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Abstract. The Schodinger equation is solved for Woods—Saxon plasdhl-
Teller potential. Nikiforov—Uvarov method is used to obtain energy eigaasa
and the corresponding eigenfunctions. TA& and nonP7 -symmetric solu-
tions for this potential are presented.
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1 Introduction

The Schédinger equation is one of the fundamental wave equatiogaamtum
physics. In non-relativistic quantum mechanics, one Ugwuhlooses a Hermi-
tian potential to derive real energy eigenvalues of theasponding Sclidinger
equation [1,2]. Recently, the exact solution of the $dimger equation for the
potentials which have complex spectrum are generally efé@st due to the dis-
covery of P7-symmetry [3]. Potentials having this symmetry are comles
non-Hermitian. The interesting property of ti& -symmetric quantum me-
chanics is that the eigenvalues of these complex valued lktemiains are real
and positive. It is also well-known th&7 -symmetry does not lead to com-
pletely real eigenvalues, because there are several fadganhere part or all of
the energy eigenvalues are complex. In particular, theggresgenvalues of the
Schiddinger equation are real whé?7 -symmetry is unbroken, where as they
come in complex conjugate pair wh&h/ -symmetry is spontaneously broken.
Non-Hermitian butP7 -symmetric models have applications in different fields,
such as condensed matter [4], population biology [5], sd6¢, nuclear physics
[7] and quantum field theory [8].

The purpose of the present paper is to further pursue thdageaent of P7 -
symmetry and to solve the one-dimensional time-indeperfsiemodinger equa-
tion for some complex potentials. In view of tf&7 -symmetric formulation,
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we will apply the Nikiforov—Uvarov method [9] to solve therte-independent
Schibdinger equation for Woods-Saxon pluggehl-Teller potential. We will
also obtain the eigenvalues and eigenfunctions of the W8aaen potential
[10] and the Bschl-Teller potential [11].

The arrangement of the present paper is as follows. Afteied imtroductory
discussion of the Nikiforov-Uvarov method in Section 2, weain the energy
eigenvalues and eigenfunctions for real and complex cd$®e@ds—Saxon plus
Poschl-Teller potential in Section 3. In Sections 4 and 5, geuss the solu-
tion of P7-symmetric and nof?7 -symmetric Woods-Saxon plu®8chl-Teller
potential. In Sections 6 and 7, we discuss, the eigenvaln@®genfunctions
of Woods-Saxon potential and8chl-Teller potential respectively. Finally, con-
clusions and remarkable facts are discussed in the lagsect

2 Nikiforov—Uvarov Method

The conventional Nikiforov—Uvarov method [9], which regsd much interest,
has been introduced for solving Sodinger equation [12,13], Klein-Gordon
and Dirac [14-18] equations.

The differential equations whose solutions are the spéamations of hyperge-
ometric type can be solved by using the Nikiforov-Uvarov inoet which has
been developed by Nikiforov and Uvarov [9]. In this methdte bne dimen-
sional Schddinger equation is reduced to an equation by an approyuaeseli-
nate transformatiom = z(s)

7(s)
a(s)

whereo(s) anda(s) are polynomials, at most of second degree, afi is a

polynomial, at most of first degree. In order to obtain a patér solution to
Eqg. (1), we set the following wave function as a multiple obtimdependent
parts:

a(s)

o2(s)

W (s) +

P'(s) +

P(s) =0, 1)

¥(s) = d(s)y(s). )
Using Eq. (1) and Eg. (2) we have
o(s)y"(s) + 7(s)y'(s) + Ay(s) = 0, ®3)
which demands that the following conditions be satisfied:
¢'(s) _ 7(s)
o) als)’ @
7(s) = 7(s) + 27(s), 7'(s) < 0. (5)

The conditionr’(s) < 0 helps to generate energy eigenvalues and corresponding
eigenfunctions. The conditiori(s) > 0 has widely been discussed in [19]. The
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A in (3) satisfies the following second-order differentialiation:

@0//(5% n=20,1,2,.. (6)

A=\, =-n7'(s) —
The polynomial(s) with the parameteg and prime factors show the differen-
tials at first degree be negative. Itis to be noted that \,, are obtained from a
particular solution of the formy(s) = y,,(s) which is a polynomial of degree.
The second pam, (s) of the wave function Eq. (2) is the hypergeometric-type
function whose polynomial solutions are connected by thdrigaes relation
[20-21]

C, dv

uls) = 75 Tl (o) ™

whereC,, is normalization constant and the weight functje(s) satisfies the
relation as

25 0(8)p(8)] = 7(s)p(s). (8)

On the other hand, in order to find the eigenfunctiops(s) and y,,(s) in
Egs. (4) and (7) and eigenvaluksin Eq. (6), we need to calculate the functions

ﬁ(s)(";?) i\/(012%>2&+k0, (9)

k=X—7'(s). (10)

In principle, sincer(s) has to be a polynomial of degree at most one, the expres-
sion under the square root sign in Eq. (9) can be put into dalke the square

of a polynomial of first degree [9], which is possible only i idiscriminant

is zero. Thus, the equation férobtained from the solution of Eq. (9) can be
further substituted in Eq. (10). In addition, the energyeeigalues are obtained
from Egs. (6) and (10).

3 Woods—Saxon Plus P dschl-Teller Potential

The Woods-Saxon potential pluggthl-Teller potential is given by

e—2uw e—4aa;

2
V(e) = —Vig p— +Va At ge ) Visechlaz.  (11)

The Schédinger equation becomes

d2’¢ 67211:70 ef4aa:
— 4+ |E+W ~ Vi
dx2 + +W 1+ qe—2aw 2 (1 + q€—2a:c)

whereh = 2m = 1. Setting the following notations

E Vi . _
Pl ﬁi:@(> 0), (i=1,2,3), ands=—e 2aw (13)

5+ Vgsechzam P,  (12)

E =
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with ¢ > 0(E < 0) for bound states, equation (12) becomes

Py 1y
ds?>  s—qs? ds (s—qs?)?

+{2gz — (B + 4Bs)}s — a}w —0. (14)
After the comparison of Eqg. (14) with Eqg. (1), we have

[ —{¢*c — b1 + B2 }s?

7(s)=1—gqs, o(s)=s—qs’
(s) = —{a’e — qB1 + Ba}s” + {20e — (B +4B3)}s —e.
Substituting these polynomials into Eq. (9), we have
1
m(s) = =2 £5 [(2V — uP)gs — 2V2] (16)

|f k= —(,61 + 463) + /JCI\/EP, Where
53 52 \/1 493 Va

(15)

qa® ' ¢?a?’

pw=+1,—-1 and P\/lJr
For bound state solutions, it is necessary to choose
qgs 1

n(s) = 22 [(2VE — puP)gs — 2] (17)

if k = —(B1 +483) + pg/eP.

The following track in this selection is to achieve the caiodi7’'(s) < 0. There-
fore, 7(s) becomes

7(s) =142ye— [24 2y — puP| gs (18)
and then its negative derivatives become
m'(s) = —[2+2Ve — pP] q. (19)
Therefore, from Egs. (6) and (10), we have
A=X,=n[24+2Ve—puP|lqg+n(n—1)q (20)
and
A= (81 +485) +paveP — L — L(2ye ). (21)

Comparing Egs. (20) and (21), we have

n[2+2VE — pPlg+n(n—1)g=— (51 +48s)+uq/eP — 3 — 3(2\/5 — p1P)

2
= (2n+1—pP)vVe + n(n+1)+ % — (n+ %)MP:—(Q%;M?’)
4201 pP)E 4 (21— P2 = — OB o0

q
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Substituting the values ¢f;, (32, 03, € and P, we obtain the energy eigenvalues:

a2 4V3 Vo
E, = — (2n+1—m/1+ qa2)
N 2
B QPa?  qa? 23)
[ 4V Vo |’
2n+1—p 1—|——3+ 5
qa
where(n =0,1,2,...), ¢>1. Again Eq. (22) can be expressed as
1 1 +4
(2n+1—uP)\/E+n(n+1)+§—<n+§>upz—w
1 1
:>(2n—|—1—,uP)\/§—|—n(n+1)—|—§—|—5(2n—|—1—uP)(2n+1)
1 (B +403)
——@2n+1)=
S(@n+1) -
(B +465)

= 2n+1—puP)Ve+(2n+1—puP)2n+1)=n(n+1) — .

Substituting the values @f,, 32, 53, € and P, we write the energy eigenvalues
in another form

Vi +4V3 ?

a v, V|
2 +1— iy |1+ —o + 25
qa® ' ¢%a

where(n =0,1,2,...), ¢>1. From Egs. (5), (8), and (15), we obtain the weight
function

2n+1

E, = —4a* (24)

p(s) = s*Vo(1 —qs) ™" (25)
and from Egs. (4), (15), and (17), we have

o(s) = V7 (1 — gs)2 0. (26)
Now using the properties of Jacobi Polynomial [20,21]

(-1)"(1—a)~(14a)~ d"

(€,d) () — nte ntd
P (2) o ()™
ne—2 P n
P(Z\/E,—HP)(l_2qs): (—QQ) S \/'_(1_q3)“ d [ n+2\/_(1 qs)n uP]
" n! ds™

(27)

21



S. Meyur, S. Debnath
The wave functions are obtained from Egs. (2), (7), (25-27)
1 4Vs Vo
2 17"1’\/ a2 T @a )
’(/}n(S):NnS\/E(]_—QS)2< qa? " g2a?
<2¢5,*u\/1+%+q¥22>

x Py, (1 —2gs),

(28)

where N,, is normalization constant to be determined from the nowatitin

condition )
[ tontoras =1.
0

Two different forms of Jacobi Polynomials [20,21] are

Pt = 3 ar () () o

= p J\n-p

n

- nIl(n+c+d+1) r T(r4+c+1)

r=0

where

(n) B n! _ F(n—l—l)
r) rln—r) TE+DI(n-—r+1)’

P2e2d) (1 — 2¢s) = (=1)"T(n + 2¢+ 1)[(n + 2d + 1)

n

P<Cﬁd>(x)_m zn: (n) T(n+ctd+rtl) (x—l

<3 (=1)Pg"? s"P(1—gs)?

p=0

I'(n+2c+1)
I'(n+2c+2d+1)

n

PEe2 (1 = 2s) = (<1)"

pl(n—p)! T(p+2d+1)T'(n+2c—p+1)’

(n —r)!
—~rl(n—r)! I'(2¢c+r+1)

L(n+2c+1)°T(n+2d+1)

1= NZ(-1)"
=) [(2c+2d+1)

q

Z (=1D)7q¢" T'(n+2c+2d+r+1) ,

i (=1)P g P T (n+2c+2d+r4+1) 1,4 (p, 1)
p,7=0

where

1
1
Inq(pﬁ)=/ STEVETP(1—qs)tPds, e=yE, d=—gpuP.
0

22

plrl(n—p)l(n—r)IT(p+2d+1)T(r+2d+1)I'(n+2c—p+1)’

(29)

(30)

(31)

(32)

(33)

(34)

(35)
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Using the following integral of hypergeometric function:

1 _
/ 5771 = 5)e7 (1 — ¢s)"bds = oF (a, b ¢ q)—F(a)F(C @) (36)
0 I'(c)
provided
Re(c) > Re(a) > 0, |argl — q)| <,
which gives
! 1
/ s (1 — gs)7Pds = =oFi(a,b;a + 1;q) . (37)
0 a

Using Eq. (35) and Eq. (37) we have

1
n+2y/e+r—p+1)
X oF1 (n42ve +r—p+1, uP—p—1;n4+2Ve +r—p+2,q). (38)

Inq(pv T) = (

4 PT-Symmetric Non-Hermitian Case

In this case, we set the potential parameters in equation) @d
Vi, Vo, V3, V4, geR anda€lR (a — ia), then EqQ. (11) becomes

cos2ax + q — isin 2ax
1+ ¢2 + 2gcos 2ax
(¢*+2q cos 2ax+cos 4ax) —i(2q sin 2ax +sin 4ax)
(14+4%+2q cos 2ax)?
2q+(q*>+1) cos 2ax+i(q> —1) sin 2ax
(1+q2+2q cos 2ax)? '

V(JZ) = — V1

+ Vs

— 4V (39)

ThenV (x) satisfies the relation
(PT)V (2)(PT)™" = V(x),
where
PaP l=—x; PpP l=—p=TpT ', TilT '=—il
=z, it=—i, p*=—p, pi=p.
The energy eigenvalues of the potential (39) are

Vi +4V; ?
n(n—l—l)-i—w

a v Vs |
2n+1—p 1--—32__2
qa q2a2

q>1,  (40)
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condition forn is

1 /W Vs 0 4V3 Va 1
A pojp 2 2 2 41
n< 2\ qa? ¢%a? + 2 qa?  ¢%a® 2 (41)

Hence eigenvalues are always real¥er< ¢%a? — 4¢Vz and complex fol, >
q%a® — 4qV3. The corresponding eigenfunctions are

1 avs Vo
3 (1—H 1_qa2 _q2a2>

[1_4Vs Vo
(2\/57_M l_qaz_q2a2>

x Py (1—2gs), (42)

U (s) = Ans‘/g(l —qs)

where the normalization constast, is given by the relation

T(n+2c+1)°T(n+2d+1)
T(2c+2d + 1)
i: (=1 g P (n+42c42d+r+1) 1,4 (p,7)
— piri(n—p)!(n—r)0(p+2d+1)I'(r+2d+1)I'(n+2c—p+1)

1= A%(-1)

(43)

D,
with
1

n+2y/e+r—p+1)
X o1 (n42ve +r—p+1, uP—p—1;n+2Ve +r—p+2,q), (44)

Inq(P, T) = (

=V d=—3uP, P=[1-— -

5 Non P7T-Symmetric Non-Hermitian Case

Now let us consider the casé,, Vy, €R, andVy, Vs, q, a€IR, (V; — iV;, V3 —
iV3,q — iq,a — ia). Then potential (11) takes the form

sin 2ax+q+1 cos 2ax cos 2az —i(sin 2az+q) ] °
14+q¢2+2gsin 2ax 2 14+¢2+2¢sin 2ax
(¢* — 1) cos 2ax + i{(¢* + 1) sin 2ax + 2q}
(14-¢%+2gsin 2ax)? '

V)=V,

—4V3 (45)
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This kind of potential is norP7-symmetric. From Eq. (24), the energy eigen-
values are

Vi + 4V 2
n(n+1)+ %
L (46)

4V3 Vs ’
M1 -yl — 24 2
n+ H qa2+q2a2

2n+1

E, = 4a®

where
1 /W Vo H 4V Vo 1
= Eli- =4 2 -2 47
n< 2\ qa?  ¢%a? * 2 qa? * q?a? 2 (47)
The corresponding eigenfunctions are
1 [, 4Va Vo
g\ = 1=gz t 2 )
1/)n(S)BnS\/g(1q5)2< qa? " q2a?
(2vamfi- i )
x P, (1—2gs), (48)
where the normalization constaBt, is given by the relation
C(n+2c+1)°T(n+2d+1
['(2c+2d+1)
z": (=P g P (n+-2c+2d+r+1) L4 (p, 1) 49)
= plri(n—p){(n—r)IT'(p+2d+1)T'(r+2d+1)I'(n+2c—p+1)
with
1
Io(p,r)=
L e Ay S

X oFy (n+2ve +r—p+1,puP—p—1;n+2ye +r—p+2,9), (50)

1 4V Vo
C:\/g, d:—EILLP, P= 1—q?+q2a2.

6 Woods—Saxon Potential

For V3 = 0, the potential (11) becomes Woods-Saxon potential [10]

—2ax —4dazx

Vi) = —Vi— ‘

\% . 51
11_|_qe—2ar + 2(1+q€—2ar)2 (51)
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The energy eigenvalues and eigenfunctions of this potemttaobtained from

Egs. (24) and (28) by setting= —1

77
4qa?

2n+1+,/1+%

q4a

L, is % ) (2\/5,,/1+q¥§2>
'(/]n(s):DnS\/E(l—qS)2< q2a?

P, (1—2gs), (53)

2n+1_ nn+1)

E, = —4d* n>0, ¢>1, (52)

whereD,,, the normalization constant, is given by

T(n+2c+1)°T(n+2d +1)
['(2c+2d + 1)
i (=P g P (n+-2c42d+1+1) Ly (p, 1)
plrl(n—p)l(n—r)IT(p+2d+1)I'(r+2d+1)I'(n+2c—p+1)

1= D2(-1)

(54)
p,r=0

with
1

(n+2ye+r—p+1)
X o1 (n42ve +r—p+1, uP—p—1;n4+2\e +7—p+2,q), (55)

1 |V
¢=VE d=- pP, P= 1+q2—;2.

We are now going to consider different forms of generalizezb¢—Saxon po-
tential, viz at least one of the parameters is purely imagin&/hena—ia and
V1, Vs € R, thenV (z) becomes

Inq(pa T) =

V() cos 2ax + q q* + 2q cos 2ax + cos dax
T)=—
"1+ ¢2 + 2q cos 2ax 2 (14 @2 + 2g cos 2azx)?
sin 2ax 2¢sin 2ax + sin4ax

i |V
e 11+(]2—|—2qcos2ax

56
2(1—|—(]2—|—2qcos2ax)2 (56)

Then (PT)V (z)(PT)"' = V(z). The real positive energy eigenvalues are
given by

(n+1)+ Vi i

nn -—

on+1 2

B, —4a |1 4qa n>0, ¢>1 (57)
2 Va
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if and only if

1 /W Vs 1 Vo 1
L T E Y S 58
ns 2\/qa2 q2a? 2\/ q%a? 2 (58)

The eigenvalues are always positive real whé&n= 0 and condition fom is
Vi

n<iy /—12 — 1 but can be complex fov, > ¢%a®.
qa

Next let us takd’; — iV, Vo€R anda — ia, then (11) takes the form

v sin 2ax a q% + 2q cos 2ax + cos 4ax
1+ g2 + 2g cos 2ax (1+ g% + 2g cos 2ax)?
. cos 2ax + q 2gsin 2ax + sin4azx
o { "1+ ¢2 + 2q cos 2ax 2(1—|—q2—|—2qcos2a:v)2

Viz) =

(59)

Such a potential is nof*7 -symmetric. The complex energy eigenvalues are
given by

(n+1)+ -

nin —

o+ 1 z

B, —4a? | 2P L 4qa n>0, q>1. (60)
n+l+ 7q2a2

7 Poschl-Teller Potential

AssumingV; = V, = 0, the potential (11) turns into@chl-Teller potential
[11]
V(z) = —Vgsechgax. (61)

The energy eigenvalues and eigenfunctions of this potemtiaobtained from
Egs. (23) and (28) by setting= 1

2n+1—4/1+ %
\/ qa
i 1—,/1+%> (2\/5’*\/1+%>
Pn(s) = LpsVE(1 - qs)2 < “) P, ! (1—2¢s), (63)

whereL,,, the normalization constant is given by

2
2

E, = —“Z n>0, ¢>1 (62

JT(n+2c+1)°T(n+2d + 1)
I'2c+2d+1)
" (=1)P g P (n+2c42d+r+1) 1,4 (p,7)
Z plrl(n—p)l(n—r)IT(p+2d+1)T'(r+2d+1)T'(n+2c—p+1)

1= I2(-1)

(64)

p,r=0
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with
1
n+2y/e+r—p+1)
X oFy (n+2v/e +r—p+1, uP—p—1;n+2/c +r—p+2,q), (65)

1 / 4V:
c=+/¢, d:—iuP, P= 1+qfag.

We are now going to consider different forms of generalizéddhl-Teller po-
tential, viz at least one of the parameters is purely imagin&/hena—ia and
V3, ¢ € R, thenV (z) becomes

ITLQ<p’ T): (

2q + (¢* + 1) cos 2ax LV (¢> — 1) sin 2ax

V(x) = —4V- . (66
(=) 3(1+q2—|—2qc052ax)2 3(1+q2—|—2q0052ax)2 (66)
ObviouslyV (—z)* = V(x) (PT). The positive energies are
9 2
a 4V-
En=7 |2n+1- 1—q7§ n>0, g¢>1. (67)
Next let us takd’s — iV3, ¢ — ig anda — ia, then (11) takes the form
21 2 2 4 1)sin2ax + 2
V(z) = —4Vs (q ) cos 2ax iV (¢* 4+ 1) sin 2ax + q2 . (68)
(14 ¢2 + 2gsin 2ax) (1+ ¢2 + 2gsin 2ax)
In this casé/ (z) is nonP7 -symmetric. The eigenvalues are
5 2
4V~
Ep=" |2n+1—1-=2 n>0, ¢=l.  (69)
4 qa

8 Conclusion

In this paper, the Scbdinger equation with Woods-Saxon plugsehl-Teller
potential have been solved by using the Nikiforov—Uvarothnd. Some in-
teresting results includin@7 -symmetric and norP7 -symmetric versions of
the Woods-Saxon plusdBchl-Teller potential have also been discussed. The
energy eigenvalues of the Woods—Saxon plaisdBl-Teller potential have been
presented separately. It is interesting to see that Eg. (52), (57), (60) are
consistent with [10], and Egs. (62) and (63) are consistetit {#1]. Under
some restrictions of the potential parameters, we have stioat the norP7 -
symmetric Woods—Saxon plu$gchl-Teller potentials have real energy spectra.
In Figures 1-14, the Woods—Saxon plussehl-Teller potential, Woods-Saxon
potential and Bschl-Teller potential, are presented for various pcaptiram-
eters.
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Figure 1. Woods—Saxon plus
Poschl-Teller potential fo
Vi =40, Vo = 96, V3 = 60,
a=1,q=4.

V(

X

)

-1
-2
-3
-4
-5

N

Figure 2. Woods—Saxon poten-
tial for Vi = 40, Vo = 96
a=1,q=4.

X

S

Figure 3. ®schl-Teller poten-
tial for Vs = 60,a =1, ¢ = 4.

N
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2
2
e

Figure 4. Woods—Saxon plus
Poschl-Teller potential for
Vi = 40, Vo = 96, V3 = 64,
a=1,q=4.

Figure 5. Woods—Saxon poten-
tial for V1 = 40, Vo, = 96,
a=1,q=4.

Figure 6. ®schl-Teller poten-
tial for Va = 64,0 =1, ¢ = 4.
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Figure 7. Real part ofP7-
symmetric Woods—Saxon po-
tential forV; = 40, Vo> = 96,
a=1,q=4.

-
\ i:\ \\\ ~_
Figure 8. Imaginary part of «\\: ‘ :.?\\\1
PT-symmetric Woods—Saxon 0 Z
potential forV; = 40, V5, =

96,a =1,q =4.
\\\\‘
Figure 9. Real part of noRP7 - 4\\\‘\\/ \ \\ \\\\\\\

symmetric Woods—Saxon po-
tential forVy = 40, V2 = 96,
a=1,q=4.
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Figure 10. Imaginary part
of nonP7 -symmetric Woods—
Saxon potential fol, = 40,
Vo=96,a=1,q=4.

Figure 11. Real part oP7-
symmetric Bschl-Teller poten-
tial for V3 = 0.25, a = 1,
q=4.

Figure 12. Imaginary part of
PT-symmetric Bschl-Teller
potential forVs = 0.25,a = 1,
q=4.
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Figure 13. Real part of non
PT-symmetric Bschl-Teller
potential forVs = 0.25,a = 1,
q=14

| | R \
Figure 14. Imaginary part 0 ‘\\,4 .\ ,‘(\\h
of nonP7-symmetric Bschl- VX, %) o1 \\ ."'&“:::5
Teller potential forls = 0.25, 0} IS \ 2
1.4 -0. 01 (22 \,\..
a=1,qg=4 - > \\\\@ y
S
X
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