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Abstract. Local currents combine the ideas of space-time locality and symme-
try by means of an infinite-dimensional Lie algebra of operators. We review
some early ideas about relativistic and nonrelativistic local current algebras,
and discuss their relation to quantum kinematics. We then summarize three
directions of recent research: a model for quantized vortex filaments (with R.
Owczarek and D. H. Sharp); a prescription for nonlinear modification of quan-
tum mechanics (with H.-D. Doebner); and local currents for a deformed algebra
of quantum mechanics (with S. Sarkar).

PACS number: 02.20.Tw

1 Early Ideas

In this part we review some of the ideas behind relativistic and nonrelativistic
current algebras and their applications, as these developed from the 1960s into
the 1980s. The main theme is the combination of space-time locality with sym-
metry via a Lie algebra that is infinite-dimensional, and whose representations
by self-adjoint operators in Hilbert space describe the quantum kinematics.

1.1 Relativistic local current algebra

The original idea motivating relativistic local current algebra was to be able to
encode the kinematics of hadrons (strongly interacting particles) through local
symmetry, even in the absence of knowledge of the Lagrangian governing their
dynamics. Following Adler and Dashen, [1] the local current density operators
(or, more precisely, self-adjoint operator-valued distributions) are taken to be
two octets of Lorentz 4-vectors: a vector octet F μ

a (x) and an axial vector octet
F 5μ
a (x), where a = 1, 2, . . . , 8, μ = 0, 1, 2, 3, and x = (x0,x). Each of

these octets corresponds to a set of generators of SU(3), in the spirit of the
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famous “eightfold way”. [2] The space integrals of the time components of the
current densities then define two octets of charges Fa and F 5

a : i.e., Fa(x0) =∫
d3xF 0

a (x0,x), and F 5
a (x0) =

∫
d3xF 5 0

a (x0,x). The first three of these
charges are the components I1, I2, I3 of isotopic spin, while the hypercharge
Y is given by (2/

√
3 )F8. The electromagnetic current density, an example of a

local current, is then J μem = q [F μ
3 +(1/

√
3 )F μ

8 ], where q is an elementary unit
charge; and the total charge (integrated over all space) is thus Q = q [I3+Y/2 ].
The hadronic part of the weak current density J μw can then be expressed in terms
of the difference of vector and axial vector current densities, and the Cabibbo
angle. Many more details are to be found in Ref. [1].

Now locality suggests more than the association of symmetry generators with
points or regions of spacetime. It includes the idea of local causality, expressed
through the commutativity of operators describing observables that are associ-
ated with distinct, spacelike separated regions. The hypothesis of Gell-Mann [3]
that motivates the name local current algebra is that F 0 and F 5 0 obey a set of
equal-time commutation relations,

[F 0
a (x0,x), F 0

b (y0,y) ]x0=y0 = i δ(3)(x − y)
∑

d

cabd F 0
d (x0,x) ,

[F 0
a (x0,x), F 5 0

b (y0,y) ]x0=y0 = i δ(3)(x − y)
∑

d

cabd F 5 0
d (x0,x) ,

[F 5 0
a (x0,x), F 5 0

b (y0,y) ]x0=y0 = i δ(3)(x − y)
∑

d

cabd F 0
d (x0,x) (1)

where the cabd are the structure constants of the Lie algebra of SU(3). The Dirac
δ-functions in Eqs. (1) ensure that when x0 = y0 but x �= y, all the commutator
brackets of currents at x with currents at y are zero. Defining chiral currents
F Lμ
a = 1

2 (F μ
a −F 5μ

a ), F Rμ
a = 1

2 (F μ
a +F 5μ

a ), we have that [F L 0
a ,F R 0

a ] =
0, so that the singular Lie algebra of Eqs. (1) decomposes into two independent
pieces.

A number of experimentally confirmed predictions lent credence to the current
algebra approach. The commutation relations of the charges Fa and F 5

a , along
with the idea of “PCAC”—partially conserved axial vector current—led to the
Adler-Weisberger sum rule relating the beta-decay of nucleons to cross-sections
for pion-nucleon scattering, [4,5] as well as various low-energy theorems. More-
over, results of Adler and of Bjorken, about (respectively) inelastic scattering of
neutrinos and of electrons, provided some experimental justification for the local
current algebra itself without relying on PCAC. Thus we can understand such
physical results as being fundamentally of kinematical rather than dynamical
origin. Relativistic current algebraic ideas were also influential theoretically; for
example, in the theory of anomalies, deriving from the study of the chiral current
in perturbation theory, in gauge theory, in conformal quantum field theory, and
in other domains. [6, 7]
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The Dirac δ-functions in Eqs. (1) require that F 0
a and F 5 0

a be interpreted
as (unbounded) operator-valued distributions, modeled on spaces of test func-
tions. The fixed-time condition suggests they make mathematical sense as
3-dimensional distributions, with x0 held constant. Thus let D be the test-
function space of real-valued, compactly-supported, C∞ functions on the
spacelike hyperplane R3. For fa, f

5
a ∈ D, the “smeared currents”—

which we expect to be bona fide (unbounded) operators in Hilbert space—
are (suppressing x0): F 0

a (fa) =
∫
R3 d

3x fa(x)F 0
a (x0,x), and F 5 0

a (f 5
a ) =∫

R3 d
3x f 5

a (x)F 5 0
a (x0,x). Eqs. (1) then yield the nonsingular commutator

brackets,

[F 0
a (fa), F 0

b (fb) ] = [F 5 0
a (fa), F 5 0

b (fb) ] = i
∑

d

F 0
d (cabdfafb) ,

[F 0
a (fa), F 5 0

b (fb) ] = i
∑

d

F 5 0
d (cabdfafb) . (2)

Eqs. (2) are easily interpreted as a representation of the infinite-dimensional Lie
algebra map 0(R3,G), which consists of smooth, compactly-supported maps
from R3 to the Lie algebra G of chiral SU(3) × SU(3), taken under the point-
wise bracket operation. In Hilbert space, we expect the commutator brackets
of the operators to hold on a common dense invariant domain of vectors having
appropriate technical properties.

Perhaps the most natural way to express locality and symmetry fully would
be now to extend Eqs. (1)-(2) to an equal-time commutator algebra includ-
ing the space components F k

a , k = 1, 2, 3, of the local currents. But
the extrapolation from Eqs. (1) or (2) that we might have guessed, i.e.
[Fa(x0,x),F k

b (y0,y)]x0=y0 = i δ(3)(x − y)
∑

d cabd F k
d (x0,x), does not

work due to the necessary presence in a relativistic theory of “Schwinger
terms” on the right-hand side. [8] When local currents are written as normal-
ordered quadratic expressions involving underlying fields and their derivatives,
Schwinger terms may be obtained by “splitting points” in the fields’ arguments
in a representation by operators, and then taking the separation to zero. The re-
sult depends on the field-theoretic model. But in higher than (1+1)-dimensional
spacetime, one obtains (for example) terms that involve the derivative of a δ-
function times an infinite multiple of the identity. Thus we do not actually ob-
tain an infinite-dimensional Lie algebra that includes all the local current com-
ponents.

However, some interesting local current algebraic models can be obtained from
assumptions of particular forms for finite Schwinger terms. For example, let
J μa be a 4-vector of local currents, with a the Lie algebra index, and let cabd be
the structure constants. In the Sugawara model, [9] the commutator brackets for
an equal-time current algebra (suppressing x0) are given by
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[ J 0
a (x), J 0

b (y) = i δ(3)(x − y)
∑

d

cabd J
0
d (x) ,

[ J 0
a (x), J kb (y) ] = i δ(3)(x−y)

∑

d

cabd J
k
d (x) + ic δab

∂

∂xk
δ(3)(x−y)I ,

[ J ka (x), J�b (y) = 0 (k, � = 1, 2, 3) , (3)

where I is the identity operator. Here the bracket of the time components
behaves as in Eqs. (1), but c may be taken to be a finite constant (i.e.,
we have finite c-number Schwinger terms), even in 4-dimensional space-
time. In terms of these currents, the formal Hamiltonian defined by H =
(1/2c)

∑
a

∫
R3 d

3x [ J 0
a (x)2 +

∑3
k=1 J

k
a (x)2 ] gives current conservation

equations for the J μa . Related families of relativistic models with operator
Schwinger terms have also been considered. [10, 11]

We close this brief survey with mention of the affine Kac-Moody and Vira-
soro algebras, which are intimately related mathematically to Sugawara’s ideas,
[12, 13] and which have parallels with the nonrelativistic local current algebra
discussed in the next subsection. In the case of (1 + 1)-dimensional spacetime,
it is convenient to compactify the spatial dimension so as to consider the loop
algebra map (S 1,G); i.e., we take the Lie algebra-valued functions on the cir-
cle with pointwise operations. An (untwisted) affine Kac-Moody algebra is a
(uniquely defined) nontrivial one-dimensional central extension of such a loop
algebra. The Virasoro algebra is a nontrivial central extension of the Lie algebra
of smooth vector fields on the circle, equipped with the usual Lie bracket. The
form of the Virasoro central term results from the Gelfand-Fuks cohomology on
the algebra of vector fields. Virasoro and Kac-Moody algebras may be combined
with each other as a natural semidirect sum of Lie algebras.

How do these algebras embody quantum kinematics? The usual choice of gen-
erators of the Kac-Moody algebra is actually the set of Fourier transforms of
the operators that resemble charge densities on the circle, while the usual Vi-
rasoro generators are the Fourier transforms of operators describing infinitesi-
mal general coordinate transformations (i.e., infinitesimal motions). In effect,
the Kac-Moody and Virasoro central extensions provide natural choices for c-
number Schwinger terms. These structures have found important application
in a variety of domains, including conformally-invariant quantum field theory
in two-dimensional spacetime, light cone currents, and the quantum theory of
strings. In statistical mechanics, the highest-weight representations of Virasoro
algebra have also been applied to the classification of exactly solvable mod-
els. [14] Additional details may be found in published reviews, especially the
excellent 1986 review by Goddard and Olive. [12, 15, 16]

As a rule we may also exponentiate the Lie algebras of local currents de-
scribed above, to obtain corresponding groups. [7, 13, 17, 18] Thus the algebra
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map 0(M,G), where M is a smooth manifold and G is the Lie algebra of a Lie
group G, exponentiates to give us a local current group Map 0(M,G) consist-
ing of smooth maps from M to the Lie group G that are the identity outside a
compact set in M , equipped with the pointwise group operation. The Lie alge-
bra of compactly-supported, C∞ vector fields on M exponentiates to give us
the group of compactly-supported C∞ diffeomorphisms of M , equipped with
the operation of composition of diffeomorphisms. Kac-Moody and Virasoro
algebras exponentiate in turn to give us central extensions of loop groups and
the group of diffeomorphisms of the circle, respectively. Moreover, after en-
dowing such groups with appropriate topologies, it follows under suitable tech-
nical assumptions that self-adjoint representations of the current algebras are
obtained from continuous unitary representations of the corresponding infinite-
dimensional groups. At the group level, we then have a kind of global descrip-
tion that joins locality with symmetry, embodying local relativistic quantum
kinematics.

1.2 Nonrelativistic local current algebra

We have no problem of Schwinger terms in the nonrelativistic case. Let
ψ(x, t) be a second-quantized field satisfying canonical equal-time commuta-
tion or anticommutation relations. Suppressing t in the notation, define (at
a fixed time) the operator valued distributions ρop(x) = mψ∗(x)ψ(x), and
Jop(x) = (�/2i){ψ∗(x)∇ψ(x) − [∇ψ∗(x)]ψ(x)}, where m is the mass of a
single particle. The singular Lie algebra that results is: [19]

[ ρop(x), ρop(y) ] = 0 , [ ρop(x), J kop(y) ] = −i� ∂

∂xk
[ δ(3)(x−y) ρop(x)] ,

[ J kop(x), J �op(y) ] = i� { ∂

∂yk
[ δ(3)(x−y)J �op(y)]− ∂

∂x�
[ δ(3)(x−y)J kop(x)] }

(4)
Defining the smeared operators ρop(f) =

∫
R3 d

3x f(x)ρop(x) and Jop(g) =∫
R3 d

3xΣ3
k=1 g k(x)J kop(x), where f and the components g k of the vector field

g belong to the test-function space D, we obtain the infinite-dimensional non-
relativistic current algebra, a self-adjoint representation of the semidirect sum of
D (as an Abelian Lie algebra) with the Lie algebra of vector fields on R3):

[ρop(f1), ρop(f2)] = 0 , [ρop(f), Jop(g)] = i�ρop(g · ∇f),

[Jop(g1), Jop(g2)] = −i�Jop([g1, g2]) . (5)

Here ρop(f) has the meaning of a mass density operator (averaged with the test
function f ), and Jop(g) the meaning of a momentum density operator (averaged
with the vector field g). To see this easily, consider the Hilbert space for a
single spinless quantum particle, H(1) = L2

dx

(
R3

)
. In this case we have the
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self-adjoint representation of Eqs. (5) given (for Ψ ∈ H(1)) by

ρop (f)Ψ(x) = mf(x)Ψ(x) , (6)

Jop (g)Ψ(x) =
�

2i
{ g (x) · ∇Ψ(x) + ∇ · [g (x) Ψ(x)]} .

As the test function f approaches (in a suitable sense) an indicator function
χB (x) for the Borel set B ⊆ R3, the expectation value (Ψ, ρop (f)Ψ) for
a normalized wave function approaches m

∫
B |ψ (x)|2 dx, which is the mass

times the usual probability density function ρ = |Ψ|2 for finding the particle
inside B at the fixed time t; taking f to approach δ (x − x0) for x0 ∈ R3

fixed, we have that (Ψ, ρop (f)Ψ) approaches m |Ψ (x0)|2. If f (x) suitably
approaches the coordinate function xj , then ρop(f) approximates the moment
operator mqj acting in L2

dx(R3) as multiplication by mxj . Moreover, if g
approaches a constant vector field in the j-direction, so that (let us say) g j (x) ∼
1 with g k (x) = 0 for k �= j, then Jop (g) ∼ −i�∂/∂xj, which is the action
of the momentum operator pj in L2

dx(R3). Thus we have also recovered a
representation of the Heisenberg algebra. Likewise, rotation generators may
be recovered in this representation. We approximate the self-adjoint operator for
orbital angular momentum about the x3-axis by letting g1 (x) = −x2, g2 (x) =
x1, and g3 (x) = 0 within a large ball |x| ≤ R; outside the ball, we let g (x)
fall smoothly to 0. Then as R → ∞, Jop (g) approximates the operator (q ×
p) · e3 acting in L2

dx(R3), where e3 is the unit vector in the x3-direction.

The group corresponding to Eqs. (5) is the natural semidirect product of the
space D (regarded as an Abelian topological group under addition) with the
group Diff 0(R3) of compactly-supported diffeomorphisms of R3. Evidently
we may generalize this construction from the spatial manifold R3 to a general
smooth manifoldM (that serves also as the single-particle configuration space),
or to a smooth manifold with smooth boundary ∂M (on which we require the
vector fields to exponentiate to diffeomorphisms of ∂M ). We may also general-
ize from D to the local Lie algebra map 0(M,G) obtained from a set of charge
densities. The case M = S1 corresponds to the Kac-Moody and Virasoro al-
gebras, but with central charge zero (i.e., without the Schwinger terms). Thus a
continuous unitary representation of Diff 0(M), or its semidirect product with a
map group, also describes nonrelativistic quantum kinematics. [17]

Now the representation of Eqs. (5) given by Eqs. (6) is far from unique. In
fact, the distinct N -particle sectors of the Fock space for the original nonrela-
tivistic field ψ carry distinct (mutually unitarily inequivalent) representations of
the current algebra. Furthermore, the current algebra is independent of whether
the original canonical field ψ obeys commutation or anticommutation relations.
Thus the information as to particle statistics (Bose or Fermi) is not to be found in
the Lie algebra itself, but in the choice of its representation (up to unitary equiv-
alence). Indeed, classification of the unitarily inequivalent, self-adjoint repre-
sentations of Eqs. (5)—or, alternatively, the inequivalent unitary representations
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of the corresponding semidirect product group—has turned out to be a powerful
method for unifying, and in some cases predicting, the kinematical possibilities
for quantum systems.

These possibilities include the usual N -particle representations, N =
1, 2, 3, . . . , satisfying bosonic or fermionic statistics forN ≥ 2 in more than one
space dimension, as well as the parastatistics of Messiah and Greenberg associ-
ated with higher-dimensional representations of the symmetric groups SN . [20]
Local current algebra also led to my prediction (with Menikoff and Sharp) of
particle systems obeying intermediate statistics (or the statistics of “anyons”)
in two-dimensional space, confirming a conjecture of Leinaas and Myrheim;
this was subsequently developed further by Wilczek. [21–24] We also predicted
other exotic statistics (plektons), associated with higher-dimensional represen-
tations of the braid groups BN . [25, 26] Additional possibilities include towers
of particles with spin (both integer and half-integer), [27, 28] composite point
systems having dipole or higher multipole moments, [29] and infinite-particle or
extended systems with infinite-dimensional configuration spaces. [30–32]

A full review is, of course, beyond the scope of this talk; but additional details
may be found in Ref. [15]. The main point here is that the quantum kinematics
of all these (nonrelativistic) systems is consistent with the combined ideas of
locality and symmetry as expressed through self-adjoint representations of the
local current algebra for nonrelativistic quantum mechanics. In the next part, I
shall look at three directions of ongoing research that extend beyond what I have
described to this point.

2 Recent Quantum-Theoretical Directions

I shall first consider a model for quantized vortex filaments, based on repre-
sentations of the algebra of divergenceless vector fields. Recent results are in
collaboration with Robert Owczarek and David Sharp at Los Alamos National
Laboratory. [33–35] Second, I shall mention ongoing work with H.-D. Doebner,
Technical University of Clausthal, within the nonlinear modification of quantum
mechanics that we developed based on a class of representations of the local
current algebra. [36–42] Finally, I shall summarize some findings with Sarben
Sarkar, King’s College London, about local currents for a deformed algebra of
quantum mechanics. [43]

2.1 Quantized vortex filaments

I believe it was Landau who originally proposed to describe the phenomenon
of superfluidity using a theory of quantum hydrodynamics that took the local
operators for fluid densities and currents to be the dynamical variables. Vortex
filaments are strings of vorticity, which we may consider as embedded within
two or three spatial dimensions.
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Now the symmetry group for an ideal, incompressible classical fluid in R2 or
R3 may be taken to be the group G = SDiff (Rd), for d = 2 or 3, consist-
ing of the compactly-supported area- or, respectively, volume-preserving diffeo-
morphisms. [44] The corresponding Lie algebra G is the algebra of compactly-
supported, divergenceless vector fields v(x) on Rd—i.e., a subalgebra of the
nonrelativistic current algebra discussed above. The coadjoint representation of
G acts in the dual space G ∗ of G. Orbits in the coadjoint representation of a Lie
group are equipped with a natural symplectic structure—the Kirillov-Kostant-
Souriau (KKS) form. Coadjoint orbits of G (or families of orbits) play the role
of reduced phase spaces for the classical fluid. [45] Having the classical symme-
try group G motivates the use of geometric quantization, so that the kinematics
of the quantized fluid may be described by an appropriate unitary representation
of G obtained through the method of coadjoint orbits.

To be concrete, the space G ∗ consists of (co-)vector fields A(x) whose com-
ponents are generalized functions (i.e., distributions) on Rd. We express the
duality through the pairing,

〈A,v〉 :=
∫

Rd

A(x) · v(x) dx =
∫

Rd

d∑

k=1

Ak(x)vk(x) dx . (7)

For d = 3, we have

〈A,v〉 = −
∫

R3
ω(x) · χv(x)d 3x , (8)

where we define the stream function χv so that v = − curlχv, and where ω =
curl A now has the interpretation of a (generalized) vorticity density. With d =
2, χv andω are scalar functions on the plane; we then have vk = − εkj∂χv/∂xj ,
where εkj is the antisymmetric 2×2 matrix with ε12 = 1, while ω = ∂A1/∂x2−
∂A2/∂x1.

Marsden and Weinstein [45] considered coadjoint orbits with N point vortices
(for d = 2); i.e., where ω(x) =

∑N
j=1 κδ

(2)(x − xj). In the coadjoint repre-
sentation, a diffeomorphism φ of R2 then acts on ω simply by transforming
the set of points {xj | j = 1, . . . , N} ⊂ R2. One may also consider vortex
dipoles in the plane, or vortex filaments—i.e., loops or arcs of vorticity—in R2

or R3. My co-workers and I have determined, from the geometric quantization
viewpoint, that not all the coadjoint orbits of G lead to a kinematically-allowed
quantization. [33, 34] In fact, a necessary condition in this scheme is the exis-
tence of a “polarization.” Roughly speaking, this amounts to obtaining from the
coordinates of the orbit a maximal set of “position-like” coordinates, which can
parameterize the quantum configuration space. The required polarizations do
not exist for point vortices in the plane, or for vortex filaments in 3-space. But
polarizations do exist for coadjoint orbits whose elements are vortex dipoles,
loops, or arcs in the plane, as well as for orbits containing (2-dimensional) vor-
tex ribbons or tubes in 3-space.
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Let us discuss the case of filaments in the plane. We write the vorticity density
for such a filament,

ω(x) = κ

∫ 2π

0

dα δ(x1 − C1(α)) δ(x2 − C2(α)) , (9)

where we assume the parameterized curve C : [0, 2π] → R2, and C1(α),
C2(α) are the first and second components of C(α) (with respect to some coor-
dinate axes for R2). Here κ is proportional to the total vorticity of the filament.
The KKS symplectic form on the coadjoint orbit containing the element ω of
Eq. (9) can be written as the 2-form,

ΩC(α) = κ

∫ 2π

0

dα δC1(α) ∧ δC2(α) . (10)

Now, an unparameterized filament is just the image set Γ of the map C(α).
We shall next see that it is the unparameterized filaments that play the role of
quantum configurations. For Γ sufficiently smooth, we may parameterize the
curve intrinsically with its own arc length s, making reference (in the case of
a loop of vorticity) to an arbitrarily chosen initial point. We then replace the
original filament C(α) with the pair (Γ(s), γ(s)), where γ(s) is the vorticity
distribution along the filament, written as a function of s:

γ(s) :=
dα

ds
. (11)

With respect to these intrinsic coordinates, the KKS form becomes

Ω (γ(s),Γ(s)) = κ

∫
ds γ(s)δs ∧ δΓ(s) . (12)

This motivates our introduction of the cumulative vorticity function γ̃(s) :=∫ s
0
γ(s ′)ds ′, giving us dγ̃(s) = γ(s)ds. Thus we succeed in writing the sym-

plectic form canonically,

Ω (γ̃(s),Γ(s)) = κ

∫
ds δγ̃(s) ∧ δΓ(s) . (13)

The Poisson bracket for the coadjoint orbit of a vortex filament can now be
calculated. For two functions F,G on the coadjoint orbit, we obtain

{F,G}(C) = − 1
κ

∫ 2π

0

dα

[
δF

δC1(α)
δG

δC2(α)
− δF

δC2(α)
δG

δC1(α)

]

, (14)

or equivalently,

{F,G}(γ̃,Γ) =
1
κ

∫
ds

[
δF

δΓ(s)
δG

δγ̃(s)
− δF

δγ̃(s)
δG

δΓ(s)

]

. (15)
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We see that Γ(s) and γ̃(s) are canonically conjugate “position-like” and
“momentum-like” coordinates for the coadjoint orbit. If in Eq. (14) we let
F (C) = C 1(β 1) and G(C) = C 2(β 2) for fixed parameter values β1 and
β2, we find

{F,G}(C) =
1

κ γ(s(β1))
δ(s(β1) − s(β2)) . (16)

The quantum configuration space is the space of unparameterized filaments Γ,
a result consistent with earlier observations regarding existence of a polariza-
tion for such orbits in the geometric quantization scheme. [33] For the action
of the diffeomorphism group on the orbit, the stability subgroup contains just
those area-preserving diffeomorphisms which preserve the filament (as a set),
but which modify the cumulative vorticity distribution γ̃(s) (leaving the total
vorticity invariant).

To complete the construction of bona fide unitary representations of the diffeo-
morphism group (and thus to obtain self-adjoint representations of the current
algebra), one still needs a suitable measure on the space of unparameterized arcs
or loops. Such a measure is expected to have support on an (uncountably) in-
finite set of coadjoint orbits. The arguments of the creation and annihilation
field operators in the Fock space are no longer points, but extended objects (fil-
aments), so that these fields have become, in a sense, nonlocal. More detail, and
additional results on this direction of work, are reported in Ref. [35].

2.2 Nonlinearity in quantum mechanics

Some time back H.-D. Doebner and I pursued the consequences of the elemen-
tary fact that if we have a self-adjoint representation ρop(x), Jop(x) of the non-
relativistic local current algebra of Eqs. (4), then (for each D ∈ R) the current
JDop(x) = Jop(x)−D∇ρop(x) defines a unitarily inequivalent self-adjoint rep-
resentation of the same current algebra. Assuming ρop and JDop to satisfy the
equation of continuity, ∂ρop/∂t = −∇ · JDop, the original current must obey a
Fokker-Planck type of equation,

∂ρop

∂t
= −∇ · Jop +D∇2ρop . (17)

Taking expectation values in a single-particle Schrödinger representation, we
considered the quantum-mechanical probability density function ρ(x, t) =
(1/m)(Ψt, ρop(x)Ψt) = |Ψ(x, t)|2 and the probability flux density J(x, t) =
(1/m)(Ψt,Jop(x)Ψt) = (�/2mi)[Ψ∗∇Ψ−(∇Ψ∗)Ψ]. For these to obey such a
Fokker-Planck equation, it is straightforward to show that Ψ(x, t) must satisfy
a nonlinear Schrödinger equation of a certain form. [36, 37]

From the fundamental considerations of local symmetry discussed above, we
were thus led to propose the following parameterized family of nonlinear
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Schrödinger equations:

i�
∂Ψ
∂t

=

⎛

⎝− �
2

2m
∇2 + V (x, t) +

i

2
�DR2 [Ψ] + �

5∑

j=1

D ′
jRj [Ψ]

⎞

⎠Ψ ,

(18)
where Ψ(x, t) is the wave function for a single particle with mass m, V
is a (possibly time-dependent) potential, the real numbers D and D ′

j (j =
1, . . . , 5) have the dimensions of diffusion coefficients, and the Rj [Ψ] are spe-
cific homogeneous nonlinear functionals of Ψ, given by

R1 =
∇ · Ĵ
ρ

, R2 =
∇2ρ

ρ
, R3 =

Ĵ 2

ρ 2
, R4 =

Ĵ · ∇ρ
ρ 2

, R5 =
(∇ρ)2
ρ 2

, (19)

where Ĵ = (m/�)J. In Eq. (18), the term (i/2)�DR2[Ψ] is necessitated by
the diffusion term in the Fokker-Planck equation; the other nonlinear terms then
follow from minimal additional assumptions.

In short, the classification of quantum kinematics compatible with the local sym-
metry of nonrelativistic current algebra leads us to this particular form for a class
of nonlinear Schrödinger time-evolutions.

When the time-evolution is nonlinear, the motivation vanishes for requiring that
gauge transformations in quantum mechanics act linearly. Adopting a theory of
quantum measurement suitable to nonlinear time-evolutions, [46] where mea-
surements can be reduced to sequences of positional measurements at differ-
ent times, we therefore demand only that gauge transformations leave the out-
comes of measurement invariant, be local in spacetime, and be well-defined for
and compatible with product states in an N -particle theory. This leads natu-
rally to the following group of nonlinear gauge transformations. [38, 39] With
Ψ ′ = R ′ exp iS ′ = N(γ,Λ, θ)(Ψ), we have (subject to some interpretation of
the multivalued phase),

R ′ = R, S ′ = ΛS + γ lnR + θ; (20)

where γ and Λ are (in general, smoothly time-dependent) real numbers, Λ �= 0,
and where θ is a (sufficiently smooth) real-valued function of x and t. The group
law is then that of a semidirect product,

N(γ1,Λ1, θ1) ◦N(γ2,Λ2, θ2) = N(γ1+Λ1γ2,Λ1Λ2, θ1+Λ1θ2) . (21)

With γ ≡ 0 and Λ ≡ 1, we recover the usual local U(1) gauge group. For
simplicity of discussion, I shall here consider the case θ ≡ 0, taking γ and Λ to
be independent of t.

In the spirit of nonlinearity, we expand the linear term of Eq. (18) in the nonlinear
functionalsRj , obtaining,

i
Ψ̇
Ψ

= i

2∑

j=1

νjRj [Ψ] +
5∑

j=1

μjRj [Ψ] + U , (22)
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where the coefficients ν1, ν2, and μ1, . . . , μ5 have the values ν1 = −�/2m,
ν2 = D/2, μ1 = D ′

1, μ2 = −�/4m+D ′
2, μ3 = �/2m+D ′

3, μ4 = D ′
4, μ5 =

�/8m+D ′
5, andU(x) = V (x)/�. NowN(γ,Λ, θ) acts on the family of nonlinear

Schrödinger equations given by Eq. (18) or Eq. (22). Indeed, if Ψ satisfies Eq.
(22), then Ψ ′ satisfies a gauge-transformed equation in the same family, but with
new coefficients ν ′

1, ν
′
2 , and μ ′

1, ..., μ
′
5. In general, all seven coefficients change

under nonlinear gauge transformations. [38] Nevertheless, the original and the
gauge-transformed time-evolutions predict precisely the same physics.

We see that the physical content of our nonlinear Schrödinger quantum mechan-
ics resides not in the coefficients themselves, but in five independent, gauge-
invariant parameters that can be constructed from them. One possible set of
these is the following:

τ1 = ν2 − μ1/ 2 , τ2 = ν1μ2 − ν2μ1 , τ3 = μ3/ν1 ,

τ4 = μ4 − μ1μ3/ν1 , τ5 = ν1μ5 − ν2μ4 + ν 2
2 μ3/ν1. (23)

In addition (with θ ≡ 0), −ν1U is gauge-invariant, while ρ(x, t) and J gi =
−2ν1Ĵ − 2ν2∇ρ are also gauge-invariant. Eq. (22) is linearizable by gauge
transformations if and only if τ1 = 0, τ3 = −1, τ4 = 0, and τ5 = −τ2/2, and
in this case we have τ2 = �

2/8m2, τ5 = −�
2/16m2. When τ1 �= 0 or τ4 �= 0,

Eq. (22) breaks time-reversal invariance in interesting ways; and when τ3 �= −1
or τ4 �= 0, it breaks Galilean invariance.

In my most recent work with Doebner, we investigate further the question of how
the energy levels of stationary state solutions shift with changes in the gauge-
invariant parameters. [41, 42] The most general meaning of “stationary state”
(assuming a time-independent potential V (x)) may be taken as the condition
∂ρ/∂t ≡ 0, or equivalent, ∇ · J gi ≡ 0. The key question is how to write the
gauge-invariant formula for the energy in such a general context. Here I shall just
state a surprising result, referring the reader to Ref. [42] for additional details.

In earlier work, we had consistently identified τ2 with the physically observed
value of �

2/8m2, which is correct for the linearizable case. We propose, based
on our analysis of stationary state and plane wave solutions, to replace this with
the general interpretation,

τ2
2

τ3(τ2 + τ5)
= − �

2

4m2
. (24)

Evidently this is equivalent to the earlier prescription when τ3 = −1 and
τ5 = −τ2/2, as in linear quantum mechanics. Now, stationary solutions to the
nonlinear equations may be obtained by the method of separation of variables
(followed by various nonlinear transformations). With Ψ = X(x)T (t) in Eq.
(22), the frequency ω (a real constant independent of x and t) is obtained as
ω = i Ṫ /T . But ω is not itself gauge invariant. We propose to define the energy
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of a stationary state as the gauge-invariant combination,

E =
2mν1 ω
τ3

. (25)

The corresponding formula for a gauge-invariant potential energy is

Û = −τ3V
2m

. (26)

The positional parts of the stationary state solutions now can be derived from
a linear, time-independent Schrödinger equation (i.e., an eigenvalue equation)
with potential Û and eigenvalueE.

The surprising fact, then, is that assuming the definitions given in Eqs. (24)-
(26) in conjunction with our family of nonlinear equations, we obtain a gauge-
invariant energy spectrum that is unchanged—for all values of the coefficients—
from that of the linear Schrödinger equation. None of the proposed sources of
nonlinearity shift the energy spectrum! This fact holds both for stationary bound
states (independent of the shape of the potential), and for plane waves. It thus
appears that definitive experimental tests for the presence of quantum nonlin-
earities of the type discussed here (or tests to establish upper bounds on their
magnitudes) cannot rely on precision measurements of spectral lines obtained
by solving the time-independent problem. The focus must be on explicitly time-
dependent processes.

2.3 Local currents for a deformed Lie algebra of quantum mechanics

A final example raises new possibilities for modifying the local current alge-
bra. Several years ago, Vilela Mendes [47] argued again for consideration of
the combined Heisenberg and Poincaré Lie algebras as a kinematical algebra
for relativistic quantum mechanics. The resulting Lie algebra is “unstable”, but
it allows a parameterized family of nontrivial deformations that are “stable” or
“rigid”—in the sense that all the Lie algebras in an open neighborhood in the
space of structure constants are mutually isomorphic. The nontrivial second
cohomology of the original Lie algebra is a necessary condition for it to be de-
formable. [48] Vilela Mendes considers a deformation having two fundamental
length scales, and then takes the larger of these to infinity.

To set the stage, we take the 4-vectors qμ and pν , μ, ν = 0, 1, 2, 3, and the
Lorentz generatorsMμν , and write the canonical brackets, the Lorentz brackets,
and the brackets between the two sets of generators:

[ pμ, qν ] = i � ημν J , [ qμ, qν ] = [pμ, pν ] = [ qμ,J ] = [ pμ,J ] = 0 ,

[Mμν ,Mρσ] = i(Mμσηνρ +Mνρημσ −Mνσημρ −Mμρηνσ),

[Mμν , pλ] = i (pμηνλ − pνημλ) , [Mμν , qλ] = i (qμηνλ − qνημλ) ,

[Mμν ,J ] = 0, (27)
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where ημν = diag [1,−1,−1,−1] in units with c = 1. The (nonrelativistic)
quantum kinematics of a particle is described by representing a subalgebra of
Eqs. (27) by self-adjoint operators in Hilbert space (see below). The stable
deformation we study is parameterized by fundamental lengths R and �. The
indicated brackets are modified as follows:

[ qμ, qν ] = −iε � 2Mμν , [ pμ, pν ] = −i ε
′
�

2

R2
Mμν ,

[ qμ,J ] = iε
�2

�
pμ , [ pμ,J ] = −i ε

′
�

R2
qμ , (28)

where ε and ε′ are ±1. Evidently as � → 0 and R → ∞, we recover Eqs. (27).
Following Vilela Mendes, we focus on the algebra obtained by taking R → ∞,
keeping the small length scale � �= 0. This may possibly be identified with the
Planck length �P =

√
�G/c3 ∼ 1.6 · 10−35 m.

We now consider self-adjoint representations of the Heisenberg-like subalgebra
generated by qj , pk, Mjk , and J , with j, k = 1, 2, 3, and with ε = −1, so that

[ qj , qk] = i �2Mjk , [ qj , pk] = iδjk�J , [ qj ,J ] = −i �
2

�
pj , (29)

while [ pj , pk] = [ pj,J ] = 0. This Lie algebra describes the global symmetry
of the deformed quantum theory; as � → 0, we recover the Heisenberg algebra.
To incorporate a description of local symmetry, we turn again to local current
algebra.

First note that a self-adjoint (albeit reducible) representation of Eqs. (29) is given
in the Hilbert space H = L2

dxdw(R4) by:

qj = xj + i�

(

w
∂

∂xj
− xj

∂

∂w

)

, Mjk = −i
(

xj
∂

∂xk
− xk

∂

∂xj

)

,

J = I − i�
∂

∂w
, pj = −i� ∂

∂xj
. (30)

Observe that an extra dimension has been introduced, labeled by the w coor-
dinate. In this representation, as � → 0, the operators go over smoothly to
the standard representation of the Heisenberg algebra (and the w coordinate be-
comes superfluous).

Ideally we would like to construct an infinite-dimensional local current algebra
for the deformed theory, so that: (1) as � → 0, we recover the local current
algebra of Eqs. (5); and (2) when we integrate over all space (without taking
�→ 0), we recover the Lie algebra of Eqs. (29).

Sarkar and I consider two different approaches, taking for simplicity the case
of (1 + 1)-dimensional spacetime (so that the Lie algebra generators are just
q, p, and J ). One approach is to work within an irreducible representation
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of this algebra. The positional spectrum is then discrete (though unbounded),
while the momentum operator is bounded (with continuous spectrum). In this
approach, we initially localize currents with respect to the spectrum {n� |n =
· · · − 2,−1, 0, 1, 2, . . .} of the deformed position operator q. However, to ob-
tain a (closed) Lie algebra beginning with such currents, one must include new
elements that take more general forms; for example,

∞∑

n,m=−∞
s(n�,m�){ |(n+m) � 〉 〈(n−m) � | ± |(n−m) � 〉 〈(n+m) � | } ,

where s is a compactly supported function on the square lattice of points
(n�,m�), and where |n� 〉 denotes the eigenvector of q having eigenvalue n�.
Such operators are no longer local, as the positional eigenvalues (n −m)� and
(n+m)� become arbitrarily far apart with successive bracket operations. Such
behavior by the commutation relations of discretized local derivatives is well-
known for lattice models.

Our second, quite different approach is to extend the usual nonrelativistic local
current algebra of scalar functions and vector fields (and, correspondingly, the
infinite-dimensional groups of scalar functions and diffeomorphisms). The idea
is to define a current algebra that is local in (x,w)-space, from which—in a
single-particle representation, with the right choices of limiting test functions—
we can recover Eqs. (30). Then the deformed (1 + 1)-dimensional theory in-
volves representations by self-adjoint operators of the usual nonrelativistic cur-
rent algebra in (2 + 1)-dimensional spacetime. In this approach, the local cur-
rents do not act within an irreducible representation of the global Lie algebra;
rather, they connect the reducing subspaces in a direct integral of irreducible
representations. Additional details may be found in Ref. [43].

Such an approach does suggest some interesting new possibilities. For example,
representations previously interpreted as describing N indistinguishable anyons
in two space dimensions might also provide local currents for a deformed algebra
describing N -particle quantum mechanics in one space dimension. This is a
topic of ongoing research.

3 Conclusions

In this short review, I have sought to emphasize how a wide variety of quan-
tum kinematical possibilities derive from the twin ideas of locality and symme-
try encoded in local current algebras. After surveying some of the history of
these ideas, I have touched lightly on three directions of ongoing work in three
different domains—quantized fluid motion, possibilities for nonlinearity in fun-
damental quantum mechanics, and quantum theory with a fundamental length
scale. Hopefully I have succeeded in conveying some features of the distinct
perspective offered by the current-algebraic approach.
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