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1 Introduction

‘PT -symmetric quantum systems have generated much interest in recent years
[1]. Bender and Boettcher in their noteworthy papers [1,2] have claimed that
the real energy eigenvalue of Hamiltonian is due to P7 -symmetry. The linear
operator P (for parity) and another anti-linear operator 7 (for time-reversal) act
on the fundamental observables according to

PaP~ ' = —x;PpP ' =TpT (1)
and 7417 ~' = I remembering that
el =it = —i,p* = —p,p' =p. @

In the explicit form the condition of the P7 -symmetry for the potential V ()
reads
V*(z) = V(x). 3)

In particular, the spectrum of the Hamiltonian is real if P7 -symmetry is not
spontaneously broken and hence, the property of exactness guarantees the real
energies [2—7].
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Different techniques have been applied in the study of 7 -invariant potentials
such as variational methods [8], numerical approaches [9], Fourier analysis [10],
semi-classical estimates [11], quantum field theory [12] and Lie group theoret-
ical approaches [10—14]. In the present paper, our aim is to solve the general
model of non-Hermitian Hamiltonians via the gauge-like transformation, using
Nikiforov-Uvarov method, for which the corresponding eigenvalue problem can
be solved exactly.

The paper is organized as follows. We discuss the general model Hamiltonian
and gauge-like transformation in Section 2. In Section 3, we give a brief review
of NU method. In Section 4 and 5 we consider the Woods-Saxon potential and
Morse model and obtain its eigenvalue and eigenfunctions for the corresponding
Hamiltonian by NU method and also discuss its P7 and non P7 -symmetric
solutions respectively. Section 8 is kept for conclusions and discussions.

2 Gauge-Like Transformation on Non-Hermitian Hamiltonian

Let the Hamiltonian be of the form
H_alpha = [p + iag(z)]> + V(z), (2m =1 = h). 4)
By applying gauge-like transformation [14]
e/ p +iag(x)le ) = p —iag(a),
where f(z) = —2ag(z) [ g(z)dz. Again
/D p + iag(x)?e ! = e p + iag(a)]p + iag(x)le /)

=D p tiag(x)]e T @@ p 4 iag(x))e @

= [p —iag(z)][p —iag(z)]

= [p—iag(z)]*.

Similarly e/ ®)[p + iag(x)]"e~7®) = [p — iag(z)]". We shall now discuss a
Hamiltonian of the type

H, = [p+iaz™])? + V(x), (5
where m is some positive integer. The eigenvalue equation is
Hot(x) = End, (). (©)
Applying a suitable transformation H,, becomes

ef(x)/QHOée_f(m)/Q =Hp = p2 + V(.]?), (7

23



S. Meyur, S. Debnath

2
where f(z) = — — i . ™% and ¢,, becomes
o m—+1
6u(0) = exp | a1 0, (a), ®

where 1, (x) are eigenfunctions of transformed Hamiltonian Hr. The orthonor-
mality condition becomes

00 m+1
/ exp |:_(::;+ 1 :| ¢mq(x)¢nq<x)d$ = 5m,n~ (9)

3 Nikiforov-Uvarov Method

The differential equations whose solutions are the special functions can be
solved by using NU method which has been developed by Nikiforov and
Uvarov [15]. In this method, for a given V' (z), the one-dimensional Schrdinger
equation is reduced to an equation which is

P(s) + —='(s) + ¥(s) =0, (10)

where o(s) and o (s) are polynomials, at most of second degree, and 7(s) is
a polynomial, at most of first degree. The wave function is constructed as a
multiple of two independent parts

Y(s) = ¢(s)y(s) (11
and (10) becomes
a(s)y" (s) +7(s)y'(s) + Ay(s) = 0, (12)
where ¢/( ) (&)
s (s
= —= 13
o(s) ~ os) ()
7(s) = 7(s) + 27 (s). (14)
A is defined as
/ TL(TL B 1) "
Ap + 0T JrTa =0, n=20,1,2,... (15)

determine 7(s) and A by defining

k=X—1(s) (16)

24



Non-Hermitian Hamiltonian with Gauge-Like Transformation

and the linear polynomial 7(s) becomes

ﬂ@_(d2?)i¢(52%>—&+ka (17)

Since 7(s) has to be a polynomial of degree at most one in (17) the expression
under the square root must be the square of a polynomial of first degree. This
is possible only when its discriminant is zero. The differential Equation (10)
is a hypergeometric type, whose polynomial solutions are given by Rodrigues
relation as [16]

C, d"
n(s) = ——=[o" , 18
uls) = 5 el (9)o(s)] ()
where C), is normalization constant and the weight function satisfies the relation
as

d

Z50(8)p(8)] = 7(s)p(s). (19)

4 Woods-Saxon Potential

Let V(z) be a Woods-Saxon potential [17]

—ax —2ax

€ e

V(z)= -V, + V; . 20
( ) 1 1 + qefozz 2 (1 + qefa:c)2 ( )
The Schrédinger equation for the transformed Hamiltonian Hr becomes
d2’¢ e~ aT 6—20430
— E+V -V =0, 21
) + +W [ 2 (1 + ge—a0)2 (0 (21)

where i = 2m = 1. Setting the following notations

Va
q2a2

FE V;
= B= 0= S50 ads = e Q)

with € > 0 (£ < 0) for bound states, Equation (21) becomes

d?y  1—sdy 1 9
42 T s—sds T o)y [—(e+v—PB)s"+(2e—B)s—¢|]yp=0.
(23)
After the comparison of Equation (23) with Equation (10), we have
7(s)=1—s5, o(s) = s — 5%,
o(s) = —(e 4+~ —p)s® + (2 — B)s — e. (24)
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Substituting these polynomials into (17), we have

m(s) = —% i% [(2vE + V1 +dat)s — 2VE] if k= —B — \/e(1 +4v)

m(s) = —g + % [(2vE — VI +dat)s — 2vE] if k= —B+ /e(1 +4).
(25)

After proper choice of the polynomials 7(s) and k, we can write the function
7(s) as follows:

7(3)21—[2+2ﬁ+\/1+4ﬂs+2\/§ (26)

and its negative derivative becomes

Ps) == [242vE+ VT4 .

Therefore from Equation (15) and (16) we have

A:An:n[2+2\/5+\/(1+47)] +n(n—1)

and

/\:k+7r’(s):fﬂf\/s(1+4v)f%—% [2\/E+\/1+47]. 27)

With the comparison of A\, we obtain the energy eigenvalues as follows:

Vi 2
nn+1) - —
B, = _a? |21 ‘10‘4V n>0,g>1. (28
M+ 14 4/1+—=

q2a2

For i = 2m = 1, Equation (28) is consistent with [17]. Using Equations (11),
(13), (18) and (19), the wave functions can be written as

Pn(s) = NpsVE(1 — 5)2 VT p VEVTER) (1 _9g) - (29)
where V,, is normalization constant and Pr(la’b) (x) is Jacobi Polynomial [16].

4.1 PT-Symmetric Woods-Saxon Case

Now let us take the potential parameters as a—ta and Vi, Vo€R, then (4) be-
comes
cos 2ax + q — isin 2ax
1+ g2 + 2gcos2ax
(¢® + 2q cos 2aw + cos 4ax) — i(2¢sin 2ax + sin 4ax)
(1 + ¢2 + 2q cos 2ax)? '

H,=[p—ag)+W

+ Vs 30)
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Then (PT)V (x)(PT)~! = V(z). Let us remember that
PaP~' = —a; PpP~ ' =TpT Y TilT ' =il
ol =il = —i; p* = —p; p' =p.
Also H,, satisfies
(i) H, is non-Hermitian.
(i) H, is P7T-symmetric if m is even.
(iii) H, is P-pseudo-Hermitian if m is odd.

The real energy eigenvalues are given by

Vi 2
nn+1)— —
o+ 1 2
B, —a? |20 qa4v n>0¢>1. (3
2n+1+ 1+2—22
q*a

Thus, by choosing the parameter « as purely imaginary, we found the energy
eigenvalues obtained for non-Hermitian and P7 -symmetric Woods-Saxon po-
tential are not similar to Equation (28). A positive energy spectra is obtained if

and only if
Vi Vs 1 4V, 1
— - == —o/l-== -z 32
ns \/qa2 q2a? 2\/ q?a? 2’ (32)

since the energy eigenvalues of Woods-Saxon potential are negative. The eigen-
values are always positive real when Vo = 0 and then condition for n is n <

1 /W ?a® . . .
3 fﬁ? — 1, but can be complex for V5 > 1 Since these one-dimensional

non-Hermitian Hamiltonians are invariant under P7 -transformation, they pos-
sessed real spectra. Thus, their real spectral properties may be linked with their
‘PT -symmetry. The eigenfunctions of the Hamiltonian (30) are

¢n(z) = Cpexp [—iax (2\/_ — mx_L)] (1+ qe_““)%(“rm) y

vy
21/€,4/1 Py

X Pn( )(1 +2ge~ %), (33)

4.2 Non PT-Symmetric Woods-Saxon Case

Next let us take V7, — iV;, Vo € R and o« — iy, then (4) takes the form

sin 2ax 4 i(cos 2ax + q)
Hio =[p— -V
lp = ag(@)] T+ q? + 2q cos 2ax

(¢? + 2q cos 2ar + cos dax) — i(2q sin 2aw + sin dax)?
(1 + ¢2 + 2q cos 2axx) '

+ Va2 (34)
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Such a potential is non-P7 -symmetric. The energy eigenvalues are given by

Z'Ll 2
+ 1)+ —
n(n ) a2

2 1
B, =a® |70 | n=0g21 G
2
simplification of which gives
2 2 2 27/2
4 1 —
Bo= " (ons14 1- 22 vz — Vi .
16 q2a2 054(]2 4V2
<2n +14+,4/1-— 2)
QP
Vz 2V V- V
2 i L2 L. @36

o

q3a2<2n+1+ 1-—
q

Visible energies are obtained when

Loy ovi/a_ 1 4V, 1
— —VHVA - 1 - 37
n < qa(q Vi 5) B a2 37)

If ¢ — iq then from (35) we have real energy

(+1)+V1 i
nin _—
2 1 2
E,=a? |20 | nz0421 69
oM —+14/1+ 222
o

5 Morse Potential
Let us take V'(x) be Morse potential of the form
V(z) = Vie 2% — Voe %, (39)
The Schrédinger equation for the transformed Hamiltonian Hr becomes
d*y

Tt [E — Vie 2% 4 Voe *%yp = 0, (40)
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where i = 2m = 1. Setting the following notations:

E
e=——, 3= and s = \/Vie™ "
a

I
a bl ’7 - 0[2\/717
with € > 0 (E < 0) for bound states, Equation (40) becomes

——l—————[ﬁQsQ—'ys—i-E]w:O. (41)
Comparing the Equation (41) with Equation (10), we have
T(s) =1, o(s) =,
o(s) = 3%s* —ys +e. (42)
Using (41) and (17), we have
7(s) = £(Bs + 2v/¢) if k=~+28ye
7(s) = £(Bs — 2V/2) if k=v—28e. (43)

After proper choice of the polynomial 7(s) and k, we can write the function
7(s) which has a negative derivative as follows:

7(s) =1+2ye—28s (44)
and then its negative derivatives become
7'(5) = —20.
Therefore from Equation (15) and (16) we have
A=A, =2n0 (45)

and
A=k—0. (46)

With the comparison of A in Equations (45) and (46), we obtain the energy
eigenvalues as follows:

2

E,=-% <2n+1— Ve

4 av/' Vi

2
) , (n=0,1,2,...). 47
From (13), (14), (18) and (19), we have the wave functions as

Yn(s) = NpsVee P LEVE) (245), (48)

where NV,, is normalization constant and Lg? H )(x) is associated Laguerre Poly-

nomials [16].
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5.1 P7-Symmetric Non-Hermitian Morse Potential

We are going to consider different forms of generalized Morse potential, viz at
least one of the parameters is purely imaginary. When a—i« and V3, V5 € R,
the Hamiltonian (4) becomes

H, = [p—ag(x)]*4+V; cos 2ax — Va cos ax —i(Vy sin 20 — Va sin o). (49)

Then V () satisfies the relation (P7)V (z)(P7)~! = V(z) and H,, satisfies
(i) H, is non-Hermitian.
(i1) H, is P7 -symmetric if m is even.
(iii) H, is P-pseudo-Hermitian if m is odd.
The energy eigenvalues and eigenfunctions are given by

2

2
! . W
E,=—|(2n+1+ , =0,1,2,... 50
1 (n Zoz V1) n (50)

(bn(x):Cn exp |:—i04l' (\/g - mxj: 1) — ﬁ\/vle_io‘z:| Lg‘/g)(Zﬂ\/Vle_mm).
(5D

5.2 Non P7-Symmetric Non-Hermitian Morse Potential

When V3, V5 € C and « € R, then V() is non-P7 -symmetric. It is of interest
to consider the two special cases:

Case-I: Vi = (A+iB)?, Vo = (2C+1)(A+iB),a =1and A,B,C € R. In

this case, Equation (38) takes the form
V(z) = (A+iB)% % — (2C + 1)(A+iB)e ™ (52)
E,=-(n-C)? n=0,1,2,... (53)

which is completely real and independent from the potential parameters A, B
and consistent with Ref. [18]. Since ¢ > 0, using Equations (45) and (46) we

Vy 1
haven < C = ——.
2V 2
Case-1I: V, € R, V5 = (A + iB). The energies are
2 A+iB\?
En:a_(2n+1— Rl ) n=01,2.... (54)
4 (0% V1

There are real energies only when
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(1) Im(V2) =0,V; >0anda € R
(ii) Im(¥2) =0, V4 < 0 and o € iR
(iii) Re(V2) =0,V <0and a € R
(iv) Re(12) =0,V4 > 0and o € iR

6 Conclusions

We have discussed the eigenvalues and eigenfunctions of non-Hermitian Hamil-
tonian for Woods-Saxon and Morse potential and the orthogonality condition.
We have also discussed the pseudo-Hermiticity of this Hamiltonians. Finally,
we have emphasized that the method discussed here can be generated for other
potentials.
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