za, Cea, Coa, (oa, (5aCpa, GraGpa.
we substitute the values for the odd Lagrange multipliers one can see by direct
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inspection that

fott 11}

is satisfied identically. The primary constraints for the massive vector fields
generate secondary constraints

=0 (71)

(1) =0 B

2
07 = ~ o7 — L (VW -V W) + M22,

1

i 2/¢ + g7 = (9" — 9*)elr et + 29”0 e + (g
Vo2 +g

+ 912)174701/44:'

(72)
+ 1 ot — i_l ﬁA,YO A 4.9/2 FA~0 A
2\/(124-7 g 3 LY P 3 rY Pr
o) 9/2 ~A 0 A 29/2 —A 0. A
g+ P AR T g "RV TR
die = = oI + —2L (AW IV 4))
V2 + g7
. 9 ] ’
e (T2 W, — 11" Z,) + M2, W (73)
Va2 +g7
+ -\'/g—i(ﬂfvoeﬁ + ﬁ}f‘v”UAan),
M !
- = —oml — —2L_mrwr - 4y
Vo2 + g7
. 9
- L (WW - Z) + ME W (74)

Y (2A 0. A | =Arre _0.B
+ —=(e vy +nsU oy ).
\/-2-( LY VL L AB’YZL)

[f we impose that the new constraints (72-74) are time-independent we find
the even Lagrange multipliers A", AW, A\Z and no new constraints appear.

We shall quantize the proposed model in the Coulomb gauge 9;4; = 0 for
“the electromagnetic gauge potential. We choose sources for the fields, having
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the relevant parity. The functional integral Z(J) acquires the form
Z(T) = / exp [i/d4:17(w“q“ —H + 5%¢%)

x Sdet? {¢, ¢} 6(6™)8(¢)6(;A:) dpu(, q)

(75)

where du(m, ¢) = Dn'Dq and the sums over « in the exponent of (75) are given
by

g = T+ TE 20 + T2 2+ T W0 4 TV W T 170
FTIV W 4 Taé? + &' Ten + a0 + 57 Tpa + ap? (76)
+ 5 pa + TMparn® + 0 s,

J0 = TR A T2 TEWS S TEW e s

4 7 npa 4 Fpav® + e + barnya pA + At nna + Gan. 7

By direct inspection one can see that the superdeterminant, restricted to the
constraints by the §-functions [13] is independent of the fields and reduces to
a constant multiplier of Z(J ). :

Given the integral representation of the §-function, one may place the con-
straints (/>(A}), ¢§,‘2,),;v, g,l and qb(Zz) in the exponent of the functional integral.
As a result we have additional integration over the variables Ag, AW AW~
and A\?. A change of variables, which makes the corresponding integrals of a
Gaussian type, reads

W+ A" S W, W AT S Wy, Zo+ A= 7. (78)

These integrals do not contribute to the normalized Z(J ).

In the next step one has to take the integrals over II#, IIZ, II"" and I .
A change of variables, that separates the integrations, is

oA —>HTA - (Ai+8iAo+ S
et +g”?
7 1% — (Z + 0,20 + —moeee (W W, — IWWO—)) . (80)

(Wow;” — VWWJ)) , (79
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/

vt vt (W*i Wy + ——2 (Wi Ay — AJW)

L (Wi Zi— ZOW-;_)) ,

/

EI | (W+ F oW + —2L (AW — W A)

Va2 +g”°
ig®

'.|_——'——‘(Z0VV1»+— V0+Zi))-
V92 +g7?

For the normalized functional integral one obtains finally

Z(T)
Zo(T)

8D

(82)

= / exp [i / d*z(L +jaqa)J §(0;A:) du(q) . (83)

5. A Ward ldentity

The functional integral (83) can be written in the form:

(T : . :
ﬁj_))‘ = / exp [1/d433 (E(O) + Ligey + Lisrey + 'C'(im.))} du(q) (384)

where the terms in the exponent are the Lagrangian of the free theory, the gauge
fixing part L, ¢y = —1(8,A*)? for the Feynman gauge of 4, the source part
and the interaction. One easily checks that all nonzero vertices (i.e. those
without Higgs lines), as well as the 2-point free Green’s functions for the
photon, vector-meson and spinor fields, coincide with the corresponding ones
from the WS model [11] in the unitary gauge.

The physical consequences of the model should not depend on the gauge
transformations. Introducing the restriction that the functional integral Z(7)
1s gauge-invariant, one finds an equation in variational derivatives, which rep-
resents the Ward identity.

The infinitesimal gauge transformations from the electromagnetic gauge sub-
group are

1
A,/L = A[l + gaua’ ZI# = Zl“ (85)
W= Wi i Wi =W —ieW,, 6
C,A — 6A _ iOZCA, éfA = EA —+ iOééA, (87)
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A - A _

V=4, / V"=t (88)
A 2i —A 2i
=t qap", P’ =pt — ~(\]) , (89)
A i A i

n'” =nt — 3 an?, n'” =at + 3 LA, (90)

The transformations (85-90) result in an additional exponential part in the
functional integral

Z9(J)
Zo(T)

. g 1 v 1
= / exp [i / d*z (—E(‘),,,A"é),,a”a + EJQU,,Q

+ i(J"T/V: — JEW,. a4+ i(E%en — fere™)o

21

i (91

3
X exp [i / d’lzzrﬁ(em)} du(q).

I we expand the exponent over the infinitesimal parameter « and substitute
the fields with their Varlatlonal derivatives up to fust order in the expansion,
we get

4] ) 4
T ., N . g ]/1 ]It ]/L
|: ld 0 d; 5] + 0/ (5,“]_” + 5]+/l >
) ) 2 0 )
e | Nea —— — =€ | Npa — 5A 92
+e (f/e 5776 677r a1 ) 3C (m 5777)" T 57/1; 1 > ( )

1 ) )
3 (7/1, 5‘:‘ ST <~ Tlaa )}Z(j) =0

where the variational derivatives act directly on Z(J). With the transformation

2(J) = WD), (93)
Eq. (92) acquires the form
ow n ow 4
d, 1% L . : J/t J;L
O O 5T T O (5 T, 5J+,,>

i W- oW
+ie <’r1 ———5W W )-%e@a KLANLUA r/],A) ©4)

on 57/E 3 OTpa ONpa

+ i <_ 5W n oW ) 0
—e | flpa — Naa | =0.
3\ s ONpa In
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It is convenient to rewrite (94) as an equation for the vertex function

T =W(J)— /d%j“qa,

31

95)

We may express the sources through variational derivatives over the fields

" or
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(96)
‘(97)
(98)

99)

(100)

(101)

I we recall the standard variational derivative expressions for the fields in the
path integral formulation (83) and take into account the definition of the vertex

function (95), we find
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Finally using (94) we derive

5T T
0,8 0, A" — 8, —— —ic ( O - —wr 20 )

hsa, C\awr "W
o7 oT % ( 400 4T
SA Y Bl A o/ —A ,A 108
rie (# 5+ )~ 5e (o 5% Al ) 0w
L < or +5_r A) B '
36 mn STA oA n =

Equation (108) gives relations between the Green’s functions of the charged
fields and the electromagnetic gauge potential. Taking variational derivatives
gives the Ward identities for the electromagnetlc interaction of the fields in the
proposed model.

It we substitute the action

S = / dizl (109)
with a suitably regularized gauge-invariant action
Sy = /d4:cEA, (110)

(A being a regularizing parameter) we may derive analogous equation, which
gives relations among the regularized Green’s functions in arbitrary order in
perturbation theory.

Appendix A

In this Appendix we define a three-fold covering of the group U(2) as a gauge
group for the electroweak interactions for the purpose of describing fields with
integer and fractional electric charges with respect to the residual electromag-
netic gauge group. In a more general scheme we construct a three-fold covering
of U(n) and consider for the case 7 = 2 several representations which are used
to consider an electroweak theory along the lines of the Weinberg-Salam model.

In this model the transformation laws under the group U(1) of the weak
hypercharge Y are different for the quark and lepton fields. Among the irre-
ducible representations of U(1), namely '* — €™ 0 < o < 2r and n € Z
any integer, for the left and right lepton fields one takes the transformations
(for each generation)

Yr— ey, hr— e Pp (A.D)
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(or Y = —1 for ¢, and Y = —2 for ), in order to obtain the correct electric
charges of the leptons (i units of the elementary charge ). With the same
purpose one sets for the quark fields
Uy, — e ¥ Ur, dp — ¥ dr, Ur — e UR,
-2 (A‘2)
dr —e™F dp, etc ---

ie. Y=1/3 for ur,dr and Y = 4/3 for up, Y = —2/3 for dz. Obviously,
these formulae do not fit with the irreducible representations of the group U(1)
detined as :

U(1) = {*; 0 < o < 2}, (A.3)

We propose to use as a gauge group a three-fold covering of U(2) = (SU(2)x

U(1))/Z, in order to deal with descent representations on the fields. We apply
the term metaunitary group for this three-fold covering and denote it by MU(2).
Our construction for the group MU(2) is motivated by an argument of Guillemin
and Sternberg [15] for the definition of a two-fold covering L of the general
linear group, aimed to define a representation of the type ¢ — det'/?g g of
L. Noting that the Lie algebras of the groups U(1) and R coincide, we may
expect that for the description of fields with electric charge proportional to e /3,
a suitable group may be a factor group of R x SU(2).

In order to give a more general framework, we first present the construction
of a three-fold covering MU(n) of the group U(n). Then we specialize to the
case n. = 2 and consider several representations of MU(2) and its Lie algebra
to be used in the construction of our model.

As mentioned above, we are looking for a gauge group which is a suitable
factor group of R xSU(2). Following an argument from [15] and in order to
provide a more general framework, we begin with R xSU(n), n > 2, where
the group composition law reads

(v, A).(v, B) = (u+v, AB), u,v €R, A,BeSUn) (A4)

and consider the subgroup of R xSU(n) with elements

{(A— ;—‘v% );kez}, (A.5)

which is isomor pth to Z. This subgroup is a normal one and through the map
T': RxSU(n) — U(n), defined as

T(u, A) = ™A, (A.6)
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we obtain an isomorphism (R xSU(n))/Z = U(n). Indeed

T(u +k

27 _,e*k%A> =T(u, A). (AT
n

The factor group MU(n) = (R xSU(n))/3Z, consisting of the equivalence
classes

[u, A] = {(u + :i%k:z—ﬂ,e‘Sk%A> i ke Z} . (A.B)
n

we call metaunitary group. Clearly the map 7': MU(n) — U(n) defines a
homomorphism onto U(n). Moreover, T defines a three-fold covering of U(n).
Indeed, the kernel of 1" as a map acting on MU(n) consists of the elements

2 2imw 4 dim
[0, 1], [—W:e“TI], and [—’T,e—vj}. (A.9)

n (e

Certainly, the group MU(n) is locally isomorphic to U(n) and SU(n) xU(1).
The same technique is applicable for constructing arbitrary I-fold covering
of U(n). The appropriate modifications include taking the factor group with
respect to [Z instead of 3Z, which leads to the substitution 3k — [k in the
definition of the equivalence classes (A.8). One finds then for the kernel of the
map T'

. 2 2w ]— 1 2”‘ 1= 1)2ir
[0, 1], [—W,e‘Tl} e {ge‘(—f L (A10)

n n

A.1. Representations of MU(2)

We here specialize to the case n = 2. Consider the map det ¥ : R xSU(2) —
U(1) defined by ‘

det? (u, A) =e™,  (u,A) € RxSU(2). (A.11)

Due to the property k
det ¥ (u, + 3k, e’*”‘”iA) = det® (u, A) (A.12)
the map det? is well defined on MU (2) and gives a homomorphism of MU(2)

onto U(1). For every integer k the mapping det ? : MU(2) — U(1) given by

det ¥ [u, A] = <det% [, A]) N, (A.13)
is also a homomorphism of MU(2) on U(1). For & = 3

det [u, A} = det oT[u, A] (A.14)
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where det stands for the usual detcumnant

Using the maps 1" and det ® 3 we dehne the homomorphisms 7™ : MU(2) —
U(2) by

T*u, A = det® [u, A|T[u, A] = e+ %) 4. (A.15)
Some particular cases are

Tu,a] = Tlu, A] = <~‘i“'A T ?[u, Al = e~ % A, (A.16)

det 3 [u, A] = e, det” [11 Al =e” TL, det [u, A] = ¥, (A.17)

The one-parameter subgroup of MU(2),

MU., (1) = ng <(o_ e()_)] € MU(2);ﬁcv € R}, (A.18)

has the meaning of the group generated by the electric charge generator

1 1 1

10 1 0
H_<O 1) and 03—(0 _1>.

The 1mmage of Q in each representation of MU, (1) in a space V is identified
with the electric charge in this representation, the eigenvalues q; of Q being
identified with the charges of the corresponding eigenvectors from V.

Let er, ¢y be a basis in C?. The second exterior degree A2C? is a one-
dunensmnal complex space generated by e, A e, Wthh carries the representa-
tions det? for different .

Let @ = ue; +vey € C? and we; A ey, € A2C2, Using the notation
M(c}:).;O < o« < 2w, for MU, (1), one finds in the representations (A.16,
A.17)

where

1 0 0 0

D oTMEl=( ) ee=(3 L), (420

Gu = 0:(17) = -1
) T M= (5 0, op. = ( ;0 ) (A21)

' 0 e= )’ 0 “1; ’
2 1
Gy = 3 s Qo 3 .
1 i 1

3) det® M(a)] =e 7, Q.2 30 =3 (A.22)
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4) det™ ¥ [M(a)] =e™, Q

5)  det [M(a)] = e™'®, Qaet = =1, qu=— (A.24)

The choice of these representations is justified by the reduction of MU(2)
to MU, (1) in analogy with the reduction of SU(2) x U(1) to Ug,(1) in the
WS model. Then a direct sum of one-dimensional representations of MU, (1)
appears, each of them with a fixed electric charge.

2
det™ 3 3 ’

2 2
=3 W=7 (A.23)

A.2. Representations of the Lie Algebra of MU(2)

The groups MU(2) and RxSU(2) are locally isomorphic and one has for their
Lie algebras

LieMU(2) = R @ LieSU(2). (A.25)
Accordingly, a set of four generators for MU(2) is given by

a

1
X = (o, %—) . a=1,2,3, and X = (—5,()) (A.26)

where ¢ are the Pauli matrices and
(X9, X¥] =ie®eXe,  [X° X]=0.
The subgroups of MU(2), generated by X and X, are

Gy (t) = {[Oe—"] te IR}, a=1,23, (A.27)

Gy (t) = {[—%t, I} e R}. (A28)

Each representation 7" of the group MU(2) generates a representation T, of
its Lie algebra. For the particular representations (A.21-A.24) defined in the
previous subsection one finds for the generators X and X

1) T[o,e%t] =5, T{~%t,[} —em#0] (A.29)
T.(X*) = —i %1120e%" = % (A.30)
T.(X) = —i % » ¢ = —-g-. . (A.31)

2) T2 [o,e%t} =Tt T2 [—%u} =t'] (A.32)
T2(X%) = —i % tzoe% = % (A.33)
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TAX)=~i H]c‘?"I =5 (A.34)
3) det® [O,e%i] =1, det ¥ [—%t,'[} =e 5t (A.35)
det? (X*) = —i % . 1= o.» | (A.36)
det? (X) = —i (%'t_o e 5t :_%. (A.37)

2 ic® 2 1 2i
4) det™? [o,eTt] =1, det™? [7@1} =¥t (A38)

det, 7 (X)) = —i 4 1=0. (A.39)
dt |,
d 2i 2
det, * (X)=—1 — et = =, ' A.40
o) = g LT T g (149
ig® 1 —it
5) det [O,e 2 ] =1, det [——2‘,[] =e (A4D)
o d
det, (X?) = -1 — 1=0. (A.42)
dt t=0
det (X) = —i il e it = 1. (A.43)
) o dtli
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