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Abstract. We consider a system of nonlinear spinor and scalar fields with
minimal coupling in general relativity. The nonlinearity in the spinor field
Lagrangian is given by an arbitrary function of the invariants generated from
the bilinear spinor forms S = 1) and P = i1py54; the scalar Lagrangian
is chosen as an arbitrary function of the scalar invariant 2 = ¢ o', that
becomes linear at 2 — 0. The spinor and the scalar fields in question in-
teract with each other by means of a gravitational field which is given by
a plane-symmetric metric. Exact plane-symmetric solutions to the gravita-
tional, spinor and scalar field equations are obtained. Spinor field equations
with the nonlinear term being a power function of 7, i.e., Ly = AI"™, where
I =52 P? or S% 4+ P?, \is the self-coupling constant and n is the power
of nonlinearity, are thoroughly investigated. Role of gravitational field in
the formation of the field configurations with limited total energy, spin and
charge has been investigated. Influence of the change of the sign of energy
density of the spinor and scalar fields on the properties of the configurations
obtained has been examined. It has been established that under the change
of the sign of the scalar field energy density the system in question can be
realized physically iff the scalar charge does not exceed some critical value.
In case of spinor field no such restriction on its parameter occurs. In general
it has been shown that the choice of spinor field nonlinearity can lead to the
elimination of scalar field contribution to the metric functions, but leaving its
contribution to the total energy unaltered.
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1 Introduction

At present the nonlinear generalization of classical field theory remains one of the
possible ways to overcome the difficulties of the theory which considers elementary
particles as mathematical points. In this approach elementary particles are modeled
by soliton-like solutions of corresponding nonlinear equations. The gravitational field
equation is nonlinear by nature and the field itself is universal and unscreenable. These
properties lead to definite physical interest for the proper gravitational field to be con-
sidered. Nevertheless, papers, dealing with soliton-like solutions of nonlinear field
equations, ignore the proper gravitational field in the initial field system more often
than not.

The existence of stable particle-like classical elementary excitations in a model
5-D universe was obtained in [1]. The authors showed that if a torsion invariant is
included in the free Lagrangian, the particle-like stable solutions exist having definite
positive rest energy, spin, and corresponding anti-particles.

In recent years cosmological models exhibiting plane symmetry have been stud-
ied by various authors [2-11]. Though at the present state of evolution, the universe is
spherically symmetric and the matter distribution in it is isotropic and homogeneous,
in the early stage of evolution (say close to big bang singularity), neither the assump-
tion of spherical symmetry nor of isotropy can be strictly valid. From this point of
view many authors consider plane symmetry, which is less restrictive than spherical
symmetry and provides an avenue to study inhomogeneities, since such models play
an important role in understanding some essential features of the universe such as for-
mation of galaxies during the early stage of evolution and process of homogenization.
Inhomogeneous plane-symmetric model was first considered by Taub [12,13]. As was
defined by Taub [12], a space-time will be said to have plane symmetry if it admits the
three parameter group generated by the transformation

Yy =y +a, (1.1a)
2* =z+0b, (1.1b)
and

y* =ycosf + zsinb,
. (1.1¢c)
zk = —ysinf 4 z cosf.

The metric of space-time admitting plane symmetry may be written as [13]
ds? = e?Xdt? — e®dx? — 62'8(dy2 + dz?), (1.2)

where the speed of light ¢ is taken to be unity and x, «, 3 are functions of x and ¢
alone. Note that though (1.2) is one of the most general form of a universe admitting
plane symmetry, in this paper we consider the metric functions x, «, /3 to be time in-
dependent. The purpose of the paper is to study the role of nonlinear spinor and scalar
field in the formation of configurations with localized energy density and limited total
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energy, spin and charge of the spinor field. Within the scope of this report we show
that the spinor field is the more sensitive to the proper gravitational one than the scalar
or electromagnetic fields.

2 Fundamental Equations and General Solutions

The Lagrangian of the nonlinear spinor, scalar and gravitational fields can be written
in the form

R
K=— Lq ch 2.1
o + Lgp + L 2.1)
with )
- _ _
Lgp = 5[?/)7“%#/} =V oyap] — mypnp + L, (2.2)
and
Lie =0(Q2), Q=pap” (2.3)

Here R is the scalar curvature and « is the Einstein’s gravitational constant. The
nonlinear term L in spinor Lagrangian describes the self-interaction of a spinor field
and can be presented as some arbitrary functions of invariants generated from the real
bilinear forms of a spinor field having the form

S=9y, P=ipy, vh=ty), A= y), T = (Yat"ep),

where o#¥ = (i/2)[y"y” — v*~*]. Invariants, corresponding to the bilinear forms,
look like

1= 527 J = P2, I, = V;LVM = (7/;7“1/1)9uu(1/;7'/1/1)
Iy = A A" = (97°7"9) g (P7° 7))
It = Ty T" = (Yo" 9) guagus (bo* )
According to the Pauli-Fierz theorem, [14] among the five invariants only I and
J are independent as all other can be expressed by them: I, = —I4 = I + J and
Iy = I — J. Therefore, we choose the nonlinear term Ly = F'(I, J), thus claiming
that it describes the nonlinearity in the most general of its form.

The scalar Lagrangian L. is an arbitrary function of invariant Q = ¢ o', satis-
fying the condition

. 1
(1213}) U(Q) = 59 + - (2.4)
The static plane-symmetric metric we choose in the form
ds? = e2Xdt? — e®da? — 62'8(dy2 + dz?), 2.5)

where the metric functions Y, «, § depend on the spatial variable x only and obey the
coordinate condition
a=20+x. (2.6)
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Variation of (2.1) with respect to spinor field ¥ (1) gives nonlinear spinor field
equations

VIV b — ®Y + 1970 = 0, (2.72)

iV 4+ Y+ i9r° =0, (2.7b)
with oF oF
d=m—9 =m—2D— — 2P~
m—9 =m oI 9 57

whereas, variation of (2.1) with respect to scalar field yields the following scalar field

equation
1 9 A
(i) o

Varying (2.1) with respect to metric tensor g,,,,, we obtain the Einstein’s field equa-
tion

1
RM — 5553 = —kTH, (2.9)

which in view of (2.5) and (2.6) is written as follows
G)=e 228" —2xX'8' — B%) = —KT} (2.10a)
Gl =e?*(2)/'B + 3?) = —xT} (2.10b)
GZ=ec20" + X" =20 — 37 = —KT} (2.10c)
Gs=G2, Ti=T3 (2.10d)

Here prime denotes differentiation with respect to = and T/ is the energy-momentum
tensor of the spinor and scalar fields

v _ v v
T[L - Tsp/t + TSC/L

2.11)

The energy-momentum tensor of the spinor field is

i _ _ _ _
T = 79" (00 Vot + V0Vt = Vot = Vobyh) = 6 Lep - (2.12)

where L, with respect to (2.7) takes the form
1/-0F OF
L. :__( gr ot )_F, 2.13
sp 5 (] 9% *t3 w¢ (2.13)
and the energy-momentum tensor of the scalar one is
_dy
Cdx’

In (2.7) and (2.12) V,, denotes the covariant derivative of spinor, having the form
[15,16]
oY

Vip =50~ Tud, (2.15)

v s¥ s v 2 —2«a
Tion = 25qpue” =000, Q=—() e, ¢

scu T

(2.14)
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where I, () are spinor affine connection matrices. v matrices in the above equations
are connected with the flat space-time Dirac matrices 7in the following way

a

9 () = (@)l (T)Mab,  Yu(2) = €%(T)Fas (2.16)

where 74, = diag(1,—1,—1,—1) and ez is a set of tetrad 4-vectors. Using (2.16) we
obtain

P(z) =e X3, Alx) =¥, () =e 7% () =e 7. 2.17)

From 1
Yu(z) = ngg(aj) (Ouesey — Fzé)’y”’y‘s, (2.18)
one finds
1
I'o= —5707167%)(/, =0,
1 1 (2.19)
Ty = 57y e 2008, Ty = 25%y e 005"
Flat space-time matrices v we will choose in the form, given in [17]:
10 0 O 0 001
o_ |01 0 O 1 _| 0 010
T=loo-10])" 7T 7|0 -100]"
00 0 -1 -1 000
000 —i 0010
5 | 0040 3 | 000-1
TZloioo|l T T|-1000
—i00 0 0100
Defining ° as follows,
)
'75 = _ZE;J,UUp'YM'YV'VU'va Euuop =V —9Euvop;, €0123 = 1,
7? = —iv/=g°y'?y? = —i°5'4%5° = A7,
we obtain
0 0 —-10
5 [0 0 0 -1
“l-10 0 O
0 -1 0 O
The scalar field equation (2.8) has the solution
dv
d—Qp’ =, (o = const. (2.20)
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The equality (2.20) for a given ¥({) is an algebraic equation for ¢’ that is to be
defined through metric function e®(*).

We will consider the spinor field to be the function of the spatial coordinate x only
[» = ¢ (z)]. Using (2.15), (2.17) and (2.19), we find

1
YT, = —§e*%/71. (2.21)

Then taking into account (2.21), we rewrite the spinor field equation (2.7a) as
=1 9 o . Q a 5
i (%+5)w+ze B+ Gy = 0. (2.22)

Further setting V() = e*/%¢)(z) with
(
Ve = |

for the components of spinor field from (2.22) one deduces the following system of
equations:

Vi +ie*®V; —e*9V3 =0, (2.23a)
Vi +ie“®Vy — eV, = 0, (2.23b)
Vy —ie®®Vz — 9V, = 0, (2.23¢)
V] —ie“®V, — e®9Vy = 0. (2.23d)

As one sees, the equation (2.23) gives following relations
Vi — Vi — Vi + V2 = const. (2.24)
Using the solutions obtained one can write the components of spinor current:
J* = Pytep. (2.25)

Taking into account that v = /130, where T = (%, %, %, ¢F) and ; = e/,
j =1,2,3,4 for the components of spinor current we write

0= [ViVi + Vi Vo + ViVa 4 V) Vyle (@), (2.26a)
Gt = ViVa+ Vi Vs 4+ VEVe + Vi Vale >, (2.26b)
G2 = —i[ViVa = Vi Ve + ViV — Vi Vile (@48 (2.26¢)
3% = ViV — Vi Vi + V5 Vi — ViVale™ (@F0), (2.26d)

Since we consider the field configuration to be static one, the spatial components
of spinor current vanishes, i.e.,

jt=0, j2=0, j*=0. (2.27)
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This supposition gives additional relation between the constant of integration.
The component j° defines the charge density of spinor field that has the following
chronometric-invariant form

p=(jo- 5% (2.28)
The total charge of spinor field is defined as

Q= /p\/ =3¢dV, dV = dxdydz. (2.29a)

Since p = p(x), i.e., matter distribution takes place along x axis only, for () to make
any sense we should integrate it for any finite range by y and z and then normalize it
to unity. Sometimes () is defined as

Q:///p\/—3gdxdydz// /dydz. (2.29b)

—0o0 — 00

In what follows we perform integration by y and z in the limit (0,1) and define the
total charge (normalized) as

Q= / p\ 3gdu. (2.29)

Let us consider the spin tensor [17]
1 -
SHE — Zw{’ysa‘“’ + oty . (2.30)

We write the components S (i,k = 1,2,3), defining the spatial density of spin
vector explicitly. From (2.30) we have

g 1- g . 1- . .
§U0 = 1070 + 0V "k = Sen oy (2.31)
that defines the projection of spin vector on k axis. Here 7, j, k take the values 1, 2, 3

and i # j # k. Thus, for the projection of spin vectors on the X,Y and Z axis we
find

SEO0 = [VVe + Vo' Vi 4 V5V + Vi Vslem 207X, (2.322)
SO = [ViVa — Vi Vi + Vi Vi — Vi Vgle 20 Px, (2.32b)
S0 = [V = Vi Vo + Vi Vs + Vi Vile 2007, (2:32¢)

The chronometric invariant spin tensor takes the form

SV = (84,0802 (2.33)
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and the projection of the spin vector on k axis is defined by
Sp = /Sﬁ{;‘%/%g dz. (2.34)

(In (2.34), as well as in (2.29) integrations by y and z are Performed inithe limit (0,1)).
From (2.7) one can write the equations for S = ), P = iy and A =

Py
S +a/S+29A = 0, (2.35a)
P' +a'P+2e“®A =0, (2.35b)
A+ ' A+ 2e%PP + 2e°9S = 0. (2.35¢)

Note that, A in (2.35) is indeed the pseudo-vector A'. Here for simplicity, we use the
notation A. From (2.35) immediately follows

5?2 4+ P? — A% = Cpe?®™, Cy = const. (2.36)

Let us now solve the Einstein equations. To do it we first write the expression for
the components of the energy-momentum tensor explicitly. Using the property of flat
space-time Dirac matrices and the explicit form of covariant derivative V,, for the
spinor field one finds

Toy=mS—F(,J), Too=Toy=T33=95-9P—F(1,J) (237

S

On the other hand, taking into account that the scalar field ¢ is also a function of =
only [p = p(x)] for the scalar field one obtains
1 av 0

TL, =20— —¥(Q), T

a0 scO0 — T2c2 = Ti:?) = _\II(Q) (238)

In view of T = T22, subtraction of Einstein equations (2.10a) and (2.10c) leads

to the equation
B —x" =0, (2.39)

with the solution
B(z) = x(z) + Bz, (2.40)

where B is the integration constant. The second constant has been chosen to be trivial,
since it acts on the scale of Y and Z axes only. In account of (2.39) from (2.6) one
obtains

1 1
/6// — ga//, X// — ga//~ (241)

Solutions to the equation (2.41) together with (2.6) and (2.40) lead to the following
expression for 5(z) and v(x):

B(z) = %(a(m) + Bz), x(z)= %(a(m) — 2Bx). (2.42)
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Equation (2.10b), being the first integral of (2.10a) and (2.10c¢), is a first order differ-
ential equation. Inserting 3 and v from (2.42) and T} in account of (2.11), (2.37) and
(2.38) into (2.10b) for o one gets

v } . (2.43)

o~ B? = —3e [ms — F(I,J) + 2052 — ¥(Q)
As one sees from (2.35) and (2.36), the invariants are the functions of «, so is the
right hand side of (2.43), hence can be solved in quadrature. In the sections to follow,
we analyze the equation (2.43) in details given the concrete form of nonlinear term in
spinor Lagrangian.

3 Analysis of the Results

In this section we shall analyze the general results obtained in the previous section for
concrete nonlinear term.

3.1 Case with Linear Spinor and scalar fields

Let us consider the self-consistent system of linear spinor and massless scalar field
equations. By doing so we can compare the results obtained with those of the self-
consistent system of nonlinear spinor and scalar field equations, hence clarify the role
of nonlinearity of the fields in question in the formation of regular localized solutions
such as static solitary wave or solitons [18,19].
In this case for the scalar field we have W(Q2) = Q/2. Inserting this into (2.20),
we obtain
¢ (x) = @o. 3.1

From (2.38) in account of (3.1) we get

1 1 5 o,
_T‘slcl = T@OCO = T%202T%3c3 = _59 = 5@(2)6 2 . (32)
On the other hand for the linear spinor field we have
Tslpl = mS’ TsOpO = Ts21)2T§)3 =0. (33)

As one can easily verify, for the linear spinor field the equation (2.35a) results
S = Cyexp|—a(xo)]. (3.4)
Taking this relation into account and the fact that

(@)= g2
=T
from (2.43) we write

=z, k=2 B?, 3.5
/\/(1+I€/2)BQSQ—3I€C§S T =260/ G-
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with the solution
S(x)= M cosh?(Hz), M*=3rC2, H*=B*(14+%/2), H=H/2. (3.6)
2
Further we define the functions ;. Taking into account that in this case
Z(S) =mCy/S/H?S% — M28,
for Np,2 in view of (3.6) we find
Niao(x) = £(2H/3kC) tanh(Hz) + Ry .

We can then finally write

1,2 =ia12E(z) cosh[f(z) + Ri2], 34 =tag1E(x)sinh[f(z)+ Ra1], (3.7)

where E(z) = /3kmCy/H? cosh(Hz) and f(z) = (2H/3kCp) tanh(Hzx). For
the scalar field energy density we find

1 9 M4902 5
Teo(@) = e = 2C’§7H04 cosh*(Hz). (3.8)
It is clear from (3.8) that the scalar field energy density is not localized.

Let us consider the case when the scalar field possesses negative energy density.
Then we have U(Q)) = —(1/2)Q and

1 1
T =Too =Ty =T33 = 59 = _590067206 (3.9)
Then for .S we get
/ d5 ==z (3.10)
V(1 —%/2)B252 —3xC2S '

As one sees, the field system considered here is physically realizable iff 1 1—%/2 > 0,
i.e., the scalar charge |pg| < 1/2/3kB. Moreover, in the specific case with B = 0,
independent to the quantity of scalar charge g, the existence of scalar field with
negative energy density in general relativity is impossible (even in absence of linear
spinor field).

For the total charge ) of the system in this case we have

0 = 242 7 cosh {;igo tanh(Hz) + 23} (

— 00

2
—COH = )3/26231/3053: < 0.
M?2 cosh?(Hz)

3.11)
It can be shown that, in case of linear spinor and scalar fields with minimal coupling
both charge and spin of spinor field are limited. The energy density of the system, in
view of (3.3) is defined by the contribution of scalar field only:

2774 -~
() = %02]‘; _ cosh’ (Hz). (3.12)
0

From (3.12) follows that, the energy density of the system is not localized and the total
energy of the system F = f: T/ ~3g dz is not finite.

T5(x) = T2

sc0
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3.2 Nonlinear Spinor and Linear Scalar Fields

Casel: F' = F(I). Letus consider the case when the nonlinear term in spinor field
Lagrangian is a function of I(.5) only, that leads to ¢ = 0. From (2.35) as in case of
linear spinor field we find S = Cpe~*(*). Proceeding as in foregoing subsection, for
S from (2.43) we write

9B _ g9, 2(9) = \/3252 — 3kC2 [mS _ S +20% _w@)] 613
dx dQ)
with the solution
ﬁ—i(ﬁx) (3.14)
g(s) —_ 0)- .

Given the concrete form of the functions F'(S) and ¥(S), from (3.14) yields S, hence

a, B, x.
Let us now go back to spinor field equations (2.23). Setting V;(z) = U;(S5),
j =1,2,3,4 and taking into account that in this case ¢ = 0, for U;(.S) we obtain

dUy

T iZ(S)Uy =0, (3.15a)
T iz () =0, (3.15b)
T2 iz (U5 =0, (3.150)
L iz =0, (3.15d)

with Z(5) = &.2(5)Cy/S Differentiating (3.15a) with respect to .S and inserting
(3.154) into it for Uy we find

d*U, 1 dZ dUy

_———— . — 2 pr—
5?7~ 7asds 7 =Y .10
that transforms to 1 d/1dU
4
L4 LAY 1
9d5(ﬁ dS) Us =0, G.17)

with the first integral
dUy
o5 =+\/U} +C, - Z(S), C;=consta. (3.18)
For C; = a} > 0 from (3.18) we obtain
U4(S) = aq sinth(S), Ny = ﬁ:/g(S)dS + Ry, Ry = const. (3.19)

whereas, for C; = —b? < 0 from (3.18) we obtain

U4(S) = a1 cosh Nl(S) (320)

99



B. Saha, G.N. Shikin

Inserting (3.19) and (3.20) into (3.15d) one finds

U1(S) = iay cosh N1(S), U;p(S) = iby sinh N1(S). (3.21)
Analogically, for U, and Uz we obtain

Us(S) = agsinh No(S), Us(S) = ba cosh No(S). (3.22)

and
UQ(S) = ia2 COShJVQ(S)7 UQ(S) = ibg SinhNQ(S). (323)

where No = + [ #(5)dS + Rs and as, by and Ry are the integration constants.
Thus we find the general solutions to the spinor field equations (3.15) containing four
arbitrary constants.

Using the solutions obtained, from (2.26) we find the components of spinor current

7% = [a2 cosh(2N1(S)) + a3 cosh(2Ny(S))]e~ (2% (3.24a)
gt =0, (3.24b)
§2 = —[a?sinh(2N,(S)) — a2 sinh(2N,(S))]e(@+A), (3.24¢)
3 =o. (3.24d)

The supposition (2.27) leads to the following relations between the constants: a; =
az = aand Ry = Ry = R, since Ni(S) = Ny(S) = N(S). The chronometric-
invariant form of the charge density and the total charge of spinor field are

p = 2a*cosh(3N(S))e™, (3.25)
Q = 2a* / cosh(2N(5))e* Xdx. (3.26)

From (2.31) we find
§12:0 —o, g§130 =0, 8230 = 42 cosh(2N(S))e 2. (3.27)

Thus, the only nontrivial component of the spin tensor is 52 that defines the projec-
tion of spin vector on X axis. From (2.33) we write the chronometric invariant spin
tensor

520 = a% cosh(2N(S))e ™, (3.28)
and the projection of the spin vector on X axis
S =a? / cosh(2N(S))e® Xdz. (3.29)

(in (2.34), as well as in (2.29) integrations by y and z are performed in the limit (0,1)).
Note that the integrands both in (3.26) and (3.29) coincide.
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Let us now analyze the result obtained choosing the nonlinear term in the form
F(I) = AS™ = AI"/? with n > 2 and \ is the parameter of nonlinearity. For n = 2
we have Heisenberg-Ivanenko type nonlinear spinor field equation

i3 (0 + 50/)0 — my + AWV =0. (3.30)

Setting F' = S? into (3.14) we come to the expression for S that is similar to that for
linear case with
H? — H? = B% + 3k\Cy + 3k¢p3. (3.31)

Let us write the functions v; explicitly. In this case we have

F(S) = m(Cy — 2\8)/ 81/ H2S? — M?28,

NLQ(J?) = (2H1/3/€Co) tanh(f[lx) —2XCox + RLQ, Hl = H1/2.

and

We can then finally write

P12(x) = ial)g%Tma) cosh(Hyz) cosh Ny ()

! (3.32)

3kmC, =
Vorm-o cosh(Hyz) cosh No 1 ()
1

P3.4(x) = lag

Let us consider the energy-density distribution of the field system:

2

M* _

0 1.4
Ty = ()\+ 503) e cosh™(Hyx). (3.33)
From (3.33) follows that, the energy density of the system is not localized and the total

energy of the system

E= / T/ 3gdx
is not finite. Note that, the energy density of the system can be trivial, if
1 ¢
A+ -=5=0. 3.34
t36 (3.34)

It is possible, iff the sign of energy density of spinor and scalar fields are different.
Let us write the total charge of the system.

T 4H _ H?2 3/2
Q = 2a° / cosh {3/{50 tanh(Hlx)—4/\C’ox+2R] ( CoHj )) 2B2/3 1,

M?2 cosh? (Hyz
(3.35)
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If 1202C2 + A\Co (4B — kCy) — k3 /2 < 0, the integral (3.35) converges, that means
the possibility of existence of finite charge and spin of the system.
In case of n > 2, the energy density of the system in question is

) = An—1)S" + 1 s? (3.36)
0 — 2 ) .
23

which shows that the regular solutions with localized energy density exists iff S = )¢

is a continuous and limited function and lirin S(z) — 0. The condition, when S
r— 00

possesses the properties mentioned above is

ds
V(A + 7/2)B285? — 3kC2(mS — AS™)

=z (3.37)

As one sees from (3.37), for m # 0 at no value of z, S becomes trivial, since as
S — 0, the denominator of the integrand beginning from some finite value of .S be-
comes imaginary. It means that for S(z) to be trivial at spatial infinity (x — ©0), it
is necessary to choose massless spinor field setting m = 0 in (3.37). Note that, in
the unified nonlinear spinor theory of Heisenberg, the massive term is absent, and ac-
cording to Heisenberg, the particle mass should be obtained as a result of quantization
of spinor prematter [21]. It should be emphasized that in the nonlinear generalization
of classical field equations, the massive term does not possess the significance that it
possesses in the linear one, as it by no means defines total energy (or mass) of the non-
linear field system [22]. Thus without losing the generality we can consider massless
spinor field putting m = 0. Note that in the sections to follow where we consider the
nonlinear spinor term as ' = P", or F' = (K4 )™ with K1 = (I + J), we will study
the massless spinor field only.
From (3.37) form = 0, A > 0 and n > 2 for S(z) we obtain

]MH)

S(z) = [— Hy/\/36AC2(C2 — 1) , C=cosh[(n—2)Hiz], (3.38)

from which follows that lir% |S(z)| — oo. It means that T9)(z) is not bounded at
z = 0 and the initial system of equations does not possess solutions with localized
energy density.

If we setin (3.37) m = 0, A = —A2? < 0 and n > 2, then for S we obtain

S(z) = {Hl/ i’mACSC} 2/(%2)- (3.39)

It is seen from (3.39) that S(x) has maximum at x = 0 and lirin S(x) — 0. For

energy density we have

0 _ _A2( _ n 190% 2
Ty = —A*(n—1)S" 4+ - =557, (3.40)
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where S is defined by (3.39). In view of S it follows that 73)(z) is an alternating
function. Let us find the condition when the total energy of the system is bound

E = / TO\/~3gdx < co. (3.41)

For this we write the integrand of (3.41)

2 —1)H?¢?*11 HE¢ 11/3(n-2)
— 0. /T3, — ?/3] Fo_ _ (n i 1 2Bx/3
elw) =Tov 9 = Co [203 3RAC2 H3;€A2cg} ¢
(3.42)

From (3.42) follows that lim e(z) — O for any value of the parameters, while

lim e(x) — 0iff H > 2B or kw3 > 2B2. Note that in this case the contribution

r——+00
of scalar field to the total energy in positive and finite:

9 oo
79, = 2%52, Fo = / T0,v/3gdz < . (3.43)
0

Note that in the case considered the scalar field is linear and massless. As far as
in absence of spinor field energy density of the linear scalar field is not localized
and the total energy in not finite, in the case considered the properties of the field
configurations are defined by those of nonlinear spinor field. The contribution of
nonlinear spinor field to the total energy is negative. Moreover, it remains finite even
in absence of scalar field for n > 2 [23].

The components of spinor field in this case have the form

’(ﬂ172($) = Z.CLLQE(x) cosh NLQ(J?),

) (3.44)

’(ﬂ374($) = agle(J?) s1nh N271(x),

where ) .
_ 212 "
E(z) = \/C_O[Hl/ 3kA Cog}
and
2nHi+\/C2 -1
Nio(z) = nfiy/6 + Rio.

T 3kCo(n —2)C

For the solutions obtained we write the chronometric-invariant charge density of
the spinor field p:

24> ( dnHiy/2 -1 2R) (L)U(n_z). (3.45)

_ — h —
plx) = 55 cos 3rCo(n — 2)C 3rA2C2C2

As one sees from (3.45), the charge density is localized, since liI:il p(x) — 0.

Nevertheless, the charge density of the spinor field, coming to unit invariant volume
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p+v/ 39, is not localized:
/39 = 2a% cosh[2N (z)]e®™7 = 242 cosh[2N (2)](C/S)?/3e2B/3. (3.46)

It leads to the fact that the total charge of the spinor field is not bounded as well. As far
as the expression for chronometric-invariant tensor of spin (3.28) coincides with that
of p(jc)/2, the conclusions made for p(z) and @ will be valid for the spin tensor SCQE’ 0
and projection of spin vector on X axis 51, i.e., ng Yis localized and 51 is unlimited.

The solution obtained describes the configuration of nonlinear spinor and linear
scalar fields with localized energy density but with the metric that is singular at spatial
infinity, as in this case

3kACZ(N 2/ (n=2)
e** = (Co/S)* = CS(L 204) — 0. (3.47)
H1 r—+o0
Let us consider the massless spinor field with
F=—-A%8"", v =const. > 0. (3.48)

In this case the energy density of the system of nonlinear spinor and linear scalar fields
with minimal coupling takes the form

2
TO = A2(v + 1)~ + 2%52. (3.49)
0
For S in this case we get
ds
V(1 + 7/2)B25% — 3kC2ZA2S 7

=z (3.50)

with the solution

22 v/(v+2) _
3rA"Co 2] , ¢ =cosh|[(v+ 2)Hyz]. (3.51)

Sta) = [

For energy density in this case we have

o r/(u+2> 3 [Wr/ s

3kC2A2(2 2021 H2?

T0(z) =A2(u+1)[ e

It follows from (3.52) that the contribution of the spinor field in the energy density is
localized while for the scalar field it is not the case.

The energy density distribution of the field system, coming to unit invariant vol-
ume is

2
E(.’E) :TOO\/*Sg — |:A2(l/+ 1)5—1/ + %SQ} 62(1_7
0

_(Hiv+1) | v H} V3(w+2) 5p.ss
_( 31C2 7)(3;@ch2¢12) © (3-53)
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As one sees from (3.53) () is a localized function, i.e., lim e(x) — 0,if H > 2B

r— 100
or k2 > 2B2. In this case the total energy is also finite.
The components of spinor field in this case have the form

1,2 = 1012 E(x) cosh Ny (),

. (3.54)
V3.4 = ag 1 E(x)sinh Ny 1 (z),

where
1 14/3kA2C? 11/ (v+2)
E(z) = — [720@}
VCo Hj
and

14 2 _
Niaa) = —2Hvvei =1

= 3kCo(v +2)1

The chronometric-invariant charge density of the spinor field coming to unit in-
variant volume with a; = as = a and N; = N reads

+ Rio.

pv/ 39 = 2a” cosh[2N (x)]e* 7

4H,v\/C? -1 o2 2/3(v+2)
— 942 2/3 cosh (2R — 1 1 1 2Bz/3 )
a”(Co)™* cos ( R 3RCO(V+2)C1)<3/£C(%A2C12) € (3.55)

It follows from (3.55) that p4/—3g is a localized function and the total charge @ is
finite. The spin of spinor field is limited as well.

Case II: F = F(J). Here we consider the massless spinor field with the nonlin-
earity ' = F'(J). In this case from (2.35b) immediately follows

P = Dgexp[—a(z)], Dy = const. (3.56)

From (2.23) we now have

Vi —&Vz=0, (3.57a)
Vi — &V, =0, (3.57b)
V) + &V, =0, (3.57¢)
Vi +&Vy =0, (3.57d)

where we denote & = e*¥. From (3.57d) and (3.57c) we obtain
éa/
v’ - Evll - &V =0, (3.58)
with the solution

Vi(z) = Dy exp ( / gda;) 4 iDyexp ( _ / gda;). (3.59)
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Inserting (3.59) into (3.57d) we obtain

Va(z) = =Dy exp (/ca@dx) +iDs exp ( — /cfdx) (3.60)
Analogically, from (3.57b) and (3.57a) we get

Va(x) = D3 exp (/ca@dx) +iDyexp ( — /c?dx), (3.61)

Vi(z) = — Dy exp ( / gda;) +iDyexp ( - / gda;). (3.62)

Here D1, Dy, D3 and D, are the integration constants obeying
4(D1Ds — D3Dy) = Dy.
Using the solutions obtained and noticing that
Vi==Vy, Vo=V, Va=-V), Vi=-Vy,
from (2.26) we now find the components of spinor current
jo=2 [(D§+D§) exp <2f£’dx) +(D2+D?) exp(—?fo“’dx)} e~ (@b (3.63a)
j'=—4|DiDyexp (2fsdr) — DaDyexp (—2fsdz)[e 2, (3.63b)

j? = 4[D1 D4 + Dy Ds] exp|—(a + )], (3.63¢)

33 =0. (3.63d)

The supposition (2.27) that the spatial components of the spinor current are trivial
leads to the fact that one of the pairs (D1, Ds), (D3, Dy) is trivial, i.e., in this case
we have two of the four components of the spinor field have trivial solutions. Setting

D3 = D4 = 0, we obtain the chronometric-invariant form of the charge density and
the total charge of spinor field

p=2 {D% exp (2/(5’d$) + Dj exp ( - 2/£dx)] e “ (3.64)

Q=2 7 [Diexp (2 / &d) + D exp (-2 / gdv)|evXdz.  (365)

— 00

From (2.31) we find

5120 — g, (3.66a)
9230 — _9 {D% exp (Q/ca@dx) —D% exp (— 2/£dx)} e*(‘”wﬂ(), (3.66b)
G310 — 45D, Dye—(20+B8+X) (3.66¢)
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Thus, in this case we have two nontrivial components of the spin tensor $23° and
S$31:9. Those define the projections of spin vector on X and Y axis, respectively.
From (2.33) we write the chronometric invariant spin tensor

30 = —2[Diexp (2 / gdz) — Diexp (—2 / gdz) e, (3.67a)
8310 = 4iDy Dye= (@0, (3.67b)

and the projections of the spin vector on X and Z axes are

S1 = —27[D% exp (Q/é”dx) —DZexp ( — Q/é”dx)} e 2X)dz, (3.68a)

So = 4iD1 D5 /exp(a — 2x)dz. (3.68b)

Let us choose ' = AP™ = \J"/2. In this case for energy density we get

1 @32
Tg = A(n — 1)P" + = =% P2, 3.69
b (n—1)P" + 2202 (3.69)
From (3.69) it follows that the regular solution with localized energy density exists iff
P is continuous and finite and h{[tl P(x) — 0. For P from (2.43) in this case we

x

have
dP

V/BZP? + 3DZ(A\P" + g2P?/2D3)

As one sees from (3.70), at spatial infinity P(z) becomes trivial.

=z. (3.70)

CaseIII: FF = F(K4). Here we consider the massless spinor field with the non-
linearity F' = F(K.), where K+ = I & J = S? £ P2, In this case from (2.35) we
obtain

Ky = Kygexp[—2a(x)], K= const. (3.71)

Setting /' = AK? for K4 from (2.43) in this case we obtain

dK
/ = = 2. (3.72)
VBEZ + 3xKo(AK Y + K2 /2Ko)
Energy density in the case considered has the form
0 n 1 90(2)
T5 = (2n—1)AK} + =K. (3.73)

2 Ky

From (3.73) follows that the initial system has regular solutions with localized energy
density iff K1 is continuous and finite and K4 (x)|z—c — 0. As in previous case,
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from (3.72) we conclude that K1 (z)|;—0c — 0. Contrary to cases, when F' = F'(I)
or ' = F(J), the equations for spinor field in this case are rather complicated. In
this case we have ® = —2n\K7 'S and ¥ = +2n\K} "' P. Noticing that K =
S? + P? = K one can redefine S and P as cos(¢)[cosh(¢)] and sin(¢)[sinh(¢)].
Inserting them into (2.23) one finds the corresponding equations for spinor field. A
detailed analysis of an analogous system can be found in [24].

3.3 Nonlinear Scalar Field in Absence of Spinor One

Let us consider the system of gravitational and nonlinear scalar fields. As a nonlinear
scalar field equation we choose Born-Infeld one, given by the Lagrangian [19]

1
U(Q)=——(1-vV1+0o9Q), (3.74)
g
with = @, ¢® and o is the parameter of nonlinearity. From (3.74) we also have
. 1
}12% U(Q) = §Q~-~ (3.75)
Inserting (3.74) into (2.20) for the scalar field we obtain the equation
/ ®o
T) = , (3.76)
#(@) V 1+ opie2a)
that gives
2, —2a(x)
Q= —(¢)e 20 = 20 3.77
(p)"e 1+ opge—2a(@) ( )
= $o-
For the case considered in this section we have
1
O =T2, =T3, = —W(Q) = — (1 - ) (3.78)
0 — 2= 3 ( ) o 1+ 0@%67201(9:)
and
aw 1 2,—2a(x)
T = 2055 —@:;(1— 1+ oyde ) (3.79)

Putting (3.79) into (2.43), in account of m = 0 and F'(I, J) = 0 for o we find

o = i\/32 _ 3 20 (1= 1+ opBe20m). (3.80)
g

From (3.80) one finds

da 2
Z—Eln\§+vk+§2\

/\/BQ 2(x 1+0'802 —2(1(%))
In |V2BVE + €2 +V2B\/1 + &€/2|

—In|y/3KeR(€2 — 2) \] =z (381)

B\/i{
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with
€ =1+/1+opie 22,

As one sees from (3.81)

2 U‘Pg P
e2o(@) ~ =t exp(2y/1+7/2B1) — oo, (3.82)
r—-+00
2
e20(@) ~ UT% exp(2Bz) — 0. (3.83)

Let us study the energy density distribution of nonlinear scalar field. From (3.78) we

find 1
= TsocO ('73)

T=—00 g

TsOcO (37)

=0, (3.84)

which shows that the energy density of the scalar field is not localized. Nevertheless,
the energy density on unit invariant volume is localized if k2 > 2B

e(z) = T2/ 3¢ = 1 (1 1 )e5a/3+2Bz/3
g

1+ opie2

—0. (3.85)

z—+o0

In this case the total energy of the scalar field is also bound. From (3.77) in account
of (3.82) and (3.83) we also have
Q(z)

-1 ow 0, (3.86)
g

rT=—00

showing that Q(x) is kink-like.

3.4 Nonlinear Spinor and Nonlinear Scalar Field

Finally we consider the self-consistent system of nonlinear spinor and scalar fields.
We choose the self-action of the spinor field as F = AS™, n > 2, where as the
scalar field is taken in the form (3.74). Using the line of reasoning mentioned earlier,
we conclude that the spinor field considered here should be massless. Taking into
account that exp(—2a) = S?C2 for S we write

/ d5 = . (3.87)
\/32 + 36C2 [ASn + (\/1 T op2ST/CE — 1)/0}
From (3.87) one estimates
1
On the other hand for the energy density we have
1 1
T =An—-1)8"+=(1- (3.89)
0 =Aln—1) a( V1 +a¢gs2/cg)
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that states that for 79 to be localized 5 should be localized too and lirin S(z) — 0.

Hence from (3.88) we conclude that S(x) is singular and energy density in unlimited
atz = 0.
For A = —A? and n > 2 we have

/ ds
\/32 +3nC3| - A28 + (VI+ 0B 57/ CF — 1) /o]
In this case S(x) is finite and its maximum value is defined from

m_
57 () ! [3252+3n0§ L+ 095/ G 1]. (3.91)

~ 3KCZA? o

= 7. (3.90)

Noticing that at spatial infinity effects of nonlinearity vanish, from (3.90) we find

S(x) ~e T 0, (3.92)

r—+00

, S(z)

r— —00

with H = /B2 + 3k¢3 /2 = B+/1 + &/2. In this case the energy density 7 defined
by (3.89) is localized and the total energy of the system in bound. Nevertheless, spin
and charge of the system unlimited.
Let us go back to the general case. For F' = F'(S) we now have
dv
T! =mS — F(S) +2Q-—— — V. (3.93)

ds)
It follows that for the arbitrary choice of ¥({2), obeying (2.4), we can always choose
nonlinear spinor term that will eliminate the scalar field contribution in T}, i.e., by
virtue of total freedom we have here to choose F'(.S), we can write

dv

F(S) = F1(S) + F5(S), Fy(S) = QQE -, (3.94)

since = (S5?). To prove this we go back to (2.20) that gives

Q(‘N’)2 _ 9% (3.95)

)~ C2
Since V¥ is the function of €2 only, (3.95) comprises an algebraic equation for defining
) as a function of S2. For (3.94) takes place, we find

3kC3
_—
As we see, the scalar field has no effect on space-time, but it contributes to energy

density and total energy of the system as in this case

d A Qv
0 __ / _ o _ .= el o=
TO = SF'y(S) Fl(S)+SdQ< 202 +\1/) S H205s -V (397)

(0/)2 _B2 —

[mS — F1(9))]. (3.96)
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Note that in (3.93) with F'(S) arbitrary, we cannot choose ¥(£2) such that

av
20— -V =F .
0 (5), (3.98)

due to the fact that (€2) is not totally arbitrary, since it has to obey

1 7 1 2
lim ¥(Q) — 50, lim 20dY g 0= $0_g2 (3.99)

Q=0 dQ 2087

whereas at S — 0, F'(S) behaves arbitrarily.

4 Conclusion

The system of nonlinear spinor and nonlinear scalar fields with minimal coupling
has been thoroughly studied within the scope of general relativity given by a plane-
symmetric space-time. Contrary to the scalar field, the spinor field nonlinearity has
direct effect on space-time. Energy density and the total energy of the linear spinor
and scalar field system are not bounded and the system does not possess real physical
infinity, hence the configuration is not observable for an infinitely remote observer,
since in this case

ACoH
RZ/\/gndx:/e“dx: T <o 4.1)

But introduction of nonlinear spinor term into the system eliminates these shortcom-
ings and we have the configuration with finite energy density and limited total energy
which is also observable as in this case the system possesses real physical infinity.
Thus we see, spinor field nonlinearity is crucial for the regular solutions with local-
ized energy density. We also conclude that the properties of nonlinear spinor and
scalar field system with minimal coupling are defined by that part of gravitational
field which is generated by nonlinear spinor one.
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