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Abstract. We consider parameter estimation for a stochastic thermionic
emission model generated by a diffusion process with multiplicative
noise and temperature- and electric field-dependent drift. Since the
transition density is not available in closed form, standard likelihood
based inference is infeasible. We construct a quasi-likelihood using a
Hermite type parametrix expansion, yielding an explicit high order ap-
proximation without solving the Kolmogorov equation. This leads to a
quasi-maximum likelihood estimator for discretely observed emission
currents. Least squares, least-absolute-error, and one step estimators
are included for comparison. Monte Carlo experiments under physi-
cally structured PDE-generated inputs show that fully iterated estima-
tors, especially Hermite based QML and selected second-order con-
trast schemes, provide more stable inference than one-step corrections,
which are sensitive to the input complexity.

KEY WORDS: Hermite expansion, parameter estimation, PDE-driven inputs,
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1 Introduction

We consider statistical inference for a discretely observed stochastic process
that is a solution to a stochastic differential equation (SDE). Let X (¢) be a
d-dimensional diffusion satisfying

dX(t) = a0, X(¢)) dt + o(0, X (1)) dW(t),  X(0)==z, (1)

where W is an m-dimensional Brownian motion, a and ¢ are known coefficient
functions, and 8 is a vector of unknown parameters. Observations are available
at discrete times tx, = kh, k =0,1,...,n.
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2 Hermite-Based QML for Thermionic Emission

The present work is motivated by thermionic emission experiments, in which
the primary stochastic state variable is the emission current I(¢) generated by
a heated cathode under an applied electric field. According to the classical
Richardson-Dushman theory, the stationary emission current density is approx-
imated by

J(T,E) = Acg Aomit T? exp _¢=BsVE , 2)
kT

where T' denotes temperature, F the electric field, ¢ the effective work func-
tion, Aeg the Richardson constant, and A, the effective emitting area. Thus,
Acsr Acmit acts as an overall scale parameter for the equilibrium emission level,
while g accounts for Schottky-type barrier lowering [1,2]. This law and its re-
finements form the basis of thermionic cathode characterization and thermionic
energy conversion theory [1,2,4-6]. Throughout the paper we use the generic
notation X (¢) for the diffusion state; in the thermionic setting we identify X (¢) =
1(t).

In practice, emission parameters are typically extracted from static current tem-
perature characteristics using linearized Richardson plots or related least squares
fits of the deterministic law. Such procedures, however, neglect temporal depen-
dence and stochastic fluctuations in the emission current, or treat them heuris-
tically as measurement noise. In many devices, thermal fluctuations, surface
processes, and external perturbations induce intrinsic stochastic variability in
I(t), making a stochastic dynamical description both natural and necessary for
statistically efficient parameter estimation.

In this work we model the emission current /(t) as a component of the diffu-
sion process (1), with temperature T'(¢) and electric field E(¢) entering as time
dependent control inputs. The drift term encodes a Richardson—Dushman-type
emission law combined with a relaxation mechanism toward a temperature and
field dependent equilibrium, while the diffusion coefficient describes multiplica-
tive stochastic fluctuations. The parameter vector 6 thus contains both physical
emission parameters and dynamical parameters governing the temporal variabil-
ity of the current.

Statistical inference for discretely observed diffusions is challenging because the
transition density is rarely available in closed form. Existing approaches include
numerical solution of the Kolmogorov equation, Bayesian and particle meth-
ods, simulation based likelihoods, and contrast function estimators [3, 7-25]. In
this paper, we avoid direct numerical solution of the Kolmogorov PDE by em-
ploying a Hermite type parametrix expansion of the transition density [26-28].
This yields an explicit high order approximation and enables the construction of
a quasi-likelihood for thermionic current observations I(¢;) with concomitant
operating conditions (T}, Ey).

Based on this approximation, we develop a Hermite based quasi-maximum like-
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lihood estimator (QMLE) for the thermionic emission model. In addition, we
implement least squares (LSE), least-absolute-error (LAE), and one step update
estimators within a unified framework and compare their performance under
physically structured PDE generated temperature and electric field inputs. The
resulting methodology is likelihood based, accounts explicitly for temporal de-
pendence and multiplicative noise, and provides a flexible and computationally
efficient tool for estimating physical emission parameters from discretely sam-
pled thermionic current data.

2 Model Formulation

2.1 Stochastic model for the emission current

In the thermionic—emission application considered in this paper, the primary
stochastic state variable is the emission current I(¢) generated by a heated cath-
ode under an applied electric field. The temperature 7'(¢) and electric field E'(t)
are treated as externally generated inputs. In the numerical study, these inputs
are produced by a heat-equation model and a Poisson field model driven by
Ornstein—Uhlenbeck boundary and forcing processes. The current is modeled as
a one—dimensional diffusion process.

Motivated by the Richardson—-Dushman law with Schottky correction, we define
the equilibrium, or target, emission current by

"oT 3

2 ¢—BVE
:U/(Ta E7 (ba 6) = AeffAemitT exp <_ .
Thermal fluctuations and microscopic surface processes introduce stochastic
variability into the measured current. To capture these effects, the current dy-

namics are modeled by the SDE

dI(t) = k (u(T'(t), E(t); ¢, B) — I(t)) dt + E/I(t)dW (t), 1(0) = Ip, (4)
where

e > 0 is the relaxation rate toward the equilibrium emission level;

e ¢ > (is the diffusion parameter controlling fluctuation intensity;

. m reflects shot-noise—like multiplicative fluctuations typical of elec-
tron emission;

e T'(t) and E(t) are externally prescribed control inputs.

The system is observed at discrete times t;, = kh, yielding I, = I(tg), T =
T(ty), and Ey, = E(t;). The square-root diffusion coefficient is chosen to
reflect shot-noise-type fluctuations and to preserve positivity of the current; in
the numerical study, Eq. (4) is simulated by a positivity-preserving Milstein-type
scheme.
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The transition density of the nonlinear diffusion (4) is not available in closed
form, and therefore the exact likelihood cannot be computed analytically. In the
next section we construct a quasi-likelihood approximation based on a Hermite
expansion of the transition density, adapted to the nonlinear drift and multiplica-
tive diffusion present in (4).

2.2 Hermite parametrix expansion of the transition density

A decomposition of the transition probability density in terms of Hermite func-
tions, obtained using the parametrix method, was derived in [26]. This expansion
provides an explicit approximation to the density of (4), and therefore allows the
construction of an approximate (quasi-)likelihood functional for discretely ob-
served diffusions.

Before introducing the expansion, we recall the notation used in [26]. A scalar
function
ft(9;$7y)a te(oalL xayeRa

is said to be of order at least r if there exist constants C, ¢ > 0, independent of
(0, x,y) and t, such that

|ft(9,x,y)| < ct” ¢Ct($ - y)’

where ¢.; denotes a Gaussian kernel with variance proportional to .

We assume throughout that the drift and diffusion coefficients satisfy standard
local Lipschitz and linear growth conditions. The accuracy of the Hermite ex-
pansion is of order 1, corresponding to the Milstein scheme. We use the first-
order Hermite (parametrix) approximation, which is consistent with first-order
schemes in the strong sense and matches the Milstein discretization order used to
generate trajectories in the Monte Carlo study. Accordingly, the QML functional
is built from the first-order transition-density approximation.

To perform the parametrix expansion, we introduce the following notation. Let
b= 02, n = |T/h| denote the number of observations, and let § be the vector
of unknown parameters. For arbitrary vectors a, z, y € R? and a strictly positive
definite matrix b € R%*4_ define

Ti(a, byz,y) = (2rt) "2 (detb) '/

X exp (—;t(b_l(y—x — at), y—x—at)) , 9

the zero-order Hermite function (a Gaussian kernel with drift a and covariance
tb).

Higher-order Hermite functions are defined by

Tgihm’in)(av b,x, y) = 8121’1 T al‘in Tt(aﬂ b7 xay)7 (ih S 7271) € {]-7 oo 7d}n
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These satisfy the factorization

T (@, bia,y) = B (a, by e, y) Tola, b a, ), ©)
where H() are the corresponding Hermite polynomials (the order-zero polyno-
mial is identically 1).
Under the assumptions

e a€(C?%be Ce for some o € (0,1],
e a, b, and Vb are bounded,
e b(z) = o(x)o(x)T is uniformly elliptic,

the transition density admits the approximation

d
pi(z,y) = To(w,y) + 12 Z ciji(z T(”k)(ac,y),
ig, k=1
where
ciji(x Zbkl ) Oy, bij(x), i, k=1,....d,
and with
a=a(f,zx), b =0b(0,z).
Explicitly,
T (@,y) = Tola,bia,y) H(a, b, y),
and

ij L -
H M (@, bi,y) = 55 (b7 (y — o —an)) (b7 (y — o —a)),

x (b~ (y—z—at)), — t%b;jl(b_l(y —z—at)),

| LR .
_ t—zbik (b~ 'y —a— at))j - t—ijk (b~ (y —z—at)),.
This first-order Hermite expansion forms the basis for constructing the quasi-
likelihood estimator studied in Section 3.

3 Estimators

We consider three estimator classes: a likelihood-based quasi-maximum like-
lihood estimator (QML) constructed from the Hermite density approximation,
contrast-based estimators (least squares and least absolute error) derived from
discrete SDE schemes, and one-step Newton-type refinements based on the QML
score and Hessian.
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3.1 Quasi-maximum likelihood estimator

Let X" = (Xo, X1,...,X,) denote the discrete observations of the process at
times ¢, = kh. For a parameter vector 8 = (¢, 8, &, £), let p (0; 2, ) denote the
Hermite—parametrix approximation of the transition density over a single time
step of length /. The quasi-log-likelihood is defined by

0n(0) = QL (0;X") =Y Inpy(0; Xe—1, Xx). @)
k=1

The quasi-maximum likelihood estimator (QMLE) is obtained by

0, = argmax 2,(9), equivalently 0, = argiin [—0,(0)]. ®

Since the true transition density of Eq. (4) is unknown, the QMLE §n maxi-
mizes a likelihood constructed from an explicit, systematically derived approx-
imation. Under standard assumptions for the parametrix expansion (¢ € C¢,
b € C'*2 bounded derivatives, and uniform ellipticity), the resulting estimator
is first—order equivalent to the exact maximum likelihood estimator.

3.2 Least-squares and least—absolute—error estimators

In addition to the quasi-likelihood approach, we consider several contrast—type
estimators constructed directly from discrete approximations of the SDE. These
estimators are easy to compute, require no evaluation of transition densities, and
are widely used in parametric diffusion models (see, e.g., [27-33]).

We distinguish four estimators:

o [.SE-1: Euler-based least—squares estimator,

e LSE-2: Milstein—based least—squares estimator,

e LAE—-1: Euler-based least—absolute—error estimator,

e LAE-2: Milstein—based least—absolute—error estimator.

All of them are constructed from a discrete approximation of the increment

AXyp = X — Xg—1.

Euler-based least-squares estimator (LSE-1). Using the Euler scheme
AXp~ AXp_1,0h +0(Xp_1,0Vh Z,  Zp ~N(0,1),

the classical CLS loss function is

" (AX) — A(Xg_1,0)h)’

Euler _
LSE (9) - kZ:l U(Xk—l, 9)2h

C))
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The estimator is
é — : Euler 0).
LSE1 = arg Tglélg Qrsg (0)
Consistency and asymptotic normality for Euler CLS estimators are established
in [31,33] under standard conditions.
Milstein increment and conditional variance
The Milstein scheme yields
AXy = A(Xp—1,0)h + 0(Xp—1,0) Wy, + 30(Xp—1,0)0" (Xp—1,0) (WZ — h),
Wi ~ N(0, h).
Define
ap = 0(Xp_1,0), ek = 30(Xk—1,0)0" (Xp—1,0),

and
nk(Q) =apWi + Ck(WkQ; — h)

Then the increment can be written as

AXk — A(kal, 9)h = Nk-

Using standard Gaussian identities,
EWWR =h,  EWu(WZ-h)] =0,  E[(W}—h)? =212,
the conditional variance is

E[n? | Xk,l]:aih+2cih2:a(Xk,1,9)2h+%a(X;c,1,9)2(0’(Xk,1,9))2

h?.
Milstein—based least—squares estimator (LSE-2)

By replacing the Euler variance in (9) with the Milstein conditional variance, we
obtain

(AXy — A(Xg_1,0)h)

. (10
= 0(Xp_1,0)2h + Lo(Xp_1,0)2 (0" (Xy_1,0))h?
The corresponding estimator is
éLSE2 = arg mein Qlﬁ/lsllﬁ(a)
Euler-based least—absolute—error estimator (LAE-1).
The Euler LAE contrast is
uler " JAX, — A(X,_1,0)h
TAR (9>=Z’ ( | (1)
k=1 ‘U(kalaeﬂ\/ﬁ

The estimator is

OLap1 = arg m@in QrAR (0).
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Milstein—based least—absolute—error estimator (LAE-2).

Using the Milstein conditional standard deviation

01(0) = \/ o (Xi_1,0)2h + So(Xx_1,0)2(0" (X _1,0)) A2,
the Milstein LAE contrast becomes

" |AXy — A(Xk—1,60)h|
f ok (0) '

Mil
LAg(0) =
k=

The estimator is

fOrame = arg r%in Qg (9).

3.3 One-step estimator

12)

Any of the estimators introduced earlier (QMLE, LSE-1/2, LAE-1/2) can serve
as an initial consistent estimator for a one-step refinement. The one-step estima-

tor applies a single Newton—Raphson correction to the initial estimator,

elstep = Ostart — H_l(estart§ xn) Vi, (estart);

13)

where Ostart = (Pstart, Sstarts Rstarts Sstart) denotes an initial estimator, V£, is

the gradient vector, and H is the full 4 x 4 Hessian matrix.

Since

6a(0) = Inpy(6; X1, Xp),

k=1
the gradient takes the form
Dl (0)
D50 (9) " 9, e (6)
vgn 0) = 5 0, én 0) = z
O P b0 = 32
0l (6)

The Hessian matrix is the symmetric 4 x 4 matrix

g¢¢ gw gdm g¢>§

_ | O¢p 958 Opr Op¢

H(g) N aqﬁn 6,6’#1 8&& afiﬁ ’
Op¢ Ope One Oge

where, for 6;,60, € {4, 5, k, &},
" [D,0,0k(0)  Op,pi(0) Og, pi(0)
o.0.0(0) = 0,Pel) %6 s
htal®) =3 |2 PROE

k=1

(14)

s)
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Using the parametrix expansion from [26], derivatives of the Hermite functions
satisfy,

Do, XL (0 2, y) = X0 (9 ), (16)
O Brayy) = 5 0 (B, y), (17)

where ¢ enters through the diffusion coefficient b = 2.

Because higher-order Hermite functions remain explicit, all required first and
second derivatives can be computed analytically. Although one-step estimators
are asymptotically equivalent to fully iterated procedures under idealized condi-
tions, their finite-sample performance can deteriorate when the score function is
distorted by nonlinear or correlated inputs, as demonstrated in Section 5.2.

4 Regularization

4.1 Regularization of L estimators

Recall that, for LP estimators, the objective function has the form

" |AXy — A(Xp—1,0)h|"
QL (0) = | : (18)
- §£|dmﬂﬂwﬂp
or
. i AXy — A(Xp_1,0)h|"
%4;1(9): | k ( k—1, ) | (19)

7z
st (a(Xk_l,G)Qh—&—%o(Xk_l,9)2(0’(Xk_1,9))2h2>p

The diffusion parameter & enters these contrasts only through the normalizing
denominator. Consequently, the objective may decrease as £ increases, and a
finite minimizer with respect to ¢ is not guaranteed without an additional con-
straint. This difficulty appears for both LSE and LAE estimators, and the Mil-
stein correction does not remove it. We therefore use the regularized objective

Q(0) = QLo (0) + A€ — &),

where Qr»(0) denotes the corresponding LSE-1, LSE-2, LAE-1, or LAE~
2 contrast, and & is the initial value used in the Hooke-Jeeves optimization
method. The choice of A is crucial: small values lead to unstable diffusion esti-
mates, while excessively large values produce oversmoothing and bias. We com-
pare six regularization-parameter selection rules and consider residual smooth-
ness as an additional diagnostic. The selection rules and diagnostic are summa-
rized in Table 1.

To quantitatively compare the criteria, we introduce the following diagnostics:
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o (1 = |&* — &uel (parameter error),

e (5 = R(\*) (normalized residual level),

o O3 =P(\)/(R(\*)+ P(\*)) (regularization dominance),
e Cy = S(\*) (residual smoothness).

All optimization problems in A\ were solved by continuous golden-section search.
The regularization results are presented separately for LSE-based estimators in
Table 2 and LAE-based estimators in Table 3.

Across all four estimators, the discrepancy principle consistently selects \ val-
ues of order 10-20, yielding the smallest diffusion parameter errors and bal-
anced residual-penalty ratios. In contrast, UPRE and GCV systematically under-
regularize, leading to overfitting and divergence of £*, while L-curve and quasi-
optimality over-regularize and bias the estimates. Overall, the discrepancy prin-

Table 1. Regularization parameter selection criteria used for L” estimators.

Criterion Definition Interpretation / Remarks

Discrepancy R(\) = 752 Balances data misfit with estimated noise
level. Robust when noise variance is cor-
rectly normalized; performs well in SDE set-
tings.

UPRE (R(\) —3%)? Minimizes deviation from noise variance.
Asymptotically equivalent to discrepancy
principle under correct noise specification,
but sensitive to variance misspecification.

R

oy (1= df(V)?

Data-driven criterion avoiding explicit noise

estimation. In nonlinear diffusion models

often under-regularizes and yields unstable

diffusion estimates.

L-curve max curvature of  Geometric balance between data fidelity and
(log R(X),log P(\)) regularization. Provides stable intermediate

solutions but may over-smooth in strongly

nonlinear problems.

Quasi-optimality arg m/\in Detects plateau regions of the residual curve.
Highly sensitive to flat residual behavior and

noise; unreliable in monotone regimes.

dX

dR(\) ‘

R(&x)

Hanke—Raus [R(&x) — R(£x)2)|

Selects A where residual becomes locally
insensitive to further regularization. Of-
ten under-regularizes in diffusion estimation

problems.

Residual
smoothness

Penalizes higher-order residual oscillations.
Useful as a supplementary diagnostic rather
than a standalone selection rule.

d*R(\)
dx2
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Table 2. Regularization parameter selection for LSE estimators. Each block reports
(A%, &*,C1,C4, Cs, Cy) for the corresponding scheme.

Method A" f * Ch Cso Cs Cy
= Discrepancy 10.69 0.491 0.0094 1.000 0.280 6.25
= UPRE 0.0177 2.000 1.500 0.060 0.459 0.38
S GCV 0.0177 2.000 1.500 0.060 0.459 0.38
i L-curve 49.65 0.385 0.1150 1.624 0.181 10.15
% Quasi-opt 99.99 0.354 0.1458 1.919 0.133 11.99

Hanke—Raus 0.0354 1.695 1.195 0.084 0.451 0.52
= Discrepancy 19.20 0.440 0.0596 1.000 0.275 6.22
g UPRE 0.0061 2.000 1.500 0.0118 0.597 0.071
s GCV 0.0061 2.000 1.500 0.0118 0.597 0.071
& L-curve 46.89 0.386 0.1136 1.358 0.205 8.45
9’) Quasi-opt 99.99 0.353 0.1466 1.655 0.146 10.38
— Hanke—Raus 0.0121 1.762 1.262 0.018 0.586 0.11
Table 3. Regularization parameter selection for LAE estimators. Each block reports
(A%, €*,C1,C4, Cs, Cy) for the corresponding scheme.

Method A* & Ch Co Cs Cy
= Discrepancy 12.68 0.399 0.101 1.000 0.110 3.08
= UPRE 0.0293 2.000 1.500 0.199 0.298 0.12
=) GCV 0.0293 2.000 1.500 0.199 0.298 0.12
5 L-curve 7.863 0.434 0.0656 0918 0.134 2.60
< Quasi-opt 99.99 0.320 0.180 1.248 0.030 4.80
= Hanke—Raus 0.0587 1.611 1.111 0.248 0.289 0.19
=) Discrepancy 22.82 0.368 0.132 1.000 0.096 3.08
E UPRE 0.0224 2.000 1.500 0.085 0.431 0.023
s GCV 0.0224 2.000 1.500 0.085 0.431 0.023
g L-curve 5717 0.480 0.0203 0.732 0.186 1.65
o Quasi-opt 99.99 0.320 0.180 1.170 0.034 422
5 Hanke—Raus 0.0448 1.664 1.164 0.118 0.414 0.043

ciple emerges as the most reliable and stable criterion for diffusion regularization
in the thermionic emission SDE model. In the numerical experiments below we
therefore emphasize the discrepancy principle as a primary selection rule, since

it yields the most stable diffusion estimates across scenarios.

4.2 Selection of the regularization parameter for QML

In the quasi-maximum likelihood (QML) framework, the estimation of the Schot-
tky parameter 3 is known to be weakly identifiable due to its nonlinear and ex-
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ponentially damped contribution to the drift term of the thermionic emission
model. To stabilize the estimation, we consider a Tikhonov-type regularization
of the form

Qx(0) = L1(0) + A(log 8 — log £o)*, (20)

where L1 (6) denotes the Hermite based QML objective, fy is a reference value,
and A > 0 is the regularization parameter.

The choice of A is crucial and is addressed below using two standard criteria:
the L-curve method and cross validation.

L-curve criterion

The L-curve method is a deterministic regularization strategy originating from
inverse problem theory. For a discrete set of candidate values {)\;}, one com-
putes the corresponding regularized estimates 6, and evaluates:

. A 5 2
misfit(A;) = L1(0y,), penalty();) = (log By, — log ﬁo) .
The L-curve is defined as the parametric curve
(log misfit()), log penalty())),

and the optimal regularization parameter Ar,c is chosen at the point of maximum
curvature, corresponding to the best compromise between data fidelity and reg-
ularization strength. This criterion is purely deterministic and does not rely on
resampling or data splitting.

Cross-validation

As an alternative, the regularization parameter can be selected by minimizing a
validation likelihood. The data are split into contiguous time segments, and for
each candidate A the model is fitted on the training part, while the unregularized
QML objective L () is evaluated on the validation part. The cross-validation
choice Acv is defined as

Acy = arg m/\in Lgval) (é,\)

Unlike the L-curve method, cross validation focuses exclusively on predictive
performance and does not explicitly control parameter stability.

Quantitative comparison

Table 4 summarizes the results obtained by both criteria for a single simulated
dataset. In addition to the selected A\, we report the data misfit, the penalty level,
the total regularized objective, and the parameter error || — || (available in
simulation experiments).
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Table 4. Comparison of L-curve and cross validation criteria for selecting the regulariza-
tion parameter in QML.

Method A L.(0) Penalty Qx(0)  Param. error

L-curve 1.44 x 10*  1.147886 6.78 x 1071° 1.147886 5.56 x 1072
Cross-validation 4.28 x 1072 1.147898 2.28 x 10™% 1.147898 6.01 x 102

Theoretical interpretation

Both criteria lead to nearly identical values of the QML misfit, indicating that the
regularization does not distort the likelihood fit. However, the L-curve criterion
selects a substantially larger value of )\, resulting in a much smaller regulariza-
tion residual and improved parameter accuracy. This behavior reflects the weak
identifiability of : cross validation prioritizes predictive likelihood and there-
fore favors weaker regularization, while the L-curve explicitly balances vari-
ance reduction against bias. Consequently, for the present thermionic emission
model, the L-curve criterion provides a more reliable and stable choice of the
regularization parameter.

5 Results

5.1 Software implementation

The numerical experiments were implemented in a dedicated Windows Forms
application developed in C#. The software integrates the PDE-OU input genera-
tor, the stochastic thermionic-emission simulator, Hermite-based QML, contrast
estimators, one-step corrections, and export routines for numerical tables and
diagnostic plots. A representative screenshot of the implementation is shown in
Figure 1.

In the numerical experiments we use the thermionic-emission model (4) with
equilibrium current (3). Unless stated otherwise, we set h = 1, Iy = 0.5, and
fix Aeg = 10% and Acpie = 1075, so that Acg Aemic = 1. The true param-
eters are ¢ = 2.4, 3 = 3-107°, k = 0.3, and £ = 0.5. For bounded E(t),
the drift x(p(t) — I) is mean-reverting, while the square-root diffusion £4/1(t)
yields state-dependent variability. Optimization used a derivative-free search for
initialization and log-coordinates for positive parameters (f3, k, &).

5.2 PDE-OU generation of temperature and electric-field inputs

This experiment is designed to mimic physically realistic operating conditions
and intentionally departs from the simplifying assumptions underlying many
asymptotic one-step approximations, by introducing coupled PDE dynamics
and correlated stochastic excitation. In this experiment, both the temperature
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s/ Parameter estimation in stochastic thermionic model

Stochastic equation

= o

—— Emission current ()

di(t) =xernees- dt + esatie) dw 52 “ ‘
39 i
! | | | |
P 26 “w‘ ! 11"," ” ‘\'u‘ f ‘J‘ ‘i_! | i
Time horizon 1000 Truex 03 Startk 04 74 ” 1l T v,“] \1 ¥ V\W | W\'l |
"y ] | L ‘|
Tolerance 00001 Truef  (0(5 Startp 3800 g /1 TN g ¥
Step 1 Truep 24 Starte 45 0 200 400 600 800
Initial current ok TrueE 05 St 03
Exoot Exotolots | Estimation 2065 —— Surface temperature T(t)
| 8 LSE-1 (Euerleast-squares) (@ One Step - LSE-1 § QMLE 209
Fun estmators || Morte Cao | g | 5. (Mistei leastsquares)8 One Step - LSE:2
PDEnput B LAE1 (Euerleast sbsokte) 8 One Step - LAE-] 1993
Bt Gaph @ LAE2 (Mistein least-absolutel8 One Step - LAE-2 1957
1921
L2 i3 £ 3 Status v
2399356 3.130634e-5 | 0.300229 0.507985 0K 0 200 400 600 800
2414539 36227655 031612 048358 |OK
2396795 4.164758¢-5 | 0.286901 0.470507 0K
335 — Cathode electric field E()/10°
2422157 |45%771e5 0304032 0488574 |OK Catizedeckic S ERITD
2389954 4.200356e-5 | 0.288550 0.498824 OK 3
242752 58604875 (0310504 (0478031 Unstable 314
2264202 -2.746880e-4 | 0.283864 0467713 Unstable 3.04
241571 57028945 0300146 0478031 | Unstable 294
241762 497573%-5 | 0.285337 0467713 Unstable 2844
| 0 200 400 600 800

Figure 1. Software interface used for simulation and parameter estimation in the
stochastic thermionic emission model. The program generates PDE-OU temperature
and electric-field inputs, simulates the emission-current diffusion, applies Hermite-based
QML and contrast estimators, and exports parameter estimates and diagnostic plots.

T'(t) and the electric field E(¢) are not prescribed analytically, but are gener-
ated endogenously by coupled PDE solvers driven by Ornstein—Uhlenbeck (OU)
boundary/forcing processes. The aim is to mimic more realistic operating con-
ditions where the cathode temperature and gap field evolve dynamically with
thermal diffusion, radiative losses, and space-charge effects, while still retaining
controlled excitation at multiple time scales (slow drift + fast ripple).

For all multi-panel box plots and QQ plots shown below, panels are arranged
row-wise as follows: QML, LSE-1, LSE-2; LAE-1, LAE-2, OS-LSE-1; OS—
LSE-2, OS-LAE-1, OS-LAE-2.

Temperature input from a 1D heat PDE with OU forcing

Let z € [0, L] denote the cathode depth coordinate. The temperature field
T(z,t) is modeled by the one-dimensional heat equation with a radiative sink
and an additional linear relaxation term:

pcpO T =k, THQ(x, ) —e0sp(T* —Tibot,) — PCpMin (T—Tarn ), @ € (0, L).

(21
Here p is the density, ¢, the specific heat, k the thermal conductivity, € the emis-
sivity, ogp the Stefan—Boltzmann constant, and 7},,;, the ambient temperature.

Heating is applied near the surface (x = 0) in a thin layer:

Q(z,t) = Q(t) 10,2, 1 (),

xp, (heater width).
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The scalar heater power Q(t) follows an Ornstein—Uhlenbeck dynamics around
a deterministic mean schedule:

dQ(t) = aq(Qm(t) — Q(t)) dt + o dWq(t), (22)
with
Qm(t) = Qo + Agsin(2m fgt) + Ay sin(2m ft). (23)

The boundary condition at z = 0 is a prescribed heat flux (Neumann condition),
also containing slow and fast excitations:

k0, T(0,t) = q(t),  q(t) = qo+qasin(@mfyt) +qaysin(2m fost), (24)

and a zero-gradient condition at the far boundary = L, 9,T(L,t) = 0. The
temperature input used in the emission SDE is the surface value

T(t) = T(0,1). (25)

For numerical simulation, (21) is discretized on a uniform grid M = 101 over
L = 2-1073m and advanced using an implicit finite-difference scheme with
Ngub = 25 substeps per macro step h (i.e., At = h/ng,p). The nonlinear radia-
tion term is handled by Picard iterations with a local linearization of T using

T~ (T + AT~ T7),
which yields a linear “implicit diffusion + linear sink” solve. The resulting tridi-
agonal system is solved by the Thomas algorithm.

Electric-field input from a 1D Poisson problem with OU voltage

Let z € [0,d] denote the electrode gap coordinate (d is the gap width). The
electric potential (z,t) is obtained as the solution of a 1D Poisson equation,

Duniplz,t) = =2 (j’t), 2 € (0,d), 26)
0

with Dirichlet boundary conditions
©(0,t) =0,  @(d,t)=V(1). (e2)]

The applied voltage V' (¢) is modeled by an Ornstein—Uhlenbeck process with a
two-scale mean schedule:

dV(t) = ay (Vm(t) = V(1)) dt + oy dWy (t), (28)
where

Vm (t) = VO + Aslow COS(27Tfslowt + %) + Afast Sin(27rffastt)~ (29)
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Here ag > 0 and ay > 0 are mean reversion rates, while og and oy control
the intensity of stochastic fluctuations.

To represent space-charge effects in a simple closure form, the charge density
p(z,t) is computed from a (bounded) current density J and a drift velocity v
obtained from the local potential drop:

plz,t) =

T e \/ze max{V(t) ~ ¢(2,1), Viun} 30,

v(z,t) Me ’

where e is the elementary charge and m. the electron mass; additional floors
and caps are used to avoid numerical runaway. The Poisson problem (26)—(30)
is solved at each macro time t,, by a fixed-point iteration with SOR sweeps and
under-relaxation. Finally, the electric-field input is taken as the cathode field

90(217 t) - 50(07 t)

AL . (€2))]

B(t) = | ~0.0(0.8)| ~ \ -

Numerical discretization (fixed-point + SOR)

At each time step, the Poisson problem is solved by a fixed-point iteration. Given
a current iterate ("), the cathode field Eém) is computed, the current density
J(T, E(()m)) is evaluated, the charge density p(™) is constructed, and the discrete
Poisson equation is updated by successive over-relaxation (SOR). The SOR re-
laxation parameter is set to wgor = 1.4. To stabilize the outer fixed-point
iteration, an additional under-relaxation with factor wrp = 0.2 is applied:

P = (1 — wrp)p™ + wrpplOh-

Parameter settings (PDE-OU case)

In the simulations we use h = 1 and a time horizon 7" = 1000. The temperature
PDE parameters are p = 8000, ¢, = 500, k = 20, Thmp = 300, = 0.8, A\jjn =
0.05, with OU heater parameters ag = 3.0, og = 3.0 -10°, Qmin =
0, Qumax = 3107, and mean schedule components Q¢ = 2.4 - 107, Ag =
0.6 - 107, fo = 1073, Ay = 0.25- 107, fy = 0.05. The heat-flux boundary
forcing is o = 3105, ¢4 =1.5-10°, f,=1073, qay =105, f,5=
0.05. For the electric field, the gap is d = 0.5 - 1073 m with a Poisson grid
M = 201. The OU voltage parameters are V' (0) = 160,ay = 2.5,0y =
0.25,V € [120,240], and the mean schedule V; = 140, Agjow = 35, fslow =
1073, Agast = 25, frast = 0.05. The resulting trajectories 7'(t) and F(t) are
then substituted into the emission diffusion model (4) with equilibrium current
(3) to evaluate estimator performance under PDE-driven operating conditions.

Tables 5 and 6 summarize the Monte Carlo estimation results for the parameters

¢, B, K, and .
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Table 5. Estimation results under PDE-generated inputs for ¢ and 3. The values for
are reported in units of 10~°

¢ B(107°)
Estimator Mean MAD RMSD Mean MAD RMSD
QML 2.3994 0.0054 0.0068 3.0999 0.0999 0.0999
LSE-1 2.4145 0.0150 0.0243 3.6228 0.6228 0.6752
LAE-1 2.3968 0.0419 0.0651 4.1648 1.1648 1.3577
LSE-2 2.4222 0.0225 0.0415 4.5368 1.5367 1.9508
LAE-2 2.3900 0.0484 0.0809 4.2004 1.2004 1.3871

OS-LSE-1 24276  0.0310  0.2639 5.8605 3.6483 43.9448
OS-LAE-1 22642 0.2398  0.5520  -27.4688  39.2779  996.7132
OS-LSE-2 24160  0.0213  0.0472 5.7029 3.4298 7.3996
OS-LAE-2 24318 0.0349  0.0803 4.9757 2.6868 5.8546

Table 6. Estimation results under PDE-generated inputs for x and &

K 3
Estimator Mean MAD RMSD Mean MAD RMSD
QML 0.3002 0.0172 0.0219 0.5080 0.0124 0.0155
LSE-1 0.3161 0.0305 0.0500 0.4835 0.0208 0.0232
LAE-1 0.2869 0.0273 0.0445 0.4705 0.0295 0.0297
LSE-2 0.3040 0.0212 0.0587 0.4886 0.0138 0.0211
LAE-2 0.2886 0.0250 0.0350 0.4988 0.0035 0.0045

OS-LSE-1 0.3105 0.0327 0.0815 0.4780 0.0261 0.0797
OS-LAE-1 0.2839 0.0293 0.0475 0.4677 0.0339 0.0397
OS-LSE-2 0.3001 0.0223 0.0595 0.4780 0.0261 0.0797
OS-LAE-2 0.2853 0.0265 0.0379 0.4677 0.0339 0.0397

5.2.1 Interpretation

The PDE driven inputs generate a demanding estimation setting because they
introduce spatial coupling, nonlinear feedback, and correlated stochastic forcing.
This has a pronounced impact on estimator performance.

For parameter ¢, QML remains the most stable estimator, exhibiting the smallest
RMSD. Standard LSE and LAE estimators show moderate bias and dispersion,
while the one step (OS) variants, particularly OS-LAE-1, suffer from severe
instability and large outliers, indicating sensitivity to the highly structured PDE
generated inputs. The estimation of § is particularly challenging in this set-
ting. While QML and non-OS estimators retain reasonable accuracy, OS-based
methods display dramatic variance inflation and, in the case of OS—-LAE-1, even
sign reversal of the mean estimate. This clearly demonstrates that one step cor-
rections can become unreliable when the score function is strongly distorted
by coupled stochastic PDE dynamics. For «, the coupled PDE-OU inputs am-
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plify the variability of the estimates, especially for one-step procedures. QML
again provides the best overall performance, while OS-LSE methods show sys-
tematic variance inflation. LAE-2 yields comparatively balanced bias variance
trade-offs among robust estimators. Finally, for &, the PDE setting reveals a
clear hierarchy: LAE-2 achieves the smallest RMSD, outperforming both QML
and LSE variants. In contrast, OS-based estimators display pronounced insta-
bility, confirming that robustness to non-Gaussian features does not compen-
sate for numerical sensitivity introduced by one step linearization under PDE
driven inputs. Overall, the PDE case highlights that estimator behavior predicted
by idealized asymptotic arguments may change substantially under physically
structured, correlated input processes. In such regimes, fully iterated estimators
(QML, LSE-2, LAE-2) are markedly more reliable than one step corrections.

Figure 2 shows that, for the work-function parameter ¢, fully iterated procedures
are substantially more stable under PDE generated inputs. The QML estima-
tor is the most concentrated around the true value, followed by LSE-2, whereas
one-step corrections, especially OS-LAE-1, exhibit large dispersion and are un-
suitable in this nonlinear stochastic regime.
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Figure 2. Box plots of estimates of the work-function parameter ¢ under PDE-generated
temperature and electric-field inputs.
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Figure 3. Normal QQ plots of estimation errors for the work-function parameter ¢ under
PDE-generated temperature and electric-field inputs.
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LSE-2

Figure 5. Normal QQ plots of estimation errors for the Schottky parameter 3 under PDE-
generated temperature and electric-field inputs.
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Figure 7. Normal QQ plots of estimation errors for the mean-reversion parameter ~ under
PDE-generated temperature and electric-field inputs.

The QQ plots in Figure 3 indicate that the Gaussian approximation is most ap-
propriate for QML and, to a lesser extent, for the fully iterated LSE estimators.
In contrast, LAE-based and one-step procedures show substantial tail distortions,
confirming the loss of normal error behavior under PDE driven excitation.

For the Schottky parameter (3, Figure 4 confirms the increased difficulty of esti-
mation caused by the nonlinear field-dependent term 8/ E(t) in the drift. QML
gives the most stable estimates, while LAE-based and one-step estimators show
pronounced dispersion.

The QQ diagnostics in Figure 5 show that PDE-generated inputs strongly dis-
tort the Gaussian approximation for 8. QML remains the closest to normality,
followed by the fully iterated LSE estimators, whereas LAE and one-step pro-
cedures produce visibly non-Gaussian error distributions.

Figure 6 shows that the coupled PDE-OU inputs amplify the variability of the
relaxation-rate estimates. QML provides the most concentrated estimates of «,
while one-step procedures remain more sensitive to the nonlinear and correlated
input structure.

The QQ plots in Figure 7 confirm that the estimation errors for « are affected
by non-Gaussian tails under PDE-driven forcing. The normal approximation is
most reasonable for QML and fully iterated LSE estimators.

For the diffusion parameter &, Figure 8 shows that LAE-2 achieves the smallest
RMSD, while QML and LSE-based procedures remain reasonably stable. One-
step estimators display larger dispersion and outlier sensitivity.
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Finally, Figure 9 indicates that estimation errors for £ are closest to Gaussian for
QML and fully iterated LSE-type estimators. The LAE and one-step procedures
show stronger tail effects, which is consistent with their larger finite-sample vari-
ability under PDE generated inputs.

6 Conclusion

We have developed and analyzed a likelihood based inference framework for a
stochastic thermionic emission model with multiplicative noise and time depen-
dent operating conditions. By employing a Hermite type parametrix expansion
of the transition density, we constructed a quasi-likelihood estimator that avoids
numerical solution of the Kolmogorov equation while retaining high order ac-
curacy. This approach enables unified estimation of both physical emission pa-
rameters and dynamical relaxation coefficients from discretely sampled current
measurements.

Through Monte Carlo experiments with PDE-OU generated operating condi-
tions, we compared Hermite-based QML with least-squares, least-absolute-error,
and one-step update estimators. The coupled heat-equation and Poisson-field
inputs reveal substantial differences in estimator stability. Fully iterated proce-
dures remain more reliable in this complex regime, whereas one-step corrections
are prone to numerical instability, variance inflation, and non-Gaussian error be-
havior. A key implication is that estimator hierarchies expected from idealized
asymptotic arguments may fail under correlated PDE-driven excitation.

These findings indicate that estimator performance in stochastic emission mod-
els depends strongly on the structure of the externally generated inputs. The
proposed framework provides a computationally efficient and physically consis-
tent tool for inference in thermionic emission models and may be extended to
other applications involving diffusion processes driven by externally generated
PDE dynamics.
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