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LIGHT SOLITONS IN NONLINEAR MEDIA.
LIGHT PROPAGATION IN FIBER-LIKE MEDIA

KH. I. PUSHKAROV

Department of Physics
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1 Smirnenski Str., 1421 Sofia, Bulgaria

Abstract. The light beam behaviour in nonlinear media is considered
in the case when the nonlinear polarization contains susceptibilities of
third and fifth order. A number of soliton solutions of the nonlinear
differential equations describing self-action effects is obtained in ana-
lytical form. The existence of the solitary pulses obtained is discussed
from energetically point of view.

PACS number: 42.65.Tg, 42.65.Sf, 05.45.Yv

1. Introduction

In the paper [1] some nonlinear light phenomena with regard to the high power
light density have been considered. For dielectric media which possess a centre
of symmetry the polarization P has been presented in the form

P = kE + YO E + yO'E° (1)

where E denotes the electric field, & is the linear susceptibility and x® and
x® are the nonlinear ones of third and fifth order, respectively. Using (1)
together with Maxwell’s equations, the following nonlinear equation of motion
was obtained in [1]

1 0?2 47 | O’E . O°E? O’E?
Vie- = — |E=— ® 1. 2
G L e
If the radiation field is taken to be of the form
E = &(r,t) e ) cc., 3)
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and the complex amplitude £(r,t) is supposed to vary slowly, the following
nonlinear differential equation was obtained in [1]

1 9% 092 9% 9%E . (Qw % +2k%)
c*? Ot 0z

“)

2 dre? L,
- (‘*’ - k2> € - 2 [Bx@Iel + 10xP g £ =0

C*Q 02
where £ = &£(x,t) and
¢ =c/V1+idnk. ®)

Equation (4) was analyzed in [1] for some cases of self-focusing of a light
beam, self-modulation of optical pulses and transmission of the light. In [1]
the dispersion relation

ck = wV1+4nk (6)

was supposed to be valid and x® was taken to be positive.

In the considerations made in [1] more realistic cases of the dispersion rela-
tions w(k) were used in which w depended on |E/|. The problem was situated
on the base of the Lagrangian formalism of the field theory. At that, in [1]
Eq. (4) is analyzed and solved for the cases when the electric field amplitude
£ is a function of the coordinates (z, z or y, 2).

In the present paper £ is supposed to be weakly dependent on = and y as
well as dependent on z and ¢. Then it can be presented in the form

E(w,y,2,t) = (z,y)E(2,1) . (7

After the substitution of (7) into (4), neglecting the second derivatives of ®(x, )
and integrating over x and y, we obtain
L pE e (wor
2 Ot 0z

®)

w? s 4mow? < s3] &
- <c*2 - k:2) £-—3 BXPIE[* +10px ™ [E*] € = 0
where o and op are the mean values of ®* and ®* over the beam cross section.

Using the method based on the Lagrangian formalism in the field theory, the
following expression for the energy density of the system considered can be
obtained (see [1])

2 L|552 o€’ . 0E L9 -
c2 Ot
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where

c? w?

( 2mow?
4rw? | c*?

- - - 2 -
U — —K)EP + == BVl + gopx“)\a‘") (10)

plays the role of a potential energy. The light propagation will be considered as
a motion determined by the extremum of U with respect to |£|. Such a manner
the condition
dU
—— =0 11
e
together with the series expansion (1) (in which the E°-term is supposed to be
smaller than E*-one), shall lead to some restrictions upon the parameters of
the solutions obtained. In particular, (11) leads to

X(3)

= 3
2 _

_@

(1+vI-Q) (12)

where

1OpX(5) (w2 _ k20*2)c2

Q= Ir(x®)2w?c?

(13)

(At that sign plus in (12) has to be used for which U = U,,). On the other
hand the nonlinear terms in (8) lead to

5 'X@ (14)

<S’Nmax < PSR
|Emax| 105 | ®

which must be satisfied if £°-term is smaller compared to E3-one [1].

As in the previous considerations [1] the most interesting cases & > 0,
x® < 0and x® < 0, x® > 0 will be considered separately.
1.1. Case x® > 0,x® <0

In this case Eq. (8) has the following soliton solutions.
1.1.1. Kink (anti-kink) solution

Z— 2y — vt

L

— — t -
X (1 + sec? sinh” ZZ#)

E(z,t) = & @49 ginh

(15)

ol
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where
q=—k—Agq,
kGB* w? v
Ag =+ 1-— = —>1 16
q m k202 (ﬁ e > ) ) ( )
k26*2 _ w2
Q=—-w-—AQ AQ =44 ——— 1
w ) GT_1 (17)
~ 3 X(3)
—+2 |
fo =y tan \/5p|x<5>(2 — cos2) 1"
2¢(2 — 2 1 G)(2 — 2
o 2e(2—cos2i) [0 cos2a) o
3wx® sin 27 3o
= arccos( 5= ) % (20)
= WI-Q+1/)

The soliton (15) represents a kink (sign plus in (14)) or anti-kink (sign minus
in (14)) which moves along the z-axis with a velocity v greater than the light
phase velocity ¢* in the medium without dispersion or radiation (3* = v/c* >
1). Naturally, it must be v < ¢ (c being the light velocity in vacuum), 1. e.

cF<v<cVI+dnk. 21

The wave vector component g as well as the frequency 2 also depend on v.
At that the kink frequency A2 can be very small. The parameter £ character-
izes the length of the formation (15). In fact 2L plays the role of the effective
width of the kink. The constant z, appears as a result of the translational in-
variance of the system and represents the center of the solitary formation (15);
 is a phase constant.

The parameter 7 is determined with the help of the extremum condition (11).
Taking into account that U has a minimum when |£|? takes its maximal value

1€)? = 5~02 cos’n

and using (12) (with sign plus, which corresponds to Umin) the expression (20)
can be obtained. The condition (14) leads to the inequality

9o (x®)2w?c*?

0 < k?c? —w? <
10p[x®)|c?

(22)
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which must be satisfied. It must be noted that Eq. (8) has also a solution of the
type

E1(z,t) = & ell@z—wtte) (23)

where ¢, Q, & and 7 have the same values as the kink (15). To compare
(15) and (23) we shall calculate the energies W (for the kink) and W (for the
plane-wave (23)). Using the energy density (14), we find that

+oo
W:/W(z,t)dz (24)

contains divergent terms. The calculation of W, leads to an expression which
contains the same divergent terms as V. Thus the energy difference

3 3
AW =W - W, = — e
27rwc*2\/307r\x(5) (872 —1)
]{?20*2 k2c*2
—1 —1) (B2 -1
. { w? i \/< w? >(ﬁ ) (25)

27me?o(x®)? 1 —2cos2n < sin2n 2 — cos2n ﬂ
8c2p[x®[(B*2 — 1) (2 — cos 2n)? '

The analysis of (25) shows that AW can be negative. Thus the solitary for-

mation (15) can be energetically more favourable than the plane-wave (23).
For the case of Rb-vapor with atom density N = 10® cm~3, assuming the

atomic susceptibilities to be x® = 4x 103! esu and ) = —2.1x 10" esu

[2] and taking the light wavelength A\ = 1.06 x 10~* esu and 1 ~ 0.52, we
obtain

2n 1 —2cos2n

§ =43x10 " esu, L =852 1) em.
ag

1.1.2. “Bell” soliton solution

E(,1) = £ cla—10) cogp 220 =V
L
z— 29— vt -3 (26)
2 2 & % — v 2
X (Cosec 7 cosh — 1)

where

q=—k—Agq,
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kp* w? 402—-1) R
Ag=+ 1- - it 27
q S —1 22 k212 + L2 @7)
Q=—-w-—-AQ, AQ = vAgq, (28)
2 (3),,,2 a3 2 (5], ,2 it
L w ,  12mx®w?sin®n 5, 40mp|x P |w?sin® g 5,
R= i k* + = & — = &, (29
~ cotn [ 3x®
E ==+ — 30
’ 2\ 5plx®]” G0
10 (5) *2 __ 1
P \/ p1(B2 1) G1)
wx® sin 2n 3o
ﬁ*QE(C%)2>1. (32)
As one can see from (26) the bell soliton will exist if
cosec’n > 1. 33)

The analysis of the extremal condition (11) shows that taking into account
(33) the electric amplitude must be of the form £(r,t)e'?, where the phase
constant ¢ can be taken the same as in (26). Such a manner the value

< [ 3@ 10p|x® | (k2¢*2 — w?)c2 \ ]2
E(z,t) = {720”(5)' (1 — 41— Oro ()P )] (34)

corresponds to the extremum (minimum) of U. On the other hand, as it can be
seen from (26), |E(z,t)| takes the value &, sinn at infinity (where (26) turns
into a plane wave). Hence, from (30) and (34) the following expression for 7
can be obtained:

10p|X(5)|<k26*2 _ w2)62

n = arcsin[l — Omo (e c? |3 (35)
Also, the condition (14) leads to the inequality
(3)12, ,2 #2
0< k2c? —w? < M (36)

Gl
One can see that for n given by (35) R = 0. According to the consideration

made in Sec.3 of [1] the condition B = 0 plays the role of the dispersion
relation between w, k and &,. The substitution of R = 0 into (27) and (28)

56



Light Solitons in Nonlinear Media. Light Propagation in Fiber-Like Media

gives the final forms of Ag and A):

kp3* w? 402 - 1)
Ag = ii/m 1- k2ec+2  g2r2 (7
AQ =vAgq. (38)

The condition R = 0 coupled with (36) gives the following final form of the
inequality which must be satisfied:

3 (3))2, ,2 %2 9 (3))2,,,2 *2
3OO W e 2oy < et — g < STOUC) W )
10p[x®|c? 10p|x®|c?
As it is easy to see, the condition (14) is always satisfied.
Equation (8) has also a homogeneous plane-wave solution of the form
E(z,t) = & el@z~2+%) (40)

with the same parameters as the bell soliton (26). The subtraction of the energy
W1, corresponding to (40), from the energy W (corresponding to (26)) leads
to the result:

3]€2 3
AW =W — W, = — i
m 30O (3 — 1)
5 {1 W ( 3ro(x®)?sin’® 2n
202 10p[x® |

(41)

w w? 3mo(x®)2sin” 2n
Zl: ]_ _ ]_ *2 1
I{?C* J |: k’2C*2 < + 1Op|X(5)| (6 )
3ro(x®)2w?(2 — 52) ( sin2n 2 — 5cos 2n )}
80p|x®)|k2c? 2n 1+2cos2n/|’

The analysis of (41) shows that AW can be negative. Hence, the soliton
formation (26) can be more favourable than (40). Besides, the soliton can
propagates with a velocity v higher than the phase velocity ¢* in the medium
considered (see (32)) and without “smearing”, i. e. in such nonlinear media the
propagation of wave packets with velocity v in the interval

c<v<e

and without radiation takes place. Looking at (38) one can see that self-
modulation effect takes place: the phase depends on the amplitude through
the soliton length £ and vice versa. For Rb-vapor, considered in the previous
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Subcase 1, when n ~ 7 the solitary formation (26) has a very small amplitude

and £ ~ 73.76,/ £ (32 — 1) em.
g

1.1.3. “Bell” soliton solution

~ S A

Ez,t) =& el(az—Qt+e) <1 + sech %) (42)

(compare with Eq. (58) in [1], where

q=—k=+Aq,
ﬂ* k20*2 _ w2 y
Aq:C—* 21 (B >1), (43)
O=-—wtAQ, AQ:%Aq, (44)
~ 3 X(3>
b= 2\ S )
c* 82 —1
L= 9\ ke — 2 (46)
k2c*2 _ w2 — 277TO'(X(3))2(U2C*2 (47)
32p[x®)[e?
Equation (8) has also the plane-wave solution

£ = & et (48)

with the same parameters as for (42).

In this case the energy difference AW = W — W, is equal to
3
AW — 3c

8w3 /30 p|x®|c?

(49)

107

97T+4(k2_ ;22)$\/(/€2— ;22)([3*2_1)} .

It is easy to see that AW > 0, i. e. in this case the plane-wave (48) is ener-
getically more favourable than the soliton.
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1.1.4.

“Inverse bell” soliton solution

- L o —wt\ ?

E(z,t) = E ez H9) (1 — sech %) (50)
where ¢, o, & and L are given by (43), (44), (45) and (46), respectively.
Taking into account that (48) is also solution of (8), for the energy difference
AW =W — W, one obtains:

3¢
AW = —
8w3/30mop|x® |(B*2 — 1
\/30map|x (52 — 1) s
97 -4, , Ww? w w?
— j:_ 2 __ *2_1 .
[Ede - e 2 fu - S

Obviously AW < 0, i.e. the solitary formation (50) is energetically more
favourable than the plane-wave. The soliton (50) moves with velocity v > c*
(c* <v <o)

When the field amplitude varies slowly in time so as

0
ot?

of
ot

<L w

(52)

is satisfied, (8) turns into the following nonlinear Schrodinger equation with
nonlinearities of third- and fifth-power with regard to the function:

(2w 9E o8\  0%E WL\ A
1<C*2§+2k&>+ﬁ+<c*2—k>g

(53)
he=o0

which has the following soliton solutions when x® > 0 and x® < 0
1.1.5. First type kink (anti-kink) solution

dow?

~ 2 -
+— BXPIE[ + 10px (€]

; z— 29— Ut
E(z,t) = E el M@ gipp =20 —

SO (54)
X <1+sech2nsinh2 %) ’
where
q=—-k+Agq,
Ag= 25,
c

(35)
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kQC*Q
O=-w+AQ, AQ=202+8 - ), (56)
w

th 3x®
fo= £l [ 2 (57)
2\ 5plx®|
2 3210 — 2 10p|x®
[ = 2eleos2n = 2) [10pIXP] (58)
3wx® sinh 27 3o

| €

= arccos h ( M) : 59)
B 2y/1-Q—-1) "’
@ being given by (13). The condition (14) leads to the inequalities
277T(X(3))2w20*2
0< k¢ —w?< 78 - — 60
c Y 40p[x® [ (60)

It must be noted that (54) differs from (15) by the replacement secn — sech 7.
We do not repeat the procedure of finding 1 described also in Sec. 1 of [1].
Taking into account that (53) has also a plane-wave solution of the type

E1(z,t) = & coshn el =2+ (61)

with the same parameters q, w, &, 1 as (55), (56), (57), (59), respectively, for
the energy difference AW = W — W, we obtain

3 3 2kc* 2k2 *2
NP T S I
dmer2w,y /307 x®)| w w
B 27mc 2o (x®)?(2cosh 2y — 1) (62)

40¢2 p|x®|(cosh 2n — 2)?

o <1+ sinh 2n cosh2n — 2 )]
2n  2cosh2np—1

It must be noted that neglecting the second time derivatives of £, the param-
eters of the soliton are changed drastically: trigonometric functions are changed
by hyperbolic ones! Also AW > 0 when §* < 1 and a soliton formation is
not energetically favourable in comparison with the plane-wave (61).

For Rb-vapor (see above) Ag ~ 2.2x10°5* cm, AQ ~ 8.9(1 + 3*2) s,
Ey ~ 6.6x10" esu, £ ~ 8.13 cm (when w =~ kc*, n ~ 1.146).

1.1.6. Second type kink (anti-kink) solution

Wl

E(z,1) = & ella= o) (1 + e* z_zg_m) (63)
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where ¢ is given by (55),

w 27me? (x®)?
Q= -wt+AQ, A0=(14p2- 27X 4
ot AQ, 2(1+5 T ). o
3 X(3)
Eo=x-| ——F 65
10p]x®
c pIX®| (66)

B 3wx® 3ro

and the inequality (14) is always satisfied.

The signs plus and minus in (63) correspond to anti-kink and kink, respec-
tively. When v < ¢* the frequency of the kink AQ) ~ w/2 i. e. the generation
of subharmonics is possible. Equation (53) has also a plane-wave solution of
the form

E(z,t) = & elle=+9) (67)

with the same parameters ¢, {2 and & as (55), (64) and (65), respectively.
The light can have the form of a step, e. g. “anti-kink-like step”, i.e. when
—00 < z—7zp—wt <0 & is given by (67) and when 0 < z — 2y — vt < o0,
&, = 0. The comparison of the energy W, of such a formation with the energy
W of the anti-kink (63) gives for the difference AW = W — W, the result

81ma(x®)?

AW = !
640v/30mow(p|x®]) 2

> 0.

Thus the step function is energetically more favourable than (63).

It must be noted that a solution of the type (63) does not exist for the
“full equation” (8). Neglecting the second time derivative of the electric field
we can obtain solutions (in particular solitons) which cannot exist in reality.
Nevertheless, we shall give such solutions which exist according to (52).

1.1.7. “Inverse bell” soliton solution of the form

EN‘(Z’ ) =& ollaz=9t+0) (ooh Z— % — vl
) (68)
— —_ t -3
X (1 + cosech? 1) cosh? %)
where ¢ and (2 are given by (55) and (56), respectively,
3 X(3)
& = = coth 69
0T 5@ 77\/5p|x(5)|(2 + cosh 2n) ’ (69)
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_ 2¢(2+cosh2n) [10p|x®)|

70
3wx® sinh 27 3no (70)
3vI—Q \*
n:arcsinh<7Q) , (71)
1-2y1-Q
@ being given by (13), and
2 (3)\2, ,2 #2 1 (3))2, ,2 2
Tn(x¥)*w?c Wt B2 < 8m(x'¥)?w?c
10p[x®)|c? 5p[x®)|c?

has to be satisfied. Besides (68), Eq. (53) has a plane-wave soliton

& (z,t) = & sinh el (@ =+9) (72)

with ¢, €2, & and n given by (55), (56), (59) and (71), respectively (the pa-
rameters of the soliton formation above). The comparison of the energies W
(related to (68)) and Wi(related to (72)) gives

3
AW =W —W, = — 51
drwe?,/30mop|x®)
{(ﬁﬁ K 2Tmac (X)) (1 + 2 cosh 2n) (73)
w? 40¢2p|x®)|(2 + cosh 27)?

o (1 sinh 2n 2 + cosh 27y ﬂ
2n  1+2cosh2n /|’

The energy difference (73) can be negative (8* > 1), i. e. (68) can be ener-
getically more favourable than (72).
In fact, the inverse bell soliton above is a “dark” soliton. For it

cosh

2 z—zg—wt
L

|EJ” ~

2 z—zg—vt

1 + cosech® 1) cosh v

i. e. the light is expelled from the soliton region.

1.1.8. “Bell” soliton solution

. . —z—vt\?
g(z’ t) =& el(az—Q+¢) <1 + sech 7 cosh %) (74)

where g and &, are given by (55) and (65), respectively,

*2

Q=—w+ AQ, AQz%(H—ﬁ*Z— c > (75)

w2 L2
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ccothn [10p|x® |
L= . 76
3wx® 3o (76)

All of the quantities obtained have the same meaning as above but the para-
meter 1 cannot be determined by minimization of the potential energy U (10).
The parameter 7 can be connected with a given amplitude &, (or the peak power
density of the light beam). Another possibility is to normalize the solution (74)
according to the condition

and

+oo
N:/|E|2dxdydz

where N can be interpreted as a number of photons in the soliton region. The
integration leads to

N cothn H
&= (a0 ) .

10 (5)
= N 20X (78)
c 30

On the whole &, can be treated as a known quantity. In the case considered,
the energy of the system W has the finite value

which gives

AW = — 3cn {1 g 27mc o (x®)? tanh® n
8mc+2wy/30mp| x| 40¢?p| x| (79)
6 cothn

x [1 —4coth®n + pe (1 —ncothn)]| .

The bell soliton (74) is favourable energetically if §* < 1.
It must be noted that in this subcase the self-modulation effect also takes
place. The frequency €2 (75) depends on the soliton length £ and

C2

&L = ———— . 80
0 12row?x®) (80)
So the amplitude drives the phase and vice versa.
Equation (75) shows also that if §* is small (v/c*) AQ can be changed
drastically (2 — w/2) and the effect of self-induced transparency can take
place.
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It must be noted also that the full equation (8) (with the second time deriva-
tive) has not a solution which can be turned into (74) when the condition (52)
and (53) are used (see the end of the Subcase 6 above). The condition (52)
and Eq. (53) are self-consistent when 3* < 1. The analysis made leads to the
well-known fact that neglecting of the higher derivative can drastically change
the physical results. As it was mentioned in [1] the presence of the second time
derivative imposed also a restriction on the soliton propagation velocity. In the
solutions of the Schrodinger-like equations the velocity v is a free parameter.
The analysis made here also has for an object to show that the use of such type
equations (such considerations occur in the literature) is illegal although very
often the form of the solutions is apparently the same as for the case when the
second time derivative is not neglected.

1.2. The Case x® < 0, x® >0
In this case Eq. (8) has the following soliton solutions

1.2.1. Kink (anti-kink) solution

~ _ ot
E(Za t) =& el(az=2t+0) inh %
2 — 2o — vty -1 (81)
2 . 2 — 20 — 5
X <1+sec 7 sinh T)
where
9= —k - Aq)
kB w?
A==+ -1 82
=rAE e Tl (82)
Q=-w-AQ,  Al=Aq/f, (83)
3 Ix®|
Ey=*=1t "
T an”ﬁpx@ 2 —coszn) (84)
_ 2¢(2 — cos 217) \/10,0)((5)(1 — (%2) )
~ Bw|x®]sin2n 30 )
n= arccos(ﬂ) : (86)
1+2/1-Q)
Q being given by (13) and
9 (3)\2, ,2 .x2
0 < w? - ke < MO wien &

10px(®) ¢?
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B= 2 <1. (88)
C

Equation (81) looks as (15) but the parameters of the kink are changed due
to the condition (88). The formation (81) propagates with a velocity v < c*.
Analogous to the case x® > 0, x® < 0, (8) has also a plane-wave solution
of the type (23) with the parameters (82), (83), (84) and (86).

In this case the energy difference AW = W — W (the self-kink energy) is

3 2 %2
S
2nwer? \/307r0px(5) (1—-p2) w
k2c+2 27roc? (x®)%(1 — 2cos2n) (89
£yf0 - B q - gy HTOC DO L 2eost) (59)
w 80px®) (2 — cos 2n)

( sin2n 2 —cos2n )}
X |1+ .
2n 1 —2cos2n

(As it was many times mentioned above W corresponds to the solitary formation
and W, to the corresponding plane-wave). The energy difference AW < 0,
i. e. such a kink (anti-kink) formation is energetically more favourable than the
corresponding homogeneous plane-wave (23).

For Cs-vapor with atom density N, = 10'7 cm™* assuming that x(*) =
—9.2x 10 esu, V) = 7.4x10"* esu A = 1.06 x 10~ cm and 7 ~ 0 one
obtains

3

0.63y/1 — 3*2
= ———cm

n

&y &~ 2408n esu, L , (Ag=0, AQ=D0).

1.2.2. “Bell” soliton solution

E(z,t) = £ el019) gogh 20—
| L
z—zg— vt _1 (90)
X (00560277605}12 + - 1) .
where
q = 7k — Aq7
kG* w? )
Aq:i ATV 2*2*1—T7 (91)
V1I—=7532Y\ k% =Y
Q=-w-AQ, AQ=Aq"/5", 92)

_ coty [3x®)]
b=\ 5 (93)
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2 10px®) (1 — BG2)
ro c \/ px® (1 -8 ’ 94)
w|x® | sin 2n 3o
n= arcsin(l - Q> ’ , (95)

@ is given by (13) and the inequalities (87) and (88) must be satisfied.
Equation (8) has also a homogeneous solution of the form (67) with the
parameters of (90). The energy difference is

3 2 %2
o ¥ [ g
2Twer? \/307r0px(5) (1—3+2) w
k2cx? 3me2a(x(3))2 sin’® 2n
1- 1— 32) —
Py B 1 gy OO
3D ()2 (96)
80c% px®)
x |5 — 8cos*n +23"?(3sin” 2y — 2sin*7)

sin 2n

(3cos2n — 4(1 — 3*?)sin” 77)” .

The analysis of (96) shows that AW can be negative and solitary formation
can be energetically more favourable than (67). The condition (14) is always
satisfied.

As it is seen from (92) and (91), the frequency of the soliton 2 depends on
the soliton “length” £ in z-direction. Hence the effect of self-modulation can
take place. As in the other bell soliton solution above the phase can be changed
with the amplitude.

For Cs-vapor:

a) atp ~ g, Ag~ AQ =0, & is very small, £ ~ 3.78\/1 — 3*2 cm;
b) w = kc* gives n =~ 1.31, & ~ 3576 esu, L ~ 2/1 — 3*? cm.

1.2.3. “Bell” soliton solution

. — 2 —vt\ ?
5(27 t) =& el(az—Qt+y) (1 + sech %) 97

where ¢ and {2 have the form (82) and (83), respectively,
_ 3 IX®
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2c 10px® (1 — 3*2)
L= . 99
3wlx®| \/ 3 ©9)

o

Taking into account that there exists a plane-wave solution of the form (67)
with the parameters of (97), we find

3
AW — 3¢
8w? \/3O7rapx(5) (1—p*2)
9T +4 [ w? )
_ 100
x { i (C*z k ) (100)

Hence, the plane-wave solution (67) is energetically more favourable than
7).

1.2.4. “Inverse” bell soliton solution

i . i
E(z,t) = & eilaz=2Fe) (1 — sech %) (101)

where ¢, 2, & and L are the same is in Subsection 3, the plane-wave solution
has the form (67) and

3
AW — 3c
8w? \/3O7rapx(5)(1 — [3*2)

x[9”‘4<w2_kﬁ (102)

107 c*2

¢3¢Qﬁ—wyrwwﬂ>u

c*

In this subcase the soliton formation (101) is energetically more favourable
than the plane-wave (67).

When the electric field amplitude varies so slowly that (52) is supposed to
take place, Eq. (8) turns into (53) for which the following soliton solutions are
found.
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1.2.5. Kink (anti-kink) solution of the form (81)

q, Q, &, n and Q are given by (55), (56), (84), (85) (where 3* = 0), (86)
and(13), respectively. Equation (53) has also a homogeneous solution of the
form (67) with the parameters of the soliton. In this case

AW = 36377 |: 2 kZC*Q
C dnwer?/30mo px® w?

27mc?o(x®)? (1 — 2cos2n)
40c¢px® (2 — cos 2n)?

» (1+ sin2n 2 —cos2n )]
2n 1 —2cos2n

(103)

According to (103) AW can take negative values which means that the solitary
formation can be more favourable energetically.

1.2.6. “Bell” soliton solution of the form (90)
q, Q, &, L, n and @ are given by (55), (64), (84), (85) (with 5* = 0), (86)
and (13), respectively.

Finally, taking into account that (53) has a homogenous plane-wave solution
of the form (67), for the energy difference AW = W — W, one obtains

AW = — 3c’n { ¥2 @
4rwe/30mopx®) w?
3rc?o(x)?(3 — 8sin’ n)
N Pl (104)
" (1 ~ sin2p 3(1 + sin® n) — 14sin’ n)}
2n 3 —8sin'y ’

2. Conclusions

In this paper a wide variety of solitary formations is shown to exist and propa-
gate in nonlinear media for which the polarisation has the form (1). In the most
interesting cases when x® and x(® have opposite signs different kind kinks
(anti-kinks), bell (bright) solitons and inverse bell (dark) solitons take place.
Some solitary formations can propagate with velocities greater than the phase
light velocity in the medium and without radiation. For the solitary pulses
the effect of self-modulation can take place (the phase depends on the soliton
amplitude). The comparison of the solitary formations and plane-wave ones is
made from an energetical point of view.
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The analytical solutions obtained for the nonlinear equations deduced as well
as the Lagrangian description of the problem can be used also in the classical
and quantum field theory.
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