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Abstract. We review the notion of (anomalous) Poisson-Lie symmetry of a
dynamical system and we outline the Poisson-Lie symmetric deformation of the
standard WZW model from the vantage point of the twisted Heisenberg double.

PACS number: 11.10.-z, 11.25.Hf

1 Introduction

The concept of Poisson-Lie symmetry [1] of a dynamical system is a general-
ization of ordinary Hamiltonian symmetry and it is characterized by the pres-
ence of two Lie groups in the story. One of those groups is called a symmetry
group and it acts on a phase space of a dynamical system. The structure of the
other group (called cosymmetry group) underlies the way how the action of the
symmetry group is expressed in terms of Poisson brackets. If the cosymmetry
group is Abelian the Poisson-Lie symmetry is nothing but the ordinary Hamilto-
nian symmetry known from every textbook on classical mechanics. Sometimes
the Poisson-Lie symmetry can be “switched off” and it becomes the ordinary
symmetry. This happens for one-parameter families of Poisson-Lie symmetric
dynamical systems such that for a particular value of the parameter the cosym-
metry group becomes Abelian (see Example in Section 3). In such case we say
that the corresponding ordinary symmetry is deformable. This short contribution
has two purposes. First of all it aims to be a very concise review of the concept
of the (anomalous) Poisson-Lie symmetry and, secondly, it wants to present the
main results of the paper [5] from the vantage point of the so-called twisted
Heisenberg double [2].

In Section 2, we review the definition of the Poisson-Lie group and in Section 3,
we describe and illustrate the concept of the Poisson-Lie symmetry. In Section
4, we review the construction of the twisted Heisenberg double due to Semenov-
Tian-Shansky and we show that the structure of the standard WZW model can be
understood in its terms. Finally, in Section 5, we show how to choose the twisted
Heisenberg double in order to obtain the g-deformation of the WZW model.
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2 Poisson-Lie Groups

Let B be a Lie group and Fun(B) the algebra of functions on it. It is well known
that the group structure on B can be (dually) described by the so called coproduct
A : Fun(B) — Fun(B) ® Fun(B), the antipode S : Fun(B) — Fun(B)
and the counit ¢ : Fun(B) — R given, respectively, by the formulae

Ay(by,ba) = o/ (b1)y" (b2) = y(biba), S(y)() =y(b™"), ely) =y(en).

Here y € Fun(B), b,b1,bs € B, ep is the unit element of B and we use the
Sweedler notation for the coproduct:

Ay= yo@ya=y ®y"
(03

Poisson-Lie group is a Lie group equipped with a Poisson-bracket {.,.} 5 such
that

Afyiyets = {y1,va} @y v +yiye®{y) 05} s, y1,92 € Fun(B). (1)
Consider the linear dual B* of the Lie algebra B = Lie(B). The Poisson-
Lie bracket {.,.}p induces a natural Lie algebra structure [.,.]* on B*. Let us
explain this fact in more detail: First of all recall that 3* can be identified with
the space of right-invariant 1-forms on the group manifold B. We have a natural
(surjective) map ¢ : Fun(B) — B* defined by

o(y) =dy'S(y"), ye€ Fun(B).

Note that the 1-form ¢(y) is right-invariant therefore it is indeed in B*. Let
ui, uy € B* and y1,y2 € Fun(B) such that u; = ¢(y;),j = 1,2. Then we
have

[ur, ua]™ = o({y1, 2} )

It is the Poisson-Lie property (1) of {.,.} 5 which ensures the independence
of [u,v]* on the choice of the representatives y1,y2. In what follows, the Lie
algebra (B*, [.,.]*) will be denoted by the symbol G and G will be a (connected
simply connected) Lie group such that G = Lie(G). We note that G is often
referred to as the dual group of B.

3 Poisson-Lie Symmetry

A dynamical system is a triple (M,w,v) where M is a manifold, w is a non-
degenerate closed 2-form on it and v is a vector field on M defining the time
evolution. One often considers the case when the vector field v is Hamiltonian.
This means that it exists a function H € Fun(M) such that

v = H]u(.,dH).
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Poisson-Lie Symmetry and g-WZW Model

Here II,, is the so-called Poisson bivector (i.e. an antisymmetric contravariant
tensor field) on M obtained by the inversion of the symplectic form w. An
expression I (df, dg) for f,g € Fun(M) is nothing but the Poisson bracket

Basic definition:

Let B be a Poisson-Lie group and G its dual group. We call the dynamical
system (M, w,v) (G, B)-Poisson-Lie symmetric if G acts on M and if it exists
a surjection y : M — B (called the momentum map) such that

i) Im(u*) is the Poisson subalgebra of Fun(M) stable with respect to the evo-
lution vector field v.

ii) The map w : Fun(B) — Vect(M) given by

w(y) =y, w o(y)), y € Fun(B)
is the homomorphism of Lie algebras fulfilling Im(w) = Lie(Q).

Remarks and explanations:

a) The group G is called the symmetry group since it is the one which acts on
the phase space M. B is called the cosymmetry group and it underlies (via ¢)
the way how the G-action is described via the Poisson bracket on M.

b) Both Fun(B) and Vect(M) are naturally Lie algebras, the former with re-
spect to the Poisson bracket {., .} g, the latter with respect to the Lie bracket of
vector fields on M. When writing Im(w) = Lie(G) we mean that, using the
action of G on M, Lie(G) is embedded in Vect(M).

¢) If the dual map p* : Fun(B) — Fun(M) is a Poisson morphism (i.e.
if {u*y1, w* Y2t = p*{y1,y2}p5) the Poisson-Lie symmetry is called non-
anomalous. If ©* is not the Poisson morphism the symmetry is called anoma-
lous.

Example of non-anomalous Poisson-Lie symmetry:

For G' we take the group SU(2) whose elements are matrices of the form

(g dﬁ)’ a,f € C,, aa + 8 = 1. For B we take a three-dimensional

manifold R? with the usual cartesian coordinates denoted as J* € Fun(B),i =
1,2,3. The group structure on B is (dually) defined by the coproduct, the an-
tipode and the counit

Al'=e” @ '+ Tt @e”, (2a)
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A=l @2+ 2@, (2b)
AP =12+ Pe1, (2¢)
S(J) =—J', eJ)=0, i=1,2,3. (2d)

The Poisson-Lie bracket on B is given by

inh(2e.J?
WA= P P = 0 7 P = TR

Let us now describe a (G, B)-dynamical system (M,w.,v). For M we
take C?(= R?) and we parametrize it by two complex coordinates A, B €
Fun®(M) given in terms of the cartesian coordinates of R* as A = x! + ix?,
B = 23 +ix*. For the (e-independent) evolution vector field v we take

i, = _ (<0 _ 0 ) 0

Instead of detailing the symplectic form w,, we directly describe the Poisson
bracket which it induces. Thus:

{A A}y = i\/l + €2(AA + BB)? + ieBB,

{B,B}a = iy/1+ (A4 + BB)? — icAA,
{A,B} = —ieAB, {A,B}=1ieAB, {A,B}=0, {A,B}=0.
Note that in the limit € — 0 the bracket on M = R* becomes just the Darboux

Poisson bracket.
The action of G = SU(2) on M is given by

(5)-(57)(5) ®

The comomentum map ) reads

wi(J?) = —2i€1n<\/1 +€2(AA+ BB)2 + ¢(BB — AA)),
pi(T) = 5(AB + AB)exp (et (%),

ui(J?) = 5(AB = AB) exp (e (J°),
It is straightforward to verify that Im () is the Poisson subalgebra of Fun(M).

Indeed, we have

inh(2e.J?
(T = (PP =g 2 = TR
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where we have (somewhat abusively) written just J7 instead of 7 (J7). It turns
out that the evolution vector field v is Hamiltonian. The Hamiltonian H, reads

sinh?(eJ?)

He=(JY)?+ (7% + >

€

and fulfils
{H,J*}pr =0, k=1,2,3.

Thus I'm(u*) is indeed evolution invariant as it should.

Now we calculate , .
o(JY) = el dJt — Jrd(es”),

$(J%) = e dJ? — JPd(eT),
&(J3) = dJ>.
The map w is indeed the Lie algebra homomorphism (this can be checked by
using (3) ) and it gives three vector fields acting on f € Fun(M):

w(If = e T e = TS e
W) f = e T ar = P e Y,
w( ) f = {f, T}
Whatever is the value of e, the vector fields w(.J*) turn out to be the same:

o (g0 40 50 ,0
w(T) = 2<BaA+AaB Baa a8

oy _1(p0 70 0 L0
w7 = (BaA A58 P4 1an

sy (79 g0 40  po
W) = (AaA Bos ~ 54 " BB
They verify _ _
[w(J7), w(T*)] = —e*w( '),

where /¥ is the well-known alternating symbol. For completeness, let us men-
tion that the vector fields w(J*) indeed encode the infinitesimal version of the
action (4) of the group G' = SU(2) on M = C?, as they should.

Deformation program

Let us first clarify the role of the (real) parameter € in the example above. Actu-
ally, Eqs. (2abcd) define a one-parameter family B, of the cosymmetry groups.
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Note that for e = 0 the group By is Abelian (the group law becomes just the addi-
tion of vectors in R3) and the brackets (3) become the Kirillov-Kostant brackets
on the dual of the Lie algebra su(2)(= R?). Thus, for ¢ = 0, the vector fields
w(J*) become all Hamiltonian (i.e. w(J*)f = {f, J¥} ) and the dynamical
system (M, wg,v) is symmetric in the ordinary sense.

More generally, having a dynamical system (M, w,v) possessing an ordinary
symmetry with respect to the group G acting on M in the Hamiltonian way, the
deformation program consists in finding a one-parameter family of cosymmetry
groups B, and a one parameter family of (G, B, )- Poisson-Lie symmetric dy-
namical systems (M, w,, v) in such a way that for e = 0 we recover the original
system (M, w,v). In particular, this means that w = wq and By becomes the
Abelian group.

Note that in the deformation process the manifold M = C2 was not deformed,
neither the action of the symmetry group G = SU(2) on M and not even the
evolution vector field v. Only the symplectic form w and the cosymmetry group
B got deformed. Such situation takes place also for g-WZW model.

4 Twisted Heisenberg Double

The basic observation which triggered our work is as follows: The ordinary
WZW model is a particular example of a general construction of (anomalous)
Poisson-Lie symmetric systems known under the name of twisted Heisenberg
double [2]. Let us describe this construction in more detail by stating two lem-
mas:

Lemma 1:

Consider a Lie group D equipped with a non-degenerated bi-invariant metric
and possessing two maximally isotropic subgroups G and B. Let « be a metric
preserving automorphism of D and let T and ¢; be the respective basis of G =
Lie(G) and B = Lie(B) such that (T, t;)p = 6%. Then the (basis independent)
expression

{1, f2}p =VEAVEfo = Vi) AV o f2s - frofo € Fun(D)  (5)

is a non-degenerated Poisson bracket making D a symplectic manifold.

Remarks and explanations:

a) The group D equipped with the Poisson bracket {.,.}p is called the twisted
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Heisenberg double of G. We denote as wp the symplectic form corresponding
to {., } D-

b) Bi-invariant means both left- and right-invariant. The non-degenerated bi-
invariant metric on D obviously induces an Ad-invariant non-degenerate bilinear
form (.,.)p on D = Lie(D). An isotropic submanifold of D is such that the
induced metric on it vanishes. Maximally isotropic means that it is not contained
in any bigger isotropic submanifold.

¢) The vector fields V;’R are defined as

Vh) = () et i) = (§) e,

where K € D,T € D.
Lemma 2:

Suppose that the automorphism « preserves the subgroup B and two global un-
ambiguous decompositions holds: D = BG and D = x(G)B. Consider (sur-
jective) maps Ay, Ar : D — B induced by the decompositions D = BG and
D = k(G)B, respectively. Let v be any vector field leaving invariant the im-
ages of their dual maps A}, A}, : Fun(B) — Fun(D). Then (D,wp,v) is the
Poisson-Lie symmetric dynamical system with the symmetry group G x G and
the cosymmetry group B x B. The symplectic form wp reads

1 1
wp = 5(ALpp ¥ pp)D — 5 (NRPB 3 AD)D, (6)
the group G' x G acts as
(h,hgr) >l = r(hp)lhy', hp,hg €G, 1€D

and the momentum map x : D — B x Bis given by . = A" x AT,

Remarks and explanations:

a) Global unambiguous decomposition D = k(G)B means that for every ele-
ment [ € D it exists a unique g € G and a unique b € B such that | = x(g)b~".
Similarly for D = BG it exists a unique g € G and a unique b € B such that
l=0bg L.

b) pp ( Ap) is right(left)-invariant Maurer-Cartan form on the group D,
A*L( R)PB is the pull-back of the right-invariant Maurer-Cartan form on B by
the map A} (R)-
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Example: The standard WZW model.

Let K be a simple connected and simply connected compact Lie group and LK
the group of smooth maps from a circle S! into K (the group law is given by
pointwise multiplication). It is important for us that there exists a natural non-
degenerate invariant bilinear form (.|.) on LK = Lie(LK) given by formula

(@lf) = 5= [ dotate). B, ™)

where the angle variable 0 € [, 7] parametrizes the circle S! and (.,.)x is
the (appropriately normalized) Killing-Cartan form on I = Lie(K).

For the twisted Heisenberg double D we take the semidirect product of LK with
its Lie algebra LXC. Thus the group multiplication law on D reads

(9:x)-(3,X) = (99, x + AdyX), g€ LK, x € LK.

Lie algebra D of D has the structure of semidirect sum D = L/C é LK where
the second composant of the semidirect sum has trivial zero bracket. Thus

[X®a7£@ﬁ] = [ng] D ([Xaﬂ] - [gaa])v

where x, & € LK are in the first and «, § € LK in the second composant of the
semidirect sum. The bi-invariant metric on D comes from Ad-invariant bilinear
form (., .)p on D defined with the help of (7):

(X ® . B)p = (XIB) + (E|).-
The metric preserving automorphism « of the group D reads

k(g9,x) = (9, x + kOygg9™")

where k is an (integer) parameter. The maximally isotropic subgroups are G =
LK and B = LK. Note that B is Abelian since the group law is given just
by the addition of vectors in LKC. It is simple to establish the decompositions
D = k(G)B and D = BG. Indeed, we have forevery g € LK, x € LK

(9,X) = (9, k0>99™ ") (e, Ady-1x — kg™ '059) = (e, x)-(9, 0),

where e is the unit element of LK.

The symplectic form wp on D is given by (6) and it reads (cf. [3,4])
1
wp = d(Jr|p) + §k(ﬂ|5ap),
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where p is a LK-valued right-invariant Maurer-Cartan form on LK often written
as p = dgg~ ' and J, is LK-valued function on D defined by
Jr(g:x) = x-
In order to define the Hamiltonian H we need one more L/C-valued function on
D denoted Jg. Thus
Tr(9,X) = —Adg-1x + kg™ 0og

and L L
H=—— = .
2k(JL|JL) %(JR\JR)

Let us study the symmetry structure of our dynamical system (D, wp, H). First
of all, the symmetry group G x G = LK x LK acts on D as follows

(h,hr)>(9,X) = (hrghz' kOshrhy ' +hrxhi"), hi,hr,g € LK,x € LK.

(8)
The cosymmetry group B x B is LK @ LK (with Abelian group law given by
the addition of vectors). The (commutative) algebra F'un(LK) is generated by
linear functions F), of the form

hence the algebra Fun(B x B) = Fun(LK) ® Fun(LK) is generated by
linear functions Ff, Ff. The Abelian group law on B x B is then encoded in
the coproduct, antipode and counit on Fun(B x B):

L(R) _ L)R L)R L(R)\ __ pL(R) L(R)y _
AFF® 1@ FWR L pRR g1, S(FER) = p20Y 0 e(FL) = 0.

The Poisson-Lie bracket on B x B is given by

{Fx®LF:®@1}pxp = Fly g ®1, (9a)
{]-@an]-@FE}BXB:]-@F[X,{]? (90’)
{Fy®1,1® F¢}pxp =0, (9¢)

The (dual) momentum map p* : Fun(B x B) — Fun(D) is simply
W(FY) = p (F®1) = (Jolx),  w*(Ff) = p (19F,) = (Jrlx), x € LK.

In order to illustrate that the WZW model (D,wp, H) is indeed (G x G, B x
B)-Poisson-Lie symmetric, we have to verify the items i) and ii) of the
Basic definition of Section 3. First we notice that I'm(u*) is the Poisson subal-
gebra of Flun(D). Indeed, it is not difficult to calculate

{(JLlx), (Jel&)}p = (Jel(Dx, &) + k(x1058), (10a)
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{(rIx), (JrIE) Yo = (JRI([X, €]) — k(x]0-), (100)
{(elx), (JrI€)}p = 0. (10c)

(By comparing (9abc) with (10abc) we see that p* is not the Poisson morphism
hence the symmetry is anomalous). Then we verify, that I'm(u*) is stable with
respect to the time evolution. Indeed, we have

{(JL|X)’ H}D = (JL|8UX)'

{(JrIX), H}p = —(Jr|0sX)-

Verifying the item ii) of the basic definition is also easy. First we identify
Fun(D) = Fun(LK) ® Fun(LG) and, by inverting the symplectic form wp,
we find

{f1®17f2®1}D:07 {f®171®FX}D:V)€f®1a

{1 F,1® Felp =1® Fy g + k(x|0-6)1 @ 1.

Then it is easy to calculate
w((JLhO)(f & 1) = {f © 1 (el)}ar = (VEF ©1), € Pun(LK).
w((J2 1)1 ® Fe) = {1® Fe, (Jo])}p = 1 Fe o + k(€)1 ® 1,
w((Jah)(f ©1) = {f © 1,(Jal)}p = ~(VEf © 1), f € Fun(LK).

w((Jrlx))(1® Fg) = 0.

We thus see that the vector fields w((Jy|x)) and w((Jgr|x)) indeed generate the
infinitesimal version of the action (8) of the symmetry group LK x LK on the
algebra of observables Fun(D).

5 ¢-WZW Model

The deformation program outlined in Section 3 can be applied to the standard
WZW model (cf. [5, 6]). The resulting theory is called a quasitriangular WZW
model and it can be described in rather explicit fashion by performing the so-
called chiral decomposition. The technical presentation of the construction of
the ¢-WZW is however lengthy and it cannot be presented on a small space of
few pages. Therefore we shall restricts ourselves to the very beginning and the
very end of the story:

The twisted Heisenberg double underlying the ¢-WZW model is the loop group
LK€ consisting of smooth maps from the circle S* into the complexified group
KC©. (For example, the complexification of SU(2) is SL(2, C)). It is important
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to stress that LK © is viewed as real group. The invariant nondegenerate bilinear
form (.,.)p on D = Lie(LK©) is then defined as

1

where (.|.) is just the bilinear form (7) naturally extended to LXC , I'm stands
for the imaginary part and e is the deformation parameter. The metric preserving
automorphism « of LK€ is defined most easily if we view the group LK€ as
a group of holomorphic maps from a Riemann sphere without poles into the
complex group K €. (Clearly, the loop circle S* is identified with the equator).
Then
k() (2) =1(e*z), 1€ LKC,

where z is the usual complex coordinate on the Riemann sphere and £ is the
same integer parameter which appears also in the standard WZW model. The
maximally isotropic subgroup G is nothing but LK (the isotropy is a direct
consequence of the fact that (.|.) is real when restricted to LK) and B = L K€
is defined as the group of holomorphic maps from the Riemann sphere without
the north pole into the complex group K €. We require moreover, that the value
of this holomorphic map at the south pole is an element of the group AN defined
by the Iwasawa decomposition K€ = K AN. It is not difficult to establish the
isotropy of L, K€ (cf. Sec 4.4.1 of [5]). Finally, the existence of the global
decomposition D = LK€ = k(LK)(L.K€) = xk(G)B = BG was proved
in [7].

The symplectic structure on D = LK€ is defined by the formula (6) . It turns
out that the symplectic manifold D has the structure of the (reduced) product
P x P of two copies of a simpler symplectic manifold P called chiral ¢-WZW
model. The points of the manifold P are maps m : R — K, fulfilling the
monodromy condition

m(o + 2m) = m(o)e 2™,

where x is an element of the Weyl alcove of the Cartan subalgebra of Lie(K).
The symplectic structure on P is completely characterized by the following ma-
trix Poisson bracket:

{m(0) @ m(o")}p = (m(0)@m(0")) B.(z,0—0")+2i(0—0")(m(o)@m(")),

(11)
where 7(0) is a trigonometric solution of the ordinary Yang-Baxter equation
with spectral parameter

1
o) =r+ C’cotgéa,
C' is the Casimir element defined by

C:ZH'M(@H“‘FZT(E QE*“+ E“® E~).
“w a>0
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and ’ |
ila

:E E- EY —FE*Q E~9%).

T Z 5 —(E7*® & )

The matrix B.(x,0) is the so called Felder’s elliptic r-matrix [8] and it solves
the dynamical Yang-Baxter equations with spectral parameter.

i o X \0z|2 ic 4 _
BE(,’L‘7U):——[)(2—% H_€ HH H"— Z (a,z) 2/18 ’ie)EO(@E

The elliptic functions p(z, 7), 0., (2, 7) are defined as (cf. [8])
01(w — z,7)07(0,7) 01 (z,1)

ow(z,T) = b (o) p(z,7) = 5 o)
Note that 1 (z, 7) is the Jacobi theta function!
O1(z,7) = — Z T3 2w 5) (s )

j=—o0

[l

the prime * means the derivative with respect to the first argument z and the
argument 7 (the modular parameter ) is a nonzero complex number such that Im
T>0.

‘We note that in the limit ¢ — 0 the symplectic structure (11) becomes that of the
ordinary chiral WZW model (cf. [5]). The time evolution in ¢-WZW model is
the same as in the non-deformed case, i.e.

[m(o))(1) = m(o — ),

where 7 is the evolution parameter (time).

The chiral model P turns out to be Poisson-Lie symmetric with respect to the
natural left action of LK on P. For a detailed exposition of this fact see [5], here
we just mention what is the e-deformation of the standard Kac-Moody commu-
tation relation (10a). Thus we set

L(c) = m(o +ike)m ™ (o — ike)

and we use the fundamental Poisson brackets (11) to find well-known relations
of deformed current algebra [10]:

{L(0) § L(o")} = (L(0) ® L(0”))er (0 — 0') + ef(0 = 0')(L(0) @ L(0"))

—(1®L(0’))5f(a—a'+2i€/§)(L(U)@l)—(L(U)@l)sf(a—a’—%s/i)(1®L(8'2))).

'We have 61 (z,7) = 91 (nz, 7) with 91 in [9].
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6 Concluding Remarks

Perhaps the most remarkable result of our deformation program is the fact that
the structure of the deformed chiral WZW model is essentially characterized by
the Felder elliptic dynamical r-matrix [8]. In particular, we find quite amazing
that from so small input (the group structure of LK ©) such a nice mathematical
object like Felder’s matrix naturally emerges. We have shown another interesting
thing, namely, the trigonometric deformed current algebra (12) is underlied by a
more fundamental elliptic structure (11).
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