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Abstract. Multirod dynamically stable linear resonators with equal beam spot
sizes within each rod, despite of the individual thermal optical power of the
rods, are introduced. It is shown that reduced optical power of the thermal
lenses allows for reliable high-power operation. Ways to control power density
loading of the intracavity optical elements as well as resonator misalignment
sensitivity are discussed.

PACS number: 42.60.Da

1 Introduction

A great number of scientific and industrial applications of lasers requires gen-
eration of high-power diffraction-limited laser beams. However achieving high-
power beams of high quality is still an open problem primarily due to the ther-
mooptical effects in solid-state laser media. Thermal focusing and birefringence
of the pumped rod affect very strong operation of lamp-pump Nd:YAG lasers,
especially in the case of single transverse mode operation.

Heat dissipation through the side-rod surface in a solid-state laser necessarily
establishes radial thermal gradient that makes it a positive graded index lens of
considerable optical power D = 1/f m~! (f is the lens focal length). The
lens dioptric power is proportional to the input pump power F;,,. For uniformly
pumped rod the commonly used expression is [1,2]

1 - ndk

7 2L 6]

where 7 is the ratio between the heat dissipated in the rod and the pump power,
k is a constant dependent on the optomechanical properties of the material, and
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7 is the rod radius. Rod thermal lensing converts the solid-state laser resonators
into resonators containing lenses of variable focal length. The properties of sta-
ble linear resonators with a single variable lens are well investigated, including
the so-called dynamically stable resonators in a very generalized manner [1-9].
In this work we use the generalized theory created by Magni et al. [4-8].

2 Basic Results for Resonators with Single Variable Lens

The main results are summarized in [5]. In general the resonator is considered
to consist of two curved mirrors, thin variable lens and two arbitrary optical
systems between them that include the distances to the mirrors and the lens.
The curved mirrors are presented as a combination of a plane mirror and the
corresponding lens of focal length f; = R; (i = 1,2) (see Figure la). Then the
generic resonator is modeled, as shown in Figure 1b, as plane-plane resonator
that encloses a variable lens sandwiched between two generic optical systems.
Generic optical systems are described with suitable 2 x 2 ray transfer matrices
associated with 2 x 1 misalignment vectors.
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Figure 1. a) Resonator with a thin variable lens and two arbitrary optical systems. The
curved mirrors are presented as combination of a plane mirror and a corresponding lens
of focal length; b) Plane-plane resonator with a variable lens sandwiched between two
generic optical systems. The dashed lines are reference planes; ¢) Resonator with two
active elements and u; > us; d) Resonator with two active elements and us > u1.
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A. Stability zones — these resonators have always two stability zones of equal
width in terms of dioptric power. The resonator stability limits are listed in
Table 1, where A;, B;, C;, D; (i = 1,2) are the elements of the corresponding
matrix.

Table 1. Resonator stability limits

Stability zone
Stability limit ~ Rod dioptric power ~ |B1D1| > |B2D2|  |B1Di1| < |B2D2|
C1 | A,

A=0 %:D—I+B2 I 1|
D=0 %Z%-Fg—z I I
B=0 %:g—ijﬂ% I I
C=0 %:g—llJrg—z 1 I

B. Spot sizes — according to the behavior of the fundamental mode spot size
at the variable lens, i.e. the rod, these zones are mirror symmetric and within
each stable zone the rod spot size reaches a minimum of equal magnitude (see
Figure 2). Around these minima the rod spot size is, at the first order, insensitive
to fluctuations of the lens focal length caused by the fluctuations of the input
pump power, and the laser operates in the so-called dynamically stable regime
[2]. Ttis obvious that solid-state laser cannot work at the stable zones boundaries,
where the rod spot size becomes large. In this region pump fluctuations involve
uncontrollable variation of the mode size at the rod aperture connected with
significant output fluctuations. The rod spot size w3 at the point of dynamical
stability (Figure 2) is inversely proportional to the width of the stability zone and
this generalized relationship is independent from the number of the intracavity

elements [5]
9 22 1

W30 = v A_% ) 2)
where A is the laser wavelength and A(1/f) is the dioptric width of the zones.
The range of stability and the position of the two dynamically stable points are
predefined by the resonator parameters excluding the variable lens. The spot
size on the mirror M; at the dioptric points of the lens spot extreme has the
same quantity in the two zones of stability. The stationary values of the spot size
on the mirror M, are not the same in the two zones.

C. Misalignment sensitivity — it plays an important role in narrow stable
range operation. It has been shown [2,5,6] that the two stable zones have differ-
ent behavior in the presence of any (small) resonator misalignment. In one of the
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Figure 2. Spot sizes and misalignment sensitivity as a function of dioptric power of the
variable lens.

zones (called zone II) the resonator reaches at one of the zone ends the equivalent
concentric (or plane-plane) configuration and the resonator misalignment tends
to infinity, (the term |1/C| in Figure 2). At the other zone end the resonator mis-
alignment sensitivity falls to moderate quantities. This fact means that when the
zone power width is comparable to the range of the pump power fluctuations (in
presence of any small resonator misalignment), the absolute displacement of the
ray axis at the position of variable lens will vary in wide range. So there must
take place significant fluctuations of the input power. In the other zone (zone
I) misalignment sensitivity varies slowly remaining essentially lower than mis-
alignment sensitivity for the zone II. Any small resonator misalignment cannot
involve significant additional variations in the output power. Consequently zone
I has another capability to be dynamically stable against resonator misalign-
ment. The resonator reaches the maximum of the intracavity optical power to
which corresponds the minimal misalignment sensitivity. Working in this zone
is mandatory when the zone width is comparable to the range of input fluctua-
tions. However in this zone the beam is permanently focused at the surface of
one of the two resonator mirrors.

These problems, together with thermally induced birefringence, limit the beam
quality improvement. Hence the average output power increasing of such type of
lasers is consequently limited. Reducing the net value of the thermal lens optical
power inside the resonator seems to be the general manner to overpass the above
problems. An effective way to reduce the variable optical power inside the res-

283



O. Denchev, N. Gorunski

onator is to distribute it within a multirod resonator of a proportionally extended
length. The conception of multirod resonators for increasing the output power of
solid-state lasers without reducing the beam quality has been introduced in [10],
where it has been shown that only symmetric resonator configurations have prop-
erties similar to those of the equivalent single rod resonator. The properties of
multirod resonators are well investigated in [11-13]. In this paper we show that
multirod dynamically stable resonators have properties similar to the dynami-
cally stable resonator with a single active element. The main expected advantage
with this resonator conception is extending the output power proportionally to
the number of the rods at the same beam quality as for an equivalent single rod
resonator.

3 Multirod Resonators

In order to analyze a multirod resonator we initially consider a single rod res-
onator optimized for dynamically stable operation and with a predefined rod
mode volume as a generic resonator. Two transfer matrices, two misalignment
vectors, and a variable thin lens between them, are illustrated in Figure 1b. Then
we spread them as an infinite periodic lens guide as it is shown in Figure lc.
The arbitrary cut between both mirror planes that contains the desired number
of variable lenses (rods), forms a corresponding multirod resonator. In the real
systems at the end mirror planes are placed mirrors of corresponding curvatures.
At the internal mirrors positions must be placed thin lenses of focal length

fi=Ri/2, (3)

where R;, i = 1,2, are the radiuses of the curvature of the end mirrors of the
generic resonator, respectively in linear arrangement of the resonator, or true
mirrors of the corresponding curvature if the resonator is folded at the planes of
the internal mirrors positions.

Considering the simple two mirrors generic resonator the transfer matrices ac-
cording to Figure 1b become

A B 1 L;
G - . i=1,2 )
(Ci Di) L )
R; R;

Then it is convenient to parameterize the system with the early-involved useful
parameters [2]

L.
iEBiDi:Li<1——l), 21,2 5
U R, 1 5
with the following physical interpretation:
1 1 1
A= = min (——) (6)
f ua|” fus]
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and the dioptric distance between the stable zones beginnings (°) or ends (¢) of

-Gl o

—
Jur| " |uz]
Also the dioptric gap between the zones is

1 1 1
(A?>I,II - m B @ ' ®)

The variable 1/ f is also convenient to parameterize as it has been done in [2]

Ll ©

With this parametrization the single pass matrix from mirror 1 to mirror 2 be-
comes

. L
91 Leyy L—2(1+xu1) LiLsx
_ * % —_ (_ 1
T=1grg5-1 o = | wy Fustzurus E(lﬂ:u) (10)
Less LiLo Ly 2

Resonators containing even number of rods must have end mirrors of equal cur-
vature and can be obtained in two different configurations. The resonators with
uy > ug are noted with (I) and the resonators with ug > w4 are noted with (I7).
This is illustrated in Figure 1c,d for two-rod resonators. According to the figure
the resonator single-pass transfer matrices have the presentation

T = (7)™, (n

7D = (T7')"*, (12)
where n = 2m is the number of the rods, m = 1,2, 3. .. is an integer number, T’
is the single pass transfer matrix of the generic resonator, 7" is the same matrix
in the opposite passing direction. The odd number of rods resonator can be
present by the following single-pass matrix:

O = 1(T'T)™, n=2m+1. (13)

Then with the aid of the Sylvester’s theorem we can obtain in a very generalized
manner

§ sin(m@)
cos(mb) 292’1LeffsiT
Th—om = 29;,2 (gfg; — ]_) Sin(me) Cos(mg) , (14)

Leff sin 6
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Tn:2m+1
sl e « o\ sin(mo) ] + . sin(mo)
B gl[COb(mH)—l—Q(glgg 1) nd ] Leff[COb(mG)—i—legl g ]
| gigi—1 « «sin(mb)] o« \Sin(mo) ’
T [COS(m9)+2glgl —nd } 95 [COS(m9)+2(glgz D=7 }
5)
where
cosf = 2gig5 — 1. (16)

These expressions are for the area of the resonator stability. In the unstable
region the functions sin and cos become corresponding hyperbolic functions.

The resonators trajectories on the stability diagram are explicit functions derived
by eliminating z in equations

gf(n) =Ap, gé(n) =D,, (17)

where gf(n) and g;‘(n) sign the equivalent Kogelnic’s g-parameters of the cor-
responding n-rods resonator. The trajectories are curves of the n-th order. The
two types of even number rods resonators move equally on a straight line of the
corresponding order as it is shown in Figure 3a for a four-rods resonator. Odd
number resonators move on non-degenerated curves (see Figure 3b), which is for
a three-rod resonator. The main relationships for the resonators can be outlined
analyzing the resonator stability condition

A,B,C,D, <0, (18)
equating to zero each element
A,=0, B,=0, C,=0, D,=0, (19)
5 T 5 T
Ealt g4 .‘
P - 81.
M= 10

- 1 -5 1
5-5 a0 5 -5 0 3

a) b)

Figure 3. a) Stability diagram for resonators with even number of rods; b) Stability
diagram for resonators with odd number of rods.
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and applying inductive approach. The roots common for the pair equations
A, = 0, D, = 0 give the crossing confocal point from the resonator at the
origin of the g-diagram. The roots common for the pair B, = 0, C,, = 0
become double root of the equation

and consequently they are the touching point of the resonator configuration on
the hyperbola branches g7g5 = 1. Thus, the solutions that are roots give the
stability zone boundaries. So we have stable zone boundaries of

T = 1 . @21)

1 1
(i)
U1 U2

The zones of stability are two, with the same width and separation as for the
generic resonator, according to Eqs. (6), (7) and (8) for all considered cases.
Also there is a turning point of the resonator trajectory (gi‘(n) gg(n) = max) at

the point
1,1 1
z=—5(—+-—), (22)
U1 U9

exactly in the middle of the dioptric gap between stable zones in all considered
cases. For resonators with an even number of rods the curve passes through
the confocal point n/2 times and touches m/2 — 1 times hyperbola gjg3 = 1
branches in each stable zone. Odd numbers rods resonators (n = 2m + 1) do it
m/2 and m /2 times, respectively.

Let the matrix M (¢) be the round-trip transfer matrix at an arbitrary reference
plane marked by (¢) inside the generic resonator. The elements of this matrix are
related with a common procedure [14] to the spot size and the wave front radius
of the eigenbeam at the reference plane. It is easy to verify that the correspond-
ing round trip matrix for the considered multirod resonators is

M, (i) = [M; (4)]", (23)

where i signs there all equivalent positions of the reference plane that take place
in the multirod resonator (Figure 1c). Such multirod resonator has the same
intermediate field distribution as its single-rod origin in the corresponding sec-
tions. Eq. (2) also takes place and parameters u; and usy are the same tools for
the rods spot-sizes predefining, so such type of resonators can solve the task we
have set.
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4 Misalignment Sensitivity

In this section we consider the resonators as the first-order misaligned optical
systems [5] by any small mirror tilts and lenses shifting in transverse direction.
The position and the slope (z;, 6;) of the eigenmode axis at the lens of number 4
in the considered multirod resonators can be obtained from [5]

$371
0,) C

where C' is the element 2,1 of the matrix T (Eq. 10). The element |1/C| is the
absolute value of the focal length of the optics between the mirrors (‘mirrors’
power included) that obviously determines the overall resonator misalignment
sensitivity.

Dyoy + Dyoa

) (24)
—Co01+ (C1 — D1/ f)oa

If any resonator component is misaligned, the mode axis displacement on any
arbitrary variable lens (rod) is always contained in the term 1/C. Consequently
this term that for the n-rod resonator is 1/C), stands for the overall resonator
misalignment sensitivity.

For two-rod resonators with Egs. (10) and (14) we obtain the expressions

(1) 2
1 L
= = : : (25)
- i ( : ) < : 1 )
uiug o+ — | o+ — + —
(751 uy Ug
(1) 2
1 Lj
— = . 26
o (26)

9 1 1 1
2uquj x—i—u— m—i—u——i-u—
2 1 2

They show that although these resonators have equal zones widths and separa-
tion, and, consequently equal rod spots distributions in the dioptric scale, they
have quite different behavior of the misalignment sensitivity. Let u; > us. In
this case parameter u; determines the minimal rod spot size. When this param-
eter is connected with the end mirrors — resonator type I, the term |1/C5| goes
to infinity at z = —1/u, in the end of each stable zone. Consequently, this
resonator has no dynamical stability against transverse misalignment, although
its configuration offers some design possibilities for reduction of end mirrors
power-density-loading. The resonators of type II have always a dynamically
stable against misalignment zone.

It is seen from Egs. (14) and (15) that all resonators with number of rods n > 2
have points in which the absolute value of the intracavity optical power cancels
out or the mode axis displacement goes to infinity in both stable zones. These
are touching points to the hyperbola g7 g5 — 1 whose positions and number has
already been indicated in previous section. So we outline the fact that symmetric
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multirod resonators containing more than two rods have no dynamical stability
against misalignment and cannot work reliable when the zones width is of the
range of the pump power fluctuations. Also the absolute deviation of the mode
axis from the rods axes must increase more rapidly with increasing the num-
ber of adjustable elements and spaces between them according to Eq. (24). So
multiplying the number of the rod has additional limits due to the considered
problem. Intracavity optical inhomogeneousness increases with the number of
the rods so we think that resonators containing more than two rods cannot be
used for large-volume high-power single mode operation. But some of these
resonators, especially four-rod configuration (see Figure 3a) can be optimized
with widened stable zones for reliable high average power generation of multi-
mode beams with improved spatial quality.

5 Sensitivity to Asymmetry in Resonator Parameters

Another problem consequential of the concept of symmetric resonators is the
sensitivity of the resonator parameters to its asymmetry. Such can be distances

Li = Li + A(Ly), 27
mirror radii or their equivalents
R; = R; + A(R;), (28)
and thermal optical power distribution
1/fi" =1/fi + A(f), (29)

where the index ¢ stands for the position of the corresponding element. The devi-
ations A(X;) may be either positive or negative. The deviated element matrices
we present as matrix sums

1L\ (1 L 0 A(L)

(0 1)_(0 1)*(0 0 > (30)
10 1 0 0 0

1 ~| 1 + [ ARy 31)
m') \wm! i

1 0 10 0 o y
1 = 1 + . (32)
- 1 7 1 -A(f;) 0

Inserting whichever of matrices Egs. (30), (31) and (32) into matrix products
Egs. (11), (12) and (13) at their assumed position one can establish that even
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single element non-symmetry adds a linear according to A component to each
element of the resonator single-pass transfer matrix. So gaps of resonator insta-
bility appear around the points of singularity and the hyperbola touching points
(Eq. 20). Each stable zone splits into n-subzones. Also there are some shifting
and changes in the total width of the stable region. To estimate the correlation
between the dioptric power magnitudes of the corresponding zones alterations
and the absolute single element asymmetry, we made more detailed analysis for
two-rod resonator. We suppose the parameter u; is always connected with the
end mirrors. The results are as follows:

A) The single length difference L} = L; + A.

Provided that all dimensions are in meters, for the resonator of type (I): |ui| >
|ua| (which is the case of high resonator misalignment sensitivity in both stable
zones), with approximations |u1| > |us| and Ry > L;, we have obtained a gap
of the resonator instability around the confocal point of dioptric power width

1A
ALULI = 2L2
1

(33)
for both stable zones. For the resonator of type (II): |ugz| > |us| with analogous
approximations |uz| > |u1| and R; > L; for mechanical sensitive zone, we
have obtained

Al
AZCLI = m, (34)
(very tight gap), and for the dynamically stable against misalignment zone
A
Azp, = —, (3%)
1 L%

(two times higher than this for the resonator of type (I). The dioptric zones shift-
ing and changes in their widths are of the same order. The changes in the width
of the zones are of the same order.

B) The end mirror curvature non-symmetry R’ = R; + A.

The case |u1| > |uz| gave dioptric gap of

A
A = 36
R T 9(Ry - Ly)? (36)
for both zones, where | Ry — L1| > 0. The case |ua| > |u1| gave
A L?
A = —— 37
T 4u3 R? 37
for mechanical sensitive zone and
A
A = 38
TR, By = L,)° (38)
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for insensitive zone also with |R; — L1| > 0.

The obtained expressions give quantitative criteria for the two-rod resonator lon-
gitudinal alignment accuracy and lens-to-mirror matching requirements. The
corresponding requirements for symmetric resonators containing more than two
rods seem to be of the same or higher order.

C) Differences in variable lenses dioptric power 1/f;" = 1/f; + A.

This is the most difficult to control the resonator parameter. The zones shifting
around the confocal singularity is Az = —A/2. The dioptric gap between two

zones of stability is
U2

2 2"
VUi + uj

From Eq. (39) it is seen that resonator of type (I) (Jui| > |uz|), which has
no dynamical stability against misalignment, is less sensitive to differences in
thermal power distribution

ACL’f =A (39)

Azp~ A2 (40)
Ui

than resonator of type (II) |ug| > |uq|, which has one zone dynamically stable
against misalignment
Azy ~ A (4D

The symmetric resonators reduce the considered gap to

Azy=A/V2. (42)

The dioptric difference almost converts directly into dioptric gap between sub-
zones.

It seems that with increasing the number of the resonator sections, i.e. the rod
number, the dioptric gaps between subzones are almost of the same magnitude.

D) Thermal lens spot sizes deviation

At the presence of any asymmetry the distributions of the spot sizes at any in-
dividual thermal lens become rather different. This fact is very undesirable be-
cause due to different diffraction losses at the rod apertures the generated beam
obtains a form that cannot utilize the all-available power from the rods.

The main deviations in rod spots are around the dioptric gaps between sub zones.
It seems that affected area increases with the dioptric power width of the res-
onator instability gaps between the subzones. That is why we analyze the in-
fluence of the most difficult to control dioptric power differences. We obtained
analytical expressions for nonsymmetrical spot-sizes distribution in the case of
two-rod resonator.
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We inserted a small deviation in the second of the two lenses according to
Eq. (32). We obtained the rod-spot sizes from the common expression

11 _ 12
hy 1 m172 (43)

2 )
7rw1’2 BLQ

where subscripts 1 and 2 sign the first and the second lens respectively, 1m o are
the half traces of the resonator round-trip matrices at the reference planes just be-
fore the corresponding lenses, By » are the corresponding round-trip equivalent
lengths of the resonator. Applying corresponding calculations we have obtained
that the two perturbed by A ; matrices have equal half-traces of

my =my =2m® — 1+ 2BmAj — uy(2usx + 1)(B — 2u) A}, (44)
where

m = [2z(zuiug + u1 + uz) + 1], (45)
B = —2(21”LL1U2 + Uy + ’lLQ), (46)

m is the round-trip matrix half trace and B is the effective length at the lens
reference plane of the generic single-rod resonator. We have also obtained that
the two lenses “see” different resonator round-trip lengths

By = —[2Bm +2(B* — 2u})Ay], 47)
By = —2Bm + (B? — 4u3)Ay. (48)

It becomes clear that the difference of the effective resonator lengths for the two
lenses in presence of such perturbation (due to the lens combination law) is the
main reason for nonsymmetrical rod-spot-sizes distribution. Due to this reason
any other compensating scheme except to fully symmetrize the resonator does
not seem to be able to solve the problem. Another estimation can be done if the
effective length deviation is small. Then the ratio of the spots areas becomes

wi _ 2Bm+ (B? —4u3)A; - (B? — 4u? +4u%)Af.

w?  2Bm +2(B% - 2u})A; 2Bm

(49)

Inside the stable zones and near to their boundaries, expression Eq. (49) be-

comes
2

22 142wy, (50)
Wiy

where the sign £+ depends on the zone number and the position just before

the corresponding zone boundary. The ratio in Eq. (50) tends close to one

with decreasing the lens dioptric difference and decreasing the effective dis-

tance between the lenses as in our choice us stands for the last. This result is
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in agreement with numerical results and conclusions obtained in [14]. Also it
explains the selected resonator advantages in successful experimental work for
high brightness high average power generation with two Nd: YAG rod with bire-
fringence compensation [15].

Symmetric resonators containing more than two rods also can be analyzed from
the same point of view. But the changes of rod-spot sizes distributions have
much more variety difficult for generalization and cannot be presented with sim-
ple expressions. It seems that every case must be investigated separately. Numer-
ical calculations for particular cases show approximately the same conclusions
as for two-rod resonators. Also it seems that symmetric resonators containing
more than two rods cannot offer schemes that minimize the lens-spot-size dif-
ferences according to Eq. (50) except the short schemes that generate beams of
low spatial quality.

6 Conclusions

We have analyzed multirod dynamically stable resonators and shown that they
have two zones of stability of equal width and separation between them exactly
as in the case of the generic single-rod resonators. These zones are not dy-
namically stable against transverse misalignment by the resonators of the type
(D) (u1 > ug), but the resonators of the type (II) (ug > w;) have always dy-
namically stable zone. The resonators with an even number of rods move on a
straight line, such as the symmetric resonators. The resonators with odd number
of rods move on the curve of n-th order. The estimation of the resonator insta-
bility around the confocal point at the presence of asymmetry in the resonator
parameters has been made (in the case of two rod resonator). The ratio of the
spots areas when difference in the dioptric power of the thermal lenses exists has
been estimated also.
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