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Abstract. A general quasi-phenomenological theory that describes phases and
phase transitions of ferromagnetic superconductors with spin-triplet electron
Cooper pairing is presented. The theory is based on extendedGinzburg-Landau
expansion in powers of superconducting and ferromagnetic order parameters.
A simple form for the dependence of theory parameters on the pressure en-
sures a correct theoretical outline of the temperature-pressure phase diagram
where a stable phase of coexistence ofp-wave superconductivity and itinerant
ferromagnetism appears. This new theory is in an excellent agreement with the
experimental data for intermetallic compounds, for example, UGe2, URhGe,
UCoGe, and UIr that are experimentally proven to be itinerant ferromagnets ex-
hibiting spin-triplet superconductivity. The mechanism of appearance of super-
conductivity due to itinerant ferromagnetism (M -trigger effect) is established
and demonstrated. On the basis of the same theory, basic features of quantum
phase transitions in this type of ferromagnetic superconductors are explained in
agreement with the experimental data. The theory allows fora classification of
the spin-triplet ferromagnetic superconductors in two different types: type I and
type II. The classification is based on quantitative criteria, i.e., on simple rela-
tions between theory parameters. Both theory and experiment indicate that the
two types ofp-wave ferromagnetic superconductors are well distinguished by
essential differences in their physical properties.

PACS codes: 74.20.De, 74.25.Dw, 64.70.Tg

1 Introduction

There exists an intensive research on Cooper pairing of fermions in condensed
matter. Both experimental and theoretical studies reveal fascinating phenomena
of superconductivity, unconventional superfluidity and coexistence of supercon-
ductivity and ferromagnetism. The fermion Cooper pairs ins-wave state are
referred to as conventional pairing and, hence, the respective superfluidity or
superconductivity are labeledconventional. The unconventional (non-s-wave)
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pairing, for example, thep-wave pairing creates another type of similar phe-
nomena – unconventional superfluidity and unconventional superconductivity
of p-wave type. These phenomena can be described within the general scheme
of spin-triplet states of fermion pairs. The phenomenon of unconventional (spin-
triplet) Cooper pairing of fermions was firstly described for the case of superfluid
Helium 3 [1]. Here we focus the attention to unconventional superconductivity
of spin-triplet type which allows for electron pairing inp-wave states with spin
equal to unity.

The spin-triplet superconducting phases are described in the framework of the
general Ginzburg-Landau (GL) effective free energy functional with the help
of the symmetry groups theory and detailed thermodynamic analysis [2, 3];
see also [4, 5]. This unconventional superconductivity hasbeen discovered in
itinerant ferromagnets – the intermetallic compounds UGe2 [6], URhGe [7],
UCoGe [8] and UIr [9].

At low temperature (T ∼ 1 K) all these compounds exhibit coexistence of
p-wave superconductivity and itinerant (f -band) electron ferromagnetism (in
short, FS phase). In the mentioned compounds, the FS phase appears only in
the ferromagnetic phase domain of theT −P diagram. At given pressureP , the
temperatureTF (P ) of the normal-to-ferromagnetic phase (or N-FM) transition
is never lower than the temperatureTFS(P ) of the ferromagnetic-to-FS phase
(or FM-FS) transition. This is consistent with the point of view that the super-
conductivity in these compounds is triggered by the spontaneous magnetization
M , as explained in details in [10]). The main system properties are affected
by a term in the Ginzburg-Landau (GL) expansion of the formM · (ψ × ψ),
which represents the interaction ofM = {Mj; j = 1, 2, 3} with the complex
superconducting vector fieldψ = {ψj}. This term triggersψ 6= 0 for certainT
andP values (M -trigger effect [10]).

The mechanism of formation of pairs in these systems is underconjectures. The
electron band theory of such compounds is quite complex and the density of
statesDn(E) at the Fermi surfaceEF can hardly be evaluated in details. In
this situation, the reliable theoretical interpretation of experiments is performed
within the general phenomenological theory of GL type. In such theory, the Lan-
dau parameters,µ = (a, b, . . . ) should depend on the shape ofDn(E). While
this dependence is unknown, one may reliably assume the dependence ofDn(E)
on temperatureT and pressureP , and hence, the double functional dependence
µ = µ[Dn(T, P )]. Although unknown, the latter justifies the functionµ(T, P ),
i.e., the dependence of the Landau parameters onT andP . This dependence can
be reliably proposed on the basis of heuristic arguments andexperimental data.
So, let us focus on the phenomenological approach.

The spin-triplet ferromagnetic superconductors are described by the quasi-
phenomenological theory based on an extended GL in powers ofthe fieldsψ
andM (for details, see [5,10–12]). In this Report, the theory andrelated topics
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are briefly presented; for details, see [5, 10–12]. New aspects and outstanding
problems are briefly indicated.

2 Theory

Here we hold the consideration in the lowest (mean-field) approximation. The
latter is enough to elucidate the main system properties in aquite correct way.
The free energy per unit volume,F/V = f(ψ,M), can be written in the form

f(ψ,M) = as|ψ|2 +
bs
2
|ψ|4 + us

2
|ψ2|2 + vs

2

3∑

j=1

|ψj |4 (1)

+afM
2 +

bf
2
M4 + iγ0M · (ψ × ψ∗) + δM2|ψ|2.

The material parameters satisfybs > 0, bf > 0, as = αs(T − Ts), andaf =
αf [T − Tf(P )]. The terms proportional tous andvs describe, respectively, the
anisotropy of the spin-triplet electron Cooper pairs and the crystal anisotropy.
Next, γ0 ∼ J (with J > 0 the ferromagnetic exchange constant) andδ > 0
are parameters of theψ-M interaction terms. Previous mean-field studies [10]
have shown that the anisotropy represented by theus andvs terms in Eq. (1)
slightly perturb the size and shape of the stability domainsof the phases, while
similar effects can be achieved by varying thebs factor in thebs|ψ|4 term. For
these reasons, in the present analysis we ignore the anisotropy terms, setting
us = vs = 0, and considerbs ≡ b > 0 as an effective parameter. Then, without
loss of generality, we use the gaugeM = (0, 0,M).

A convenient dimensionless free energy can now be defined byf̃ = f/(bfM
4
0 ),

whereM0 = [αfTf0/bf ]
1/2 > 0 is the value ofM corresponding to the pure

magnetic subsystem(ψ ≡ 0) atT = P = 0 andTf0 = Tf (0). On scaling the
order parameters asm =M/M0 andϕ = ψ/[(bf/b)

1/4M0], we obtain

f̃ = rφ2 +
φ4

2
+ tm2 +

m4

2
+ 2γmφ1φ2sinθ + γ1m

2φ2, (2)

whereφj = |ϕj |, φ = |ϕ|, andθ is the phase angle between the complexϕ2

andϕ1. The dimensionless constants aret = [T̃ − T̃f (P )], r = κ(T̃ − T̃s) with

κ = αsb
1/2
f /αfb

1/2, γ = γ0/[αfTf0b]
1/2, andγ1 = δ/(bbf)

1/2. The reduced

temperatures arẽT = T/Tf0, T̃f(P ) = Tf (P )/Tf0, T̃s(P ) = Ts(P )/Tf0.

3 Results

The analysis involves making simple assumptions for theP dependence of the
t, r, γ, andγ1 parameters in Eq. (2). Specifically, we assume that onlyTf has
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Figure 1. Low-temperature part of theT − P phase diagram of UGe2. The points A,
B, C are located in the high-pressure part (P ∼ Pc ∼ 1.6 GPa). The FS phase domain
is shaded. The solid lines AC and BC show the first-order transitions N-FS, and FM-FS,
respectively. The dotted line shows a second-order FS-FM transition, the dashed line
stands for the N-FM transition.

a significantP dependence, described bỹTf (P ) = (1 − P̃ ), whereP̃ = P/P0

andP0 is a characteristic pressure deduced later; for UGe2, P0 ∼ Pc - the
critical pressure above which both magnetic and supercionducting order vanish
atT ∼ 0 (see Figure 1); for some substances this is not the case, but then another
dependence ofTf onP takes place. Within this simple variant, all other theory
parameters are consideredP -independent.

The simplified model in Eq. (2) is capable of describing the main thermody-
namic properties of spin-triplet ferromagnetic superconductors [10]. For exam-
ple, in Figure 1 the low temperature part of theT − P diagrams of UGe2 is
shown. The result is in a remarkable agreement with the experimental shape of
the same diagram [6]. The type of the phase transitions and the multicritical
points (A, B, C) also correspond to the experimental observations. There are
three stable phases: (i) the normal (N) phase, given byφ = m = 0; (ii) the pure
ferromagnetic (FM) phase, given bym = (−t)1/2 > 0, φ = 0; and (iii) the FS
phase, given byφ21 = φ22 = (γm − r − γ1m

2)/2, φ3 = 0, wheresin θ = −1
andm satisfies

(1− γ21)m
3 +

3

2
γγ1m

2 +

(
t− γ2

2
− γ1r

)
m+

γr

2
= 0. (3)

Although Eq. (3) is complicated, some analytical results follow, e.g., we find
that the second order phase transition lineT̃FS(P ) separating the FM and FS
phases (the dotted lines in Figure 1) is the solution of

T̃FS(P ) = T̃s +
γ1
κ
t(TFS) +

γ

κ
[−t(TFS)]

1/2. (4)
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Under certain conditions, which are satisfied for UGe2, theTFS(P ) curve has
a maximum atT̃m = T̃s + (γ2/4κγ1) with pressurePm found by solving
t(Tm, Pm) = −(γ2/4γ21).

Under certain conditions, Eq. (2) describes pure superconducting phases, too. To
date there are no experimental observations of such phase, which means that the
respective conditions are not satisfied by the parameters ofthe currently known
superconductors. Negative values ofTs are possible, and they describe a phase
diagram topology in which the FM-FS transition line terminates atT = 0 for
P < Pc. This might be of relevance for other compounds, e.g., URhGe.

As in experiment [6], the dashed line in Figure 1 slopes toT = 0 at another
critical pressureP0c. This is possible in UGe2 because for this compound the
conditionγ < γ1 is satisfied. Such systems are spin-triplet ferromagnetic super-
conductors of type I, whereas systems which fulfill the condition γ > γ1 are of
type II [10, 12]. The quantum phase transitions atP0c andPc have remarkable
properties, as shown in [11]. Depending on the system properties,TC – the tem-
perature locating pointC, can be either positive (when a direct N-FS first order
transition is possible), zero, or negative (when the FM-FS and N-FM phase tran-
sition lines terminate at different zero-temperature phase transition points). The
last two cases correspond toTs < 0. All these cases are possible in spin-triplet
ferromagnetic superconductors. The zero temperature transition atPc0 is found
to be a quantum critical point, whereas the zero-temperature phase transition at
Pc is of first order. As noted, the latter splits into two first order phase transitions.
This classical picture may be changed through quantum fluctuations [10].

The quantum phase transitions atP0c andPc have remarkable properties. An
investigation [11] performed by renormalization group methods revealed a fluc-
tuation change in the order of the zero temperature first order phase transition at
Pc to a continuous phase transition belonging to an entirely new class of univer-
sality. However, this option exists only for magnetically isotropic order (Heisen-
berg symmetry) and is unlikely to apply in the known spin-triplet ferromagnetic
superconductors, which are magnetically anisotropic.

The application of the theory has been demonstrated on the example of UGe2,
but the same theory has ample volume of options to describe various real super-
conductors of the same type and is not restricted to a particular compound, or, to
a particular group of such materials.

Even in its simplified form, this theory has been shown to be capable of account-
ing for a wide variety of experimental behavior. A natural extension to the theory
is to add aM6 term which provides a formalism to investigate possible meta-
magnetic phase transitions and extend some first order phasetransition lines, as
required by experimental data. Another modification of thistheory, with regard
to applications to other compounds, is to include aP dependence for some of
the other GL parameters.
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Among the outstanding problems are: local gauge effects on the vortex phase
and the phase transitions, the outline of the upper criticalmagnetic field
Hc2(T, P ), thermal and magnetic properties, and the description ofT − P di-
agrams with topologies, which are observed in experiments.Such studies re-
quire an extension of the theory by includingM6 term, the magnetic induction
B =H +4πM , and a more preciseP -dependence of some theory parameters.
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