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Abstract. We investigate analytically gravitational lensing by charged, sta-
tionary, axially symmetric Kerr–Sen dilaton-axion black hole in the weak de-
flection limit. Approximate solutions to the light-like equations of motion are
present up to and including third-order terms in M/b, a/b and rα/b, where M
is the black hole mass, a is the angular momentum, rα = Q2/M , Q being
the charge and b is the impact parameter of the light ray. We compute the po-
sitions of the two weak field images up to post-Newtonian order. The shift of
the critical curves as a function of the lens angular momentum is found, and
it is shown that they decrease slightly with the increase of the charge. The
lensing observables are compared to these characteristics for particular cases as
Schwarzschild and Kerr black holes as well as the Gibbons–Maeda–Garfinkle–
Horowitz–Strominger black hole.

PACS codes: 95.30.Sf, 04.70.Bw, 98.62.Sb

1 Introduction

The gravitational lensing can be used for a confirmation of the generalized grav-
ity theories. One of the most promising avenue realizing the unified theories is
the string theory, which in the low-energy limit reduces to the Einstein–Maxwell
dilaton-axion gravity. Nowadays, it is widely believed that in nearly every
galaxy is hosted a massive black hole. Inspired by this hypothesis, we model
the massive dark object in the center of the Milky way Galaxy as a Kerr–Sen
black hole dilaton-axion generalization of the classical Kerr solution with the
aim of investigating the charge and the dilaton-axion field effect over the lensing
observables.

In the weak deflection limit, the theory of gravitational lensing has been de-
scribed successfully with perturbative methods applied to the theory of gravity
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under consideration. Following the perturbation method of [1] in the present
work we will concentrate our attention on the weak gravitational lensing due
to a stationary, axially symmetric Kerr–Sen dilaton-axion black hole in the het-
erotic string theory with the aim of investigating the influence of both the angular
momentum and the charge on the behaviour of the bending angle, on the position
of the weak field images and on the critical curves and caustics.

2 Rotating Kerr-Sen Dilaton-Axion Black Hole and Null Geodesics

We consider a stationary, axially symmetric solution of the heterotic string the-
ory field equations [2]. The line element of this solution in generalized Boyer-
Lindquist coordinates {t, r, ϑ, φ} is given by

ds2 = −
(

1 − 2Mr

ρ2

)
dt2 + ρ2

(
dr2

Δ
+ dϑ2

)
− 4Mra sin2 ϑ

ρ2
dtdφ

+
(
r(r + rα) + a2 +

2Mra2 sin2 ϑ

ρ2

)
sin2 ϑdφ2, (1)

where

Δ = r(r + rα) − 2Mr + a2, (2)

ρ2 = r(r + rα) + a2 cos2 ϑ. (3)

Here M is the mass of the black hole, a is the angular momentum of the black
hole in units of mass and rα = Q2/M , where Q is the charge of the black hole.
In the particular case of a static black hole, i.e. a = 0 the solution (1) coincides
with the Gibbons–Maeda–Garfinkle–Horowitz–Strominger (GMGHS) solution
investigated in the weak deflection limit regime from Keeton and Petters in [3].
The particular case rα = 0 reconstructs the Kerr solution investigated in the
weak deflection limit from Sereno and De Luca in [1].

The Kerr-Sen space is characterized by a spherical event horizon, which is the
biggest root of the equation Δ = 0 and is equal to

rH =
2M − rα +

√
(2M − rα)2 − 4a2

2
. (4)

Hence follows the regularity conditions of the event horizon a < a cr =
1
2

∣∣∣1 − rα

2M

∣∣∣. Beyond this critical value of the spin an extremal Kerr–Sen black

hole (a = acr) and a naked singularity appear (a > acr). We will restrict our
considerations up to and including critical angular momenta. The hypersurface
on which the Killing vector ∂

∂t is isotropic, i.e gtt = 0, is the so called ergo-
sphere described by the equation

res =
2M − rα +

√
(2M − rα)2 − 4a2 cos2 ϑ

2
. (5)
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In the case of gravitational lensing in the weak deflection limit regime the light
ray has a minimal distance of a closest approach rmin � res, so that the photons
do not pass through the ergosphere.

The equations of motion for a ray of light can be derived via the Hamilton-Jacobi
equations for metric (1), (see [4]). The light-like fourth-order differential system
is

ρ2ṙ = ±
√
R(r), (6)

ρ2ϑ̇ = ±
√

Θ(ϑ), (7)

ρ2φ̇ = −aE + Lz sin−2 ϑ+
a

Δ
[(r(r + rα) + a2)E − aLz], (8)

ρ2ṫ =
E(r(r + rα) + a2)2 − 2MraLz

Δ
− a2E sin2 ϑ, (9)

where

R(r) = [aLz − (r(r + rα) + a2)E]2 − Δ[(Lz − aE)2 +K], (10)

Θ(ϑ) = K − cot2 ϑ[L2
z − sin2 ϑE2a2]. (11)

In Eqs. (6-9), the dot indicates the derivative with respect to the geodesic affine
parameter, in Eqs. (10) and (11),K is a separation constant of motion,E = −p t
is the energy at infinity and Lz = pφ is the photon angular momentum with
respect to the rotation axis of the black hole.

The final expressions of the photon trajectory follow from Eqs. (6-9) in terms of
integrals

∫ r dr

±
√
R(r)

=
∫ ϑ dϑ

±
√

Θ(ϑ)
, (12)

�φ = a

∫ r [(r(r + rα) + a2)E − aLz]
±Δ

√
R(r)

dr +
∫ θ [Lz sin−2 θ − aE]

±
√

Θ(θ)
dθ.(13)

The sign in front of
√
R(r) and

√
Θ(ϑ) is positive when the lower integration

limit is smaller than the upper limit, and negative otherwise.

We consider a static source {rs, ϑs, φs} and a static observer {ro, ϑo, φo} lo-
cated in the asymptotically flat region of the space-time, far away from the lens,
so that rs/o � res. Taking into account the zero of the azimuth, we set φo = 0.
Hereafter, we will also use the modified polar coordinate μ = cosϑ. Along the
motion of the photon from the source to the observer the r coordinate first de-
creases from rs to a minimum distance rmin and grows finally to ro approaching
to the observer. Depending on the direction taken by the light ray at ϑ s, the pho-
ton can attain a maximum ϑmax or a minimum ϑmin. If ϑ is initially growing
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(μ decreasing) the photon reaches a maximum angle ϑmax (a minimum μ) and
after that decreases reaching the observer at ϑo (μ increases to get to μo), other-
wise for an initially decreasing. In the other case, if ϑ is initially decreasing (μ
increasing) the photon reaches a minimum angle ϑmin (a maximum μ) and after
that increases getting to the observer at ϑo (μ decreases to get to μo). The sign
in front of

√
R(r) is chosen to be positive if we are integrating from rmin to ro

or rs and negative otherwise. By analogy the sign in front of
√

Θ(ϑ) is chosen
to be positive (or negative) if the integration is from ϑmin (or ϑmax) to ϑo or ϑs.

In the weak deflection limit we can describe the light ray trajectory with the as-
sumption that at infinity, where the black hole attraction is insignificant, it is a
straight line. The approximate light ray can be identified by the photon angular
momentum Lz and the separation constant of motion K . For observer posi-
tioned at infinity, with coordinates (ro, ϑo) in the Boyer-Lindquist system, we
can describe the images with two celestial coordinates ξ1 and ξ2. By definition
ξ1 and ξ2 are the coordinates of the image position projected along the tangent
to the light ray at the observer into the plane through the black hole and normal
to the line connecting it with the observer. In particular, the coordinate ξ 1 de-
scribes the observable distance of the image with respect to the symmetry axis
in direction normal to the ray of sight, while the coordinate ξ 2 represents the ob-
servable distance from the image to the image projection in the equatorial plane
in the direction orthogonal to the ray of sight (see Refs. [5], [6], [7]). These are
observable quantities and are related to the constants of motion J = L z/E and
K = K/E2 as can be shown. Using Eqs.(6-8) and further allowing E = 1 and
ro → ∞, we get

ξ1 = r2o sin θo
dφ

dr

∣∣∣∣
ro→∞

= − J√
1 − μ2

o

, (14)

ξ2 = r2o
dθ

dr

∣∣∣∣
ro→∞

= ±
√

K + a2μ2
o − J 2

μ2
o

1 − μ2
o

. (15)

The roots ofR(r) define the inversion point in the radial motion. For weak gravi-
tational lensing there is only one inversion point, which represents the closest ap-
proach distance, the largest of which is rmin. For equatorial observer ϑo = π/2
and large ro the observable distance of an image with respect to the black hole is
b 


√
ξ21 + ξ22 =

√
J 2 + K, which is exactly the spherically symmetric impact

parameter. The impact parameter is a conserved quantity defined geometrically
by the perpendicular distance from the center of the lens to the tangent of the
light ray at the observer. We expect for small deflections rmin to be of the same
order. Therefore, following [1, 5] for the solution we suggest that

rmin 

√
J 2 + K

⎧
⎨

⎩1 +
4∑

i,j,k=0

cmarαε
i
mε

j
aε
k
rα

⎫
⎬

⎭ , (16)
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where we are introducing three independent expansion parameters in terms of
the invariants of motion

εm =
M√

J 2 + K
, (17)

εa =
a√

J 2 + K
, (18)

εrα =
rα√

J 2 + K
. (19)

Here the coefficients cmarα are real numbers, and the summation is over all
possible combinations of epsilon powers i, j and k up to and including the fourth
order terms.

3 Lens Equations

Let us consider the lens equations. The light ray trajectory can be described with
the integrals of motion J and K. Therefore, once we have connected the image
positions with the integrals of motion and solved the geodesic equations, Eqs.
(12) and (13) by μs and φs we can find the lens mapping {μs, φs} �→ {θ1, θ2},
which connect the source and the image positions. Following the papers [1]
and [5], which have developed the Kerr black hole lensing in the weak deflection
limit, we construct the Kerr–Sen black hole lens equations. We find approximate
analytical solutions of the isotropic equations of motion, which are corrected by
small parameters M/b, a/b and rα/b, where M is the black hole mass, a is the
angular momentum and rα = Q2/M is the square of the charge per unit of mass.
The geodesic equations, Eq. (12) and Eq. (13), representing respectively the
polar and the azimuthal motion of the photon can be written in the perturbative
form

μs = μs(μo|M,a, rα|J ,K) + δμs(μo|M,a, rα|J ,K) + O(ε4), (20)

φs = φs(μo|M,a, rα|J ,K) + δφs(μo|M,a, rα|J ,K) + O(ε4), (21)

where δφs and δφs have a contribution of order ∼ ε3 (see Ref. [10]).

The lens equations are usually given in terms of the apparent angular positions
of the image over the plane on the sky {θ1, θ2} and of the angular positions of
the source {B1, B2} in absence of the lens. As the source and the observer are
distributed in the asymptotically flat region of the space-time, we can introduce
right-handed Cartesian coordinate system with the origin centered at the lens,
such that the Ox3 axis is oriented along the lens optical axis connecting the
observer plane and the lens plane and the Ox1 axis belonging to the lens plane
and orthogonal to the Ox2 axis. The last one traces the projection of the black
hole axis of symmetry over the lens plane. In this setting θ1 and θ2 mark the
image apparent angular coordinates measured along the Ox 1 axis and the Ox2
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axis, respectively. Then, the apparent angular image positions are connected
with the celestial coordinates ξ1 and ξ2, (see Eqs. (14, 15)), and therefore are
linked to the invariants of motion through the relations

ro
tan θ1√

1 + tan2 θ
= − J√

1 − μ2
o

(22)

ro
tan θ2√

1 + tan2 θ
= −(−1)k

√

K + a2μ2
o − J 2

μ2
o

1 − μ2
o

, (23)

where θ is the angular separation of the image from the black hole and tan 2 θ =
tan2 θ1 + tan2 θ2. The sign before the square root can be represented with
the sign of the image component θ2, according to (15). From Eq. (22) it is
obvious that the prograde photons (J > 0,K = 0) will produce images standing
on the left-hand side of the optical axis (θ1 < 0), while retrograde photons
(J < 0,K = 0) will produce images standing on the right-hand side of the
optical axis (θ1 > 0).

Taking advantage of the lensing geometry, we can find the angular coordinates
of the source and express them in terms of radial coordinates [1]

Ds tanB1 = rs sinφs
√

1 − μ2
s, (24)

Ds tanB2 = rs(μs
√

1 − μ2
o − μo

√
1 − μ2

s cosφs). (25)

Here Ds is the angular diameter distance measured along the optical axis from
the observer plane to the source plane. The angular diameter distances can be
related with the radial coordinates in the following way:

Dd = ro, (26)

Dds = −rs[μoμs + cosφs
√

(1 − μ2
o)(1 − μ2

s)], (27)

Ds = Dd +Dds, (28)

whereDd andDds are the angular diameter distances measured along the optical
axis from the observer plane to the lens plane, and from the plane of the lens to
the source plane, respectively.

Examining gravitational lensing in the weak deflection limit regime the Kerr–
Sen lens equations can be written in a simple form if we introduce a series
expansion parameter ε based on the angular Einstein ring. In terms of radial
coordinates, the Einstein angular radius for a static observer is defined as [1]

θE =
√

4M
rs

ro(ro + rs)
. (29)

The expansion parameter is then defined as [1, 3]

ε =
θE
4D

, (30)
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where D = rs/(ro + rs). In a way similar to the resolution of the geodesic
equations, we can perform the expansion in terms of three parameters, εM ≡
ε, εa = ( aM )ε and εrα = ( rα

M )ε. Terms of different physical order are then
collected up to a given formal order in ε. Holding contributions in order of ε we
assume that the solution of the lens equations can be written as

θ1 = θE(θ1(0) + θ1(1)ε+ O(ε2)), (31)

θ2 = θE(θ2(0) + θ2(1)ε+ O(ε2)). (32)

The angular separation of the image from the black hole can be represented as

θ = θE(θ(0) + θ(1)ε+ O(ε2)). (33)

Therefore, the coefficients θi(j) and θ(j) are polynomial of j-th order in
(a/M)m(rα/M)n, where m+ n ≤ j. The source position also can be rescaled
as Bi = θEβ. Under the assumption for small angles (thin lens approximation)
it can be shown that up to the given order in the expansion parameter ε the lens
equations acquire the expected form

B1 = θ1 −Dα̂1(θ1, θ2) (34)

B2 = θ2 −Dα̂2(θ1, θ2), (35)

where α̂ is the angle of deflection of the light ray defined as the angle between the
asymptotic direction of the light ray at the observer and the asymptotic direction
at the emitter. The lens equations, Eqs. (34) and (35) have been derived up to
and including contributions ∼ ε2 in [1].

4 Critical Curves

The critical curves separate the regions in the lens plane where the Jacobian
determinant J of the lens map has an opposite sign. For a point lens at these
curves, the magnification factor of the images A diverges. Taking into account
that the source emits isotropically, the observer will see the unlensed source
(rs/ros)2 times smaller with respect to the observer positioned at the black hole
[8]. Then the Jacobian determinant reads

J =
(
ro
ros

)2(
∂μs
∂θ1

∂φs
∂θ2

− ∂μs
∂θ2

∂φs
∂θ1

)
. (36)

5 Image Positions

Let us consider the solution of the perturbed lens equations, Eqs. (34) and (35).
Assuming the series expansions, Eqs. (31–33), for the image positions, we solve
the lens equations term by term. The results show that at this order there is a
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Figure 1. The trajectory of the positive parity image θ+ and the shape of that of the
negative parity image θ− for a source (empty circlets) passing with scaled angular co-
ordinate β2 = 0.3 over the equatorial plane. The corresponding critical curves are also
plotted. On the upper panel the Schwarzschild black hole (filled black circlets, solid line)
and Gibbons–Maeda–Garfinkle–Horowitz–Strominger (GMGHS) black hole (filled red
circlets, dashed line) as well as GMGHS naked singularity lenses (filled blue circlets,
dashed dotted line) are considered. On the lower panel the GMGHS black hole (filled
black circlets, solid line) and extremal Kerr–Sen black hole (filled red circlets, dashed
line) as well as Kerr–Sen naked singularity lenses (filled blue circlets, dashed dotted line)
are considered.

degeneracy between the Kerr-Sen black hole and the GMGHS black hole lenses,
which seems to be displaced from the optical axis along the equatorial plane
at {θ1, θ2} 
 θE{−a

√
1 − μ2

oε/M, 0}. When the lens angular momentum is
oriented along the Ox2 axis, photons which impact the lens with b1 < 0 are
positioned close to the center in contrast to the photons with b 1 > 0, which are
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placed further with respect to the center. The critical curves are shifted on the
right hand side of the lens. When the lens is the static and spherically-symmetric
GMGHS black hole the weak field images are symmetrically positioned with
respect to the lens optical axis. If the source is detached from the equatorial
plane, for everyβ �= βcau and a > 0 the observer will see how the two weak field
images will be counterclockwisely rotated, around the optical axis, with respect
to the line connecting the static and spherically-symmetric images. When we
move the source from the left hand side of the lens to the right hand side, such
that the scaled source angular coordinate β2 = const, the two images follow
the unperturbed ones. The effect of the parameter rα, which appears, consists
in the decreasing of the radius of the critical curves as well as of the angular
separation of the image positions from the optical axis with the increasing of the
lens charge. When rα = 0 the behaviour of the images is the same as in the
Kerr black hole case, which has been described in [1]. Considering a motion of
light source in Figure 1 we have plotted an image trajectories produced by the
Schwarzschild, GMGHS and Kerr–Sen black hole lenses as well as GMGHS
and Kerr-Sen naked singularity lenses for some values of the lens charge and
angular momentum. The corresponding critical curves are also plotted.

At the linear order in mass M , rα and specific angular momentum a, the Kerr–
Sen lensing is observationally equivalent to the gravitational lening by displaced
GMSHS lens. If we take into account the nonlinear coupling between the phys-
ical parameters of the lens we can perform analytical calculations for the image
positions up to and including terms ∼ O(ε2). As a result it has to be expected
that the degeneracy between Kerr–Sen and GMSHS lenses will be broken (see
Refs. [1,9]). This is also seen from the expression of the deflection angle, which
includes the squares of the angular momentum, a2, and mass, M 2 in the terms
of third order, O(M 2a/b3) and O(Ma2/b3).
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