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Abstract. The implementation of a symmetry-adapted scheme to the study of
the electronic and vibrational properties of single-walled carbon nanotubes is
presented. The usually very large number of carbon pairs in the unit cell of the
nanotubes, that hinders most of the microscopic studies, is convenientlyhandled
in this approach by using the screw symmetry of the nanotubes and a two-atom
unit cell. This scheme allows the systematic simulation of various properties
(vibrational, mechanical, thermal, electronic, optical, dielectric, etc.) of all nan-
otubes of practical interest. The application of symmetry-adapted modelsto the
study of some of these properties is illustrated in two cases: a force-constant
approach and a tight-binding approach.

PACS number: 63.22.+m, 73.63.Fg, 78.30.Na

1 Introduction

The discovery of the carbon nanotubular structures in 1991 led to an avalanche of
theoretical and experimental work motivated by their unusual properties and the
possibility for their industrial application [1]. Nowadays, carbon nanotubes are
components of composite materials, various field-effect devices, field-emitters
in displays, hydrogen storage devices, gas sensors, etc. The theoretical study of
the nanotubes is based on the use of an idealized structure: auniform cylinder or
an atomic structure with one-dimensional periodicity. Thepractical calculations
in the latter case face an often insurmountable obstacle arising from the necessity
to deal with a large number of carbon atoms. This hindrance can be overcome
considering a usually neglected symmetry of the ideal nanotubes, the screw sym-
metry. In this paper, we show how the explicit use of the screwsymmetry allows
the easy computational handling of practically all existing nanotube types. This
is illustrated on the example of the lattice dynamics and electronic band structure
calculations of nanotubes using a force-constant approachand a tight-binding
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approach. The theoretical predictions are compared to available theoretical and
experimental data.

2 The Nanotube Structure

The ideal single-walled carbon nanotube can be viewed as obtained by rolling
up an infinite graphite sheet (graphene) into a seamless cylinder leading to coin-
cidence of the lattice point O at the origin and a point A with indices(L1, L2)
defining the chiral vectorCh as shown in Figure 1. Each tube is uniquely spec-
ified by the pair of integer numbers(L1, L2) or by its radiusR and chiral angle
θ. The latter is the angle between the chiral vectorCh and the nearest zigzag
of carbon-carbon bonds with values in the interval0 < θ < π/6 . The tubes
are called achiral forθ = 0 (”zigzag” type) andθ = π/6 (”armchair” type), and
chiral for θ 6= 0, π/6. Every nanotube has a translational symmetry with primi-
tive translation vectorT connecting the point at the origin with point(N1, N2)
(see Figure 1) whereN1 = (L1 + 2L2)/d andN2 = −(2L1 +L2)/d. Hered is
the greatest common divisor of2L1 + L2 andL1 + 2L2 . The total number of
atomic pairs in the unit cell isN = N1L2 −N2L1.

All the carbon atoms of a tube can be reproduced by use of two different screw
operators [2, 3] (see Figure 2). The screw operator{S|t} rotates the position

Figure 1. The honeycomb lattice of graphene. The lattice points O and A define the chiral
vector Ch and the points O and B define the primitive translation vector T of thetube.
The rectangle formed by the two vectors is the unit cell of the tube.
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vector of an atom at an angleϕ about the tube axis and translates it at a vector
t along the same axis. Thus, the equilibrium position vectorR(lκ) of the kth
atom of the lth atomic pair of the tube is obtained fromR(κ) ≡ R(0κ) by using
of two screw operators{S1|t1} and{S2|t2}

R(lκ) = {S1|t1}l1 {S2|t2}l2 R(κ) = Sl1
1 Sl2

2 R(κ) + l1t1 + l2t2 (1)

Herel = (l1, l2), l1 andl2 are integer numbers labeling the atomic pair, andκ =
1, 2 labels the atoms in the pair. It is convenient to adopt the compact notation
S(l) = Sl1

1 Sl2
2 andt(l) = l1t1 + l2t2, and rewrite Eq. 1 asR(lκ) = S(l)R(κ)+

t(l). This ”rolled” nanotube structure can be relaxed within tight-binding or ab-
initio models. In the relaxation procedure, one usually imposes the following
constraints: preservation of the translational symmetry of the tubes, keeping all
atoms on one and the same cylindrical surface. As parametersof the relaxation
one can choose the tube radius, the primitive translation ofthe tube, and the
angle of rotation and the translation of the screw operationfor mapping the first

Figure 2. A front view of a nanotube. The closed dashed line is the circumference and
the straight dashed line is the tube axis. The atomic pair denote by empty circles can be
mapped unto the entire tube by means of two different screw operators [2].
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atom of the two-atom unit cell unto the second one. The relaxed structure can
be used to obtain refined values of various quantities.

3 Phonon Dispersion

3.1 The Symmetry-Adapted Lattice-Dynamical Model

The symmetry-adapted lattice dynamical model for nanotubes can be con-
structed as a Born model of the lattice dynamics based on a two-atom unit
cell [2, 3]. In the adiabatic approximation, the atomic motion is conveniently
decoupled from the electronic one. For small displacementsu(lκ) of the atoms
from their equilibrium positions, it is customary to use theharmonic approxi-
mation and represent the atomic Lagrangian as a quadratic form of u(lκ) . The
equations of motion of the atoms are then readily derived in the form

mκüα(lκ) = −
∑

l′κ′β

Φαβ(lκ, l′κ′)uβ(l′κ′) (2)

Heremκ are the atomic masses andΦαβ(lκ, l′κ′) are the force constants. The
equations of motion Eq. 2 are a system of infinite number of homogeneous
linear equations for the atomic displacement components. This system can be
cast into a new form of finite number of equations taking advantage of the screw
symmetry of the tubes. In particular, letP (l) be the matrices of the induced
representation of the screw operations symmetry group of the tube acting on
u(lκ) so thatP (l′)u(lκ) = u(l′ + l, κ). Then, it can be proven similarly to the
3d case that [4]

P (l′)u(lκ) = eiq·l′S(l′)u(lκ) (3)

The atomic displacements, satisfying this condition, can be written in the form

uα(lκ) =
1√
mκ

∑

β

Sαβ(l)eβ(κ|q) exp i(q · l − ωt) (4)

which represents a wave with wavevectorq = (q1, q2) and angular frequency
ω(q). The atomic displacements remain unchanged under integer number tube
translations at a distanceT and integer number rotations at an angle2π. These
two conditions lead to the following constraints on the wavevector components

q1L1 + q2L2 = 2πl (5)

q1N1 + q2N2 = q (6)

Here l and q are the azimuthal quantum number and the one-dimensional
wavevector of the tubes, respectively, with possible values l = 0, 1, ..., N − 1
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and−π ≤ q < π. Using Eqs. 5 and 6, the atomic displacement Eq. 4 can be
written as

uα(lκ) =
1√
mκ

∑

β

Sαβ(l)eβ(κ|ql) exp i(α(l)l + z(l)q − ωt) (7)

whereα(l) = 2π(l1N2 − l2N1)/N andz(l) = (L1l2 − L2l1)/N are the di-
mensionless coordinates of the origin of thelth cell along the circumference and
along the tube axis, respectively. Substituting Eq. 7 in Eq.2, we get a system of
six linear equations of the form

ω2(ql)eα(κ|ql) =
∑

κ′β

Dαβ(κκ′|ql)eβ(κ′|ql) (8)

where the dynamical matrixDαβ(κκ′|ql) is defined as

Dαβ(κκ′|ql) =
1√

mκmκ′

∑

l′γ

Φαγ(0κ, l′κ′)Sγβ(l′) exp i(α(l′)l+z(l′)q) (9)

The eigenfrequenciesω2(ql) are solutions of the characteristic equation
∥

∥Dαβ(κκ′|ql) − ω2(ql)δαβδκκ′

∥

∥ = 0. (10)

Substituting the solutionsω2(qlj) (j = 1, 2, ..., 6) in Eq. 8, one can obtain the
corresponding eigenvectorseα(κ|qlj) (j = 1, 2, ..., 6). For eachq there are6N
vibrational eigenmodes (phonons) but the number of the differentω2(qlj) can
be lesser due to degeneracy. Using Eq. 9 it can be proven thatD is Hermitian
and thereforeω2(qlj) are real andeα(κ|qlj) can be chosen orthonormal. Due
to the explicit accounting for the screw symmetry of the tubes in the presented
symmetry-adapted scheme, the computation time for each q scales as63N . This
ensures great advantage for phonon calculations of tubes with very largeN in
comparison to the approach that does not use the screw symmetry where the
computation time scales as(6N)3. Practically, all observable nanotubes can be
handled with the presented lattice dynamical model with respect to the numerical
stability of the computations as well as to the computer memory and CPU time.

3.2 Phonon Dispersion, Zone-Center Phonons and Raman Intensity

The phonon dispersion of two nanotubes, calculated using force constants of
valence force-field type [2, 3] is shown in Figure 3. The smallnumber of
force fields used does not allow for the precise modeling of the high-frequency
branches. In particular, the ”overbending” of the in-planebond-stretching vi-
brations in graphene cannot be reproduced well, which results in an incorrect
order of the zone-center tangential phonons in nanotubes. However, this does
not affect much the low-frequency branches in nanotubes. The phonons with
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wavevectorq inside the Brillouin zone are waves along the tube with wave-
lengthλ = 2π/q. The zone-center phonons are atomic motions repeating in
all unit cells along the tube. The atomic displacements for chiral tubes are not
generally restricted to definite directions in space. However, the displacements
for achiral tubes can be classified as radial (R), circumferential (C), and axial
(A). The zone-center phonons of chiral tubes belong to the following symmetry
species of point groupsDN (Ref. [5])

Γ = 3A1 + 3A2 + 3B1 + 3B2 + 6E1 + 6E2 + ...6EN/2−1, (11)

where modesA1,2 andB1,2 correspond tol = 0 andN/2, and modesEi cor-
respond tol = i. TheEi modes have2l nodes around the tube circumfer-
ence. TheA1,2 modes are nodeless and theB1,2 ones haveN nodes. Armchair
and zigzag tubes have additional symmetry elements and the modes are classi-
fied by the irreducible representations of point groupD2nh. Among the various
zone-center phonons, some are infrared-active (A2 + 5E1 in chiral tubes,3E1u

in armchair tubes, andA2u + 2E1u in zigzag tubes), others are Raman-active
(3A1 + 5E1 + 6E2 in chiral tubes,2A1g + 2E1g + 4E2g in armchair tubes, and
2A1g + 3E1g + 3E2g in zigzag tubes), and the rest are silent. TheA1(g),E1(g),
andE2(g) phonons are observed in scattering configurations(xx + yy, zz),

Figure 3. The phonon dispersion of nanotubes (9,9) and (15,0) calculated within a valence
force field model. The number of phonon branches is 108 and 180, respectively.
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(xz, yz), and(xx − yy, xy), respectively, forz axis along the tube. (The used
here Porto notation(x1x2) means incident light polarized alongx1 axis and scat-
tered light polarized alongx2 axis.) Largest Raman signal is observed for paral-
lel scattering configuration and it originates from the followingA1(g) modes. In
particular, such is a mode with a uniform radial atomic displacement (so-called
radial-breathing mode or RBM) with frequency following roughly the power
law 230/d (in cm−1; d is the tube diameter in nm); one high-frequency mode of
about1580 cm−1, which is purely circumferential in armchair tubes and purely
axial in zigzag tubes (or two neither purely circumferential, nor purely axial
modes in chiral tubes). The Raman signal due toE1(g) andE2(g) phonons is
usually very weak. Apart from lines due to single-phonon processes, bands
arising from more complex processes are often observed in the Raman spec-
tra. An example of such band is theD band (i.e., disorder band) due to the
presence of impurities and defects in the nanotubes. The Raman lines of the
high-frequencyA1(g) modes of the different tubes are closely situated and mod-
ified by electron-phonon and electron-impurity interactions. The modeling of
the latter ones also faces the problem of considering far enough neighbors in or-
der to reproduce correctly the overbending of the phonon branches of graphene,
from which these modes originate. On the other hand, the lines of the RBMs
in the spectra are often well-separated and can be used for structural charac-
terization of the nanotube samples. In bundles of nanotubesand multiwalled
nanotubes, there are many breathinglike phonon modes having different Raman
line intensities [6–8]. This is illustrated in Figure 4, where the Raman intensity

Figure 4. Non-resonant Raman intensity of an isolated nanotube, a bundle of two
nanotubes, and an infinite bundles of nanotubes (10,10) calculated withina bond-
polarizability model [6,7].
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of such modes of an isolated and bundled nanotubes, calculated within a bond-
polarizability model, is displayed. It is clearly seen thatin bundles there are
more than one breathinglike mode and that the intertube interactions generally
upshifts their frequencies. It has to be noted that while thebond-polarizability
model describes well the non-resonant spectra of most semiconductors, the Ra-
man spectra of nanotubes are usually measured under resonant conditions and
non-resonant spectra are rarely observed because of the lowsignal. Any realistic
calculations of the spectra should take into account the electronic band structure
of the tubes (see Sec. 4).

3.3 Mechanical and Thermal Properties

The force constants are invariant under infinitesimal translations along and per-
pendicular to the tube axis that leads to the translational sum rules and to three
zone-center zero-frequency modes [3] The infinitesimal rotation invariance con-
dition imposed on the force constants gives rise to a rotational sum rule and to an
additional zero-frequency mode. The former three modes aretranslations along
and perpendicular the tube, and the latter mode is a rotationof the tube about
its axis. These four modes belong to the four acoustic modes of the tube. The
longitudinal and rotational acoustic branches have lineardispersion at the zone
center. The corresponding acoustic wave velocitiesvL andvR can be associ-
ated with Young’s and shear moduli of the tubes,Y andG, asvL =

√

Y/ρ

andvR =
√

G/ρ with ρ being the mass density. The transverse waves have
quadratic dispersion at the zone center and zero group velocity there.

The estimations of the two moduli within force-constants, tight-binding, and ab-
initio models yield approximately the same value for the moduli per unit tube
circumference (in-plane moduli) of about350 J/m2 and150 J/m2, close to the
values for graphite. The Poisson ratioν can be estimated from the expression for
isotropic mediaν = (Y/2−G)/G and, for the calculated moduli, is about0.17.
The use of different definitions for the cross-sectional area of the nanotubes can
yield quite different values for the moduli. Thus, assuminga cross-section as a
ring of width 0.34 nm, one obtains1030 GPa and440 GPa slightly dependent
on the tube type. For a cross-section as a full disk with radiusR, the moduli
with decrease with the increase of the radius, etc. In the case of bundles of many
tubes, the cross-section should be chosen as a hexagon with area

√
3(2R+d)2/2

with d being the intertube separation resulting again in decreasing of Y with
increasing tube radius. In practice, in order to make use of the large moduli of
the nanotubes, e.g., in composite materials, it is necessary to bind covalently the
nanotubes in ropes and/or to the other constituents of thesematerials.

The bulk modulusK of infinite bundles of nanotubes can be derived in a similar
way as the elastic moduli of isolated tubes [9]. For small-radius tubes,K = KW

is determined by the intertube forces and increases with theincrease of the tube
radius (see, Figure 5). For large-radius tubes,K = KT is predominantly due to
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Figure 5. Bulk modulus K of infinite bundles of achiral SWNTs, calculated within a
valence force-field model [9], in comparison with the one, derived in molecular dynamics
simulations by Tersoff et al. [10].

the tube elasticity and decreases with the increase of the radius. For intermediate
radii,K can be expressed approximately asKWKT /(KW + KT ). The calcu-
latedK from the slopes of the acoustic branches of infinite bundles of tubes
agrees well with the results of the molecular-dynamics simulations [10]. The
disagreement forR > 15 Å is due to the assumption of circular cross-section
of the tubes in the former model while the intertube interactions polygonize the
cross-section of large-radius tubes. The specific heat and thermal conductivity
of carbon nanotubes are determined mainly by the phonons while the electronic
contribution is usually negligible. The phonon specific heat of carbon nanotubes
Cv can be derived using the phonon frequencies calculated within the lattice-
dynamical model by means of the expression [11]

Cv = kB

∞
∫

0

(~ω/kBT )2 exp(~ω/kBT )

[exp(~ω/kBT ) − 1]2
D(ω)dω, (12)

whereD(ω) is the phonon density of states. At high temperature,Cv tends to the
classical limit2kB/m ≈ 2078 mJ/gK (m is the atomic mass of carbon). At low
temperature,Cv is determined by the dispersion of the lowest-energy acoustic
branches. For one-dimensional systems, these are the transverse acoustic ones
with quadratic dispersion and, therefore,D(ω) ∝ 1/

√
ω andCv ∝

√
T . As it

can be seen from Figure 6, this behavior can be observed belowabout1 K. This

245



V. N. POPOV, PH. LAMBIN

1 10 100
0.01

0.1

1

10

100
B undles of S WNT s (9,9)

T 0.62
7

:
2

1
bundles of
1...7 S WNT s
infinite bundles
graphene
graphite
Mizel et al.
Hone et al.
L as jaunias et al.

6 5
43

21
7

C
v

(m
J/

gK
)

T emperature (K )

Figure 6. Specific heat of SWNTs and ropes of SWNTs, calculated within avalence
force-field model [11], in comparison with that of graphene and graphite, and available
experimental data by Mizel et al. [12], Hone et al. [13], and Lasjaunias et al. [14].

behavior is essentially different from that of graphene (Cv ∝ T ) and graphite
and infinite bundles (Cv ∝ T 3).

The low-temperature thermal conductivity has the same temperature behavior as
the specific heat. At high temperature, scattering from the tube boundaries and
Umklappprocesses become dominant.

4 Electronic Band Structure

4.1 The Symmetry-Adapted Tight-Binding Model

The symmetry-adapted scheme can be implemented in a tight-binding model
similarly to the case of the lattice dymanics [15,16]. To begin with, the electronic
band structure of a periodic structure is usually obtained in the independent-
electron approximation solving the one-electron Schrödinger equation

[

−~
2∇2

2m
+ V (r)

]

ψk(r) = Ekψk(r), (13)

wherem is the electron mass,V (r) is the effective periodic potential,ψk(r) and
Ek are the one-electron wavefunction and energy depending on the wavevector
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k . This equation can be solved by representingψk(r) as a linear combination
of basis functionsϕkr(r)

ψk(r) =
∑

r

ckrϕkr(r). (14)

In the tight-binding approach, the basis function is a linear combination of the
atomic orbitalχr(R(l)−r) centered at an atom with position vectorR(l) in the
l th unit cell (the indexr labels the orbitals of a given atom). Substituting Eq. 14
in Eq. 13, one obtains an infinite system of homogeneous linear equations for
the expansion coefficients. This system can be transformed into a finite size one
taking into account the screw symmetry of the tubes. Namely,let P (l) be the
matrices of the induced representation of the screw operations symmetry group
of the tube acting onχr so thatP (l′)ϕkr(r) = ϕkr(R(l′)− r) . Then, it can be
proven similarly to the3d case that [4]

P (l′)ϕkr(r) = eik·l′
∑

r′

Trr′(l′)ϕkr′(r), (15)

whereT (l′) are rotation matrices rotating thep atomic orbitals. The condition
Eq. 15 can be satisfied for basis functionsϕ chosen as the following linear
combination ofχ’s [15]

ϕkr(r) =
1√
Nc

∑

lr′

eik·lTrr′(l)χr′(R(l) − r) (16)

wherek = (k1, k2) is a two-dimensional wavevector andNc is the number of
two-atom unit cells in the tube. The wavevector components are subject to the
following constraints arising from the rotational and translational symmetry of
the tube

k1L1 + k2L2 = 2πl (17)

and
k1N1 + k2N2 = k. (18)

Here k is the one-dimensional wavevector of the tube (−π ≤ k < π) and
the integer numberl labels the electronic energy levels with a givenk (l =
0, 1, ..., N − 1). The other symbols are defined in Sec. 3. Using Eqs. 17 and 18,
the expansion functions can be rewritten as

ϕklr(r) =
1√
Nc

∑

lr′

ei(α(l)l+z(l)k)Trr′(l)χr′(R(l) − r) (19)

After substitution of Eqs. 19 and 14 in Eq. 13, the electronicproblem is trans-
formed into the matrix eigenvalue problem

∑

r′

Hklrr′cklr′ = Ekl

∑

r′

Sklrr′cklr′ , (20)
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where the quantitiesHklrr′ andSklrr′ are given by

Hklrr′ =
∑

lr′′

ei(α(l)l+z(l)k)Hrr′′(l)Tr′′r′(l) (21)

and
Sklrr′ =

∑

lr′′

ei(α(l)l+z(l)k)Srr′′(l)Tr′′r′(l), (22)

HereHrr′′(l) andSrr′′(l) are the matrix elements of the Hamiltonian and the
overlap matrix elements between atomic orbitalsχr(R(0)− r) andχr′(R(l)−
r). The set of linear algebraic equations Eq. 20 has non-trivial solutions for the
coefficientsc only for energiesE which satisfy the characteristic equation

‖Hklrr′ − EklSklrr′‖ = 0. (23)

The solutions of Eq. 23,Eklm, are the electronic energy levels; the energy bands
are labeled by the composite indexlm (m = 1, 2, ..., 8 for 4 electrons per carbon
atom). The corresponding eigenvectorscklmr are determined from Eq. 20. Like
with phonons, the symmetry-adapted approach for calculation of the electronic
band structure of nanotubes has the important advantage of large reduction of the
computational time. Indeed, the calculation of the band energies for a givenk
needs time scaling as the cube of the size of the two-atom eigenvalue problem (83

for 4 electrons per carbon atom) times the number of the two-atom unit cellsN .
On the other hand, the straightforward calculation of the same band energies will
require time scaling as the cube of the size of the2N -atom eigenvalue problem,
i.e., (8N)3. For structural relaxation of a nanotube one needs the expressions
for the total energy and the forces acting on the atoms. The total energy of a
nanotube (per unit cell) is given by

E =

occ
∑

klm

Eklm +
1

2

∑

ij(i6=j)

φ(rij), (24)

where the first term is the band energy (the summation is over all occupied states)
and the second term is the repulsive energy, consisting of repulsive pair poten-
tialsφ(r) between pairs of nearest neighbors. The band contribution to the force
on the atom with a position vectorR(0) is given by the Hellmann-Feynman
theorem

F =

occ
∑

klm

∂Eklm

∂R(0)
=

occ
∑

klm

∂(Hklrr′ − EklmSklrr′)

∂R(0)
(25)

The repulsive contribution to the force is equal to the first derivative of the total
repulsive energy with respect to the position vectorR(0).

According to the simplest tight-binding model with one valence electron per car-
bon atom (theπ-band TB model), tubes with residual of the division ofL1 −L2

by 3 equal to zero are metallic (M -tubes), and the remaining tubes with residual
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Figure 7. Band structure and electronic density of states of SWNTs (10,10) and (17,0).
Notice the characteristic spikes in the electronic density of states.

1 and2, denoted further withMod1 andMod2, are semiconducting (S-tubes).
The band-structure calculations within more sophisticated models show that
only armchair tubes are strictly metallic, while the remainingM -tubes are tiny-
gap semiconductors. The results of the calculations of the band structure and
the electronic density of states (DOS) for two SWNTs within a non-orthogonal
tight-binding model [15,16] (NTB model) are shown in Figure7. Tube(10, 10)
is metallic with small finite density of states at the Fermi energy defined as zero.
Tube (17, 0) is semiconducting with a small energy gap of about0.6 eV. The
DOS spikes have characteristic singularity at the optical transitions.

4.2 The Dielectric Function

The imaginary part of the dielectric function in the random-phase approximation
is given by [15]

ε2(ω) =

(

2πe

mω

)2
∑

l′clv

2

2π

∫

dk |pkl′cklv,µ|2 δ(Ekl′c − Eklv − ~ω), (26)

where~ω is the photon energy,e is the elementary charge, andm is the electron
mass. The sum is over all occupied (v) and unoccupied (c) states.pkl′cklv,µ is
the matrix element of the component of the momentum operatorin the direction
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µ of the light polarization

pkl′cklv,µ =

∫

drψ∗
kl′cp̂µψklv (27)

Substituting Eqs. 14 and 19 in Eq. 27, one obtains the non-zero matrix elements

pkl′cklv,µ = fll′µ

∑

rr′

c∗kl′cr′cklvr

∑

lr′′

e−i(α(l)l+z(l)k)pr′r′′,µ(l)Trr′′(l) (28)

where

pr′r′′,µ(l) =

∫

drχr(R(0) − r)p̂µχr′(R(l) − r) (29)

For z-axis along the tube axis, the quantitiesfll′µ are given byfll′x = fll′y =
(δl′,l+1+δl′,l−1)/2 andfll′z = δl′l. The latter two relations express the selection
rules for allowed dipole optical transitions, namely, optical transitions are only
allowed between states with the samel for parallel light polarization along the
tube axis and between states withl andl′ differing by1 for parallel polarization,
which is perpendicular to the tube axis. In the latter case, the electronic response
is much weaker than in the former due to the depolarization effect. Therefore,

Figure 8. The resonance chart: transition energy against tube radius.Only the part,
containing the points that correspond to the HiPco samples and the most frequently used
laser excitation energies, is shown.
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much of the efforts have been directed to the calculation of the dielectric function
for parallel light polarization. The optical transition energies can be determined
from the spikes of the imaginary part of the dielectric function calculated within
a NTB model [15, 16]. The derived energies for parallel lightpolarization are
shown in Figure 8 for HiPco samples and for the most frequently used laser
excitation energies. The points on the plot form strips belonging to eitherM - or
S-tubes. With increasing the energy, one crosses strips of points for transitions
11 in S-tubes (Mod1 andMod2), 22 in S-tubes (Mod2 andMod1), 11 and22
in M -tubes (only transition11 in armchair tubes), and so on. In each strip, the
arrangement of the points show family patterns forL1 + 2L2 = integer number
(connected with lines).

4.3 The Dynamical Matrix

The dynamical matrix of the nanotubes can be obtained from the expression of
the total energy by considering the change of the energy arising from a given
static lattice deformation (a phonon). The derivation is too involved to be shown
here and the same holds true for the final expression of the dynamical matrix.
Here, it suffies to provide results of the calculations for particular nanotubes.
We note that this method is not applicable to armchair tubes because the dy-
namical matrix has a logarithmic singularity at the band crossing at the Fermi
energy. The tiny-gapM -tubes require large number ofk-points to ensure con-
vergence of the sum over the Brillouin zone in the expressionof the dynamical

Figure 9. Phonon dispersion of graphite calculated within a NTB model andscaled by
a factor of 0.9 in comparison with available experimental data by Izawa etal. [18] and
Siebentritt et al. [19].
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matrix. This problem does not normally appear forS-tubes where a moderate
number ofk-points is sufficient. The calculated phonon dispersion of graphene
within the NTB model overestimates the measured one by about10%. The cal-
culated frequencies, multiplied by0.9, are shown in Figure 9. It is clear that the
overbending of the highest-frequency branches is well reproduced while the out-
of-plane optical branch is now underestimated. Since we arerather interested in
the former one, the underestimation for the latter one will not be important.

As it was mentioned above, the RBM is of primary importance for the structural
characterization of the samples. In Figure 10, the calculated RBM frequency
of all tubes in the radius range from2 Å to 12 Å is shown in comparison with
available ab-initio results for strictly radial atomic displacements. The points
follow a power law1141/R (in cm−1, R in Å). In the presence of impurities
and structural disorder, there is an additional light-scattering mechanism, so-
called double resonance mechanism. It is responsible for the specific Raman
line broadening and the position shift with the laser excitation energy especially
observed for theD (disorder),G, andG′ bands. The review of this mechanism
lies outside the scope of this paper.

Figure 10. Calculated RBM frequencies within a NTB model vs tube radius.The com-
parison with ab-initio results by K̈urti et al. [20] reveals disagreement less than 5 cm-1
(see inset).
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4.4 The Resonant Raman Intensity

The Raman-scattering process can be described quantum-mechanically consid-
ering the system of the electrons and phonons of the tube and the photons of the
electromagnetic radiation and their interactions [21]. The most resonant Stokes
process includes a) absorption of a photon (energyEL, polarization vectorǫL)
with excitation of the electronic subsystem from the groundstate with creation
of an electron-hole pair, b) scattering of the electron (hole) by a phonon (fre-
quencyωo, polarization vectore), and c) annihilation of the electron-hole pair
with emission of a photon (energyES = EL − ~ωo, polarization vectorǫS) and
return of the electronic subsystem to the ground state. The Raman intensity for
the Stokes process per unit tube length (the so-called resonance Raman profile
or RRP) is given by [22] (up to a slightly tube-dependent factor)

I(EL, ωo) ∝

∣

∣

∣

∣

1

L

∑ pS
cvDcvp

L∗
cv

(EL − Ecv − iγcv)(ES − Ecv − iγcv)

∣

∣

∣

∣

2

, (30)

whereL is the length of the tube containingNc unit cells,Ecv = Ec − Ev, Ec

andEv are energy levels in the valence bandv = klm and the conduction band
c = klm′, andγcv is the excited state width.pL,S

cv is the matrix element of the
component of the momentum in the direction of the polarization vectorǫL,S .
The electron-phonon coupling matrix elementDcv is determined by the scalar
product of the derivative ofEcv with respect to the atomic displacement vector
u and the phonon eigenvectore

Dcv ∝

√

~

2mωo

∑

iγ

eiγ
∂Ecv

∂uiγ
. (31)

Herem is the mass of the carbon atom anduiγ is theγ -component of the dis-
placement of theith atom in the two-atom unit cell. The derivatives with respect
to the atomic displacements for the considered phonon can becalculated using
the Hellmann-Feynman theorem. The estimation of the Raman intensity can
be simplified for well-separated features of the RRPs withintwo approximation
schemes. In the first scheme, one considers the matrix elements in Eq. 30 as
k-independent and pulls them out of the summation. The remaining summa-
tion can be performed analytically. The obtained RRPs reproduce within5% the
results of the full calculations using Eq. 30. In the second scheme, one consid-
ers the matrix elements as k-independent and tube-independent (i.e., constants)
and evaluates the remaining sum analytically. Based on extensive calculations,
it was shown that the tube-independent scheme often leads toerroneous pre-
dictions of the Raman intensity and should therefore be avoided [22, 23]. This
is illustrated in Figure 11 in the case of three tubes with close radii. Once the
RRPs are evaluated for all nanotube types present in the measured samples, the
Raman spectra for different laser excitation energies can be simulated using the
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following expression [22]

Itot(EL, ω) =
∑

gI(EL, ωo)
1

(ω − ωo)2 + γ2
o

(32)

whereg is the tube distribution function for the given sample,γo is phonon
linewidth (HWHM), and the summation is carried out over all tube types. The
usually adopted Gaussian distribution does not describe sufficiently well the tube
types present in the samples. In this case, Eq. 32 can be fit to the measured
spectra at several laser excitation energies to obtain the distribution function.
The maximum Raman intensities can be plotted for better visualization as circles
with size proportional to the logarithm of the intensity on the transition energy
- tube radius plot. As it is seen in Figure 8, in each strip, thelower part of
the points has larger intensity than the upper one. Thus, thepoints belonging
to transitions11 in S-tubes (Mod1), 22 in S-tubes (Mod2), 11 in M -tubes
(Mod0) including transitions11 in armchair tubes have larger intensity than
their counterparts in the strips. This general behavior is corroborated by recent
Raman data [24,25].

Figure 11. RBM resonance Raman profiles of three different tubes withradius of about
6.7Å: (17,0), (14,5), and (10,10). The results of the full calculations (Eq. ) are compared
to those of the frequently used tube-independent numerator approximation.
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5 Conclusions

It is shown that the atomistic approach to the study of the vibrational, mechan-
ical, thermal, electronic, optical, dielectric, etc., properties of ideal nanotubes
can be successful when exploiting the screw symmetry of the nanotubes. The re-
sults of the calculations of some of these properties using the symmetry-adapted
scheme are discussed in comparison with available theoretical and experimental
data.
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