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Abstract. The Laplace transform approach with convolution theorem is used
to find the scattering phase shifts of a Mie-type potential. The normalized scat-
tering wave functions are also studied. The bound state spectrum and the corre-
sponding normalized wave functions are obtained with the help of the analytical
properties of the scattering amplitude.
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1 Introduction

The theory within quantum mechanics plays an important role because it allows
to predict experimental observations ruled by theory. Particularly, the scattering
phase shifts are needed for a detailed analyse of interactions [1]. Among the
computations of phase shifts for real potentials, the same subject has been also
studied for potentials having complex form [1,2]. One of these complex poten-
tials has been proposed in Ref. [3] as an attractive Coulomb plus inverse-square
potential with an imaginary constant and complex phase shifts of the potential
have been calculated in literature [1,4]. This potential has a form of the Mie-type
potential

V (r) = −a1
r2
− a2

r
+ a3 , (1)

which has been received a great attention in literature [5, references therein].
Arda and Sever have studied the bound state spectrum and the corresponding
wave functions for this form of the potential by using the Laplace transform
approach (LTA) [5]. The Mie-type potential gives the Kratzer-Fues potential

V (r) = −De(
2re
r
− r2e
r2

)

1310–0157 c© 2017 Heron Press Ltd. 221



A. Arda, T. Das

if we chose the parameters as a1 = −Der
2
e , a2 = 2Dere, and a3 = 0, while the

modified Kratzer potential

V (r) = −De

(r − re
r

)2
is obtained by setting the parameters as a1 = Der

2
e , a2 = −2Dere, and a3 =

De [6]. Here De is the interaction energy between two atoms in a molecular
system at equilibrium distance r0. The potential in (1) serves also as a shifted,
attractive Coulomb potential if we set a1 = 0. In the present work, we extend
the work for the case where the scattering phase shifts and normalized scattering
wave functions will be studied by applying the same approach.

The present paper is arranged as follows. In Section 2, we collect the required
points within LTA and give the convolution theorem briefly. In Section 3, we
apply the above approach to find the exact scattering states and phase shifts of
the Mie-type potential. We find also the normalized scattering wave functions.
In Section 4, we study the analytical properties of the scattering amplitude, and
find the energy eigenvalues with the help of it’s poles. We write also the cor-
responding normalized wave functions of the bound states. We briefly discuss
the similarity of the bounded results appearing in the non-relativistic Coulomb
problem because of the existence of the Laplace-Runge-Lenz vector. We com-
pare the radial form of the Schrödinger equation for the Mie-type potential with
the Klein-Gordon equation for the charged particle in an external Coulomb field
where the Sommerfeld parameter becomes slightly different. Finally, we give
the conclusions in last Section.

2 Laplace Transform Approach and Convolution Theorem

Let us write a brief definition of the Laplace transform and collect a few of it’s
properties [7,8]. The Laplace transform of a function f(z) is given by

F (s) = L{f(z)} =

∫ ∞
0

e−szf(z)dz . (2)

If there is some constant σ ∈ R such that |e−σzf(z)| ≤M for sufficiently large
z, the integral in Eq. (2) will exist for Re s > σ . The Laplace transform may
fail to exist because of a sufficiently strong singularity in the function f(z) as
z → 0 . In particular

L
{

zα

Γ(α+ 1)

}
=

1

sα+1
, α > −1 . (3)

where Γ(α) is Gamma function. The followings are written for the Laplace
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transform of derivatives [7, 8]

L
{
f (n)(z)

}
= snL{f(z)} −

n−1∑
j=0

sn−1−jf (j)(0) ,

L{znf(z)} = (−1)nF (n)(s) , (4)

where the superscript (n) denotes the n-th derivative with respect to z for
f (n)(z), and with respect to s for F (n)(s).

According to Eq. (2), the inverse Laplace transform L−1 is then defined as
L−1 {F (s)} = f(z). The convolution theorem is related with inverse trans-
form, and if we have two transformed function g(s) = L{G(z)} and h(s) =
L{H(z)}, then the product of theme is the Laplace transform of the convolution
(G ∗H)(z)

(G ∗H)(z) =

∫ z

0

G(z − τ)H(τ)dτ , (5)

So the convolution theorem gives

L(G ∗H)(z) = g(s)h(s) , (6)

and accordingly

L−1 {g(s)h(s)} =

∫ z

0

G(z − τ)H(τ)dτ . (7)

If we substitute w = z − τ , then we find the important consequence G ∗ H =
H ∗G. Lastly, the following equalities for inverse Laplace transform which will
be used in below are required for the computation [7,8]

L−1
{

(s+ β)− a
}

= G(z) =
za−1e−βz

Γ(a)
,

L−1
{

(s− β)− b
}

= H(z) =
zb−1eβz

Γ(b)
. (8)

where a, b, and β are some constant parameters.

3 Exact Scattering States and Phase Shifts

In spherical coordinates (r, θ, φ), the Schrödinger equation with energy E is
given by (e = ~ = m = 1)[

−1

2
~∇2 + V (r)

]
Ψ(r, θ, φ) = EΨ(r, θ, φ) , (9)
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where the wave function Ψ(r, θ, φ) for a spherical symmetric potential is writ-
ten as Ψ(r, θ, φ) = 1

rR(r)Y (θ, φ) with the spherical harmonics Y (θ, φ). By
inserting the potential in (1) into Eq. (9), we obtain

d2R(r)

dr2
+

[
2a2
r
− `(`+ 1)− 2a1

r2
+ ε2

]
R(r) = 0 . (10)

where ε2 = 2(E−a3), and ` is the orbital angular momentum quantum number.
Here it is interesting to note down that the above radial equation is equivalent to
the stationary Klein-Gordon equation for charged particle in external Coulomb
potential. Let us verify the point very briefly in usual convention of unit. The
K-G particle of mass m within the interaction of electromagnetic field is written
as(

i~
∂

∂t
− eV

)2
Ψ(~x, t)− c2

(
− i~~∇− e ~A

c

)2
Ψ(~x, t)−m2c4Ψ(~x, t) = 0 ,

where ~A and V represent the vector and scalar potential of the field respectively.
c, e are the velocity of light and charge of electron. For Coulomb potential ~A = 0

and eV = −Ze
2

r i.e potentials are time independent. So letting the solution as
Ψ(~x, t) = u(~x)e−iEt we can have(

E +
Ze2

r

)2
u = (−~2c2~∇2 +m2c4)u .

Now since the potential is spherically symmetric, we can take u(~x) =
1
rR(r)Y`m(θ, φ) and this immediately provides the radial equation (via the an-
gular part’s eigenvalue equation) as[d2R

dr2
+
E2 −m2c4

~2c2
+

2EZe2

~2c2r
− `(`+ 1)− Z2e4/~2c2

r2

]
R = 0 .

Taking natural unit (for mathematical convenience) we can say that equation
is clearly similar to the Eq.(10). Now proceeding further to the our problem we
know that the boundary conditions on the solutions of Eq. (10) isR(r → 0) = 0,
and R(r → ∞) is a finite value. Following the above boundary condition, we
use the predetermined ansatz for the wave functions

R(r) = NrA+ 1
2 e−iεrf(r) . (11)

where i =
√
−1 . Substituting it into Eq. (10), and using a new variable as

z = −2iεr, we have

z
d2f(z)

dz2
+ (2A+ 1 + z)

df(z)

dz
+

(
A+

1

2
+
ia2
ε

)
f(z) = 0 , (12)

with A2 = `(`+ 1)− 2a1 + 1/4.
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Using the LTA defined in Eq. (2) turns Eq. (12) to following first-order differ-
ential equation

s(s+ 1)
dF (s)

ds
− [s(2A− 1) +A− 1

2
+
ia2
ε

]F (s) = 0 , (13)

for which the solution can be written as

F (s) = (s+ 1)−(A+ 1
2+

ia2
ε )s−(A+ 1

2−
ia2
ε ) = Ng(s)h(s) . (14)

where N is a normalization constant obtained below. In order to find the solu-
tions of Eq. (12), we use Eqs. (7)-(8), and write

f(z) = L−1 {F (s)} = N(G ∗H)(z)

= N

∫ z

0

G(z − τ)H(τ)dτ =
N

Γ(−A+ 1
2 −

ia2
ε )Γ(−A+ 1

2 + ia2
ε )

×
∫ z

0

(z − τ)(−A−
1
2−

ia2
ε ) τ (−A−

1
2+

ia2
ε )e−τdτ . (15)

With the help of the following formula [9]∫ y

0

(y − τ)a
′−1τ b

′−1eµτdτ=
Γ(a′)Γ(b′)

Γ(a′ + b′)
ya
′+b′−1

1F1(b′, a′+b′, µy) , (16)

and the property satisfying by the confluent hypergeometric functions
1F1(p; q; z) as 1F1(p; q;−z) = e−z 1F1(q − p; q; z) [10], we write the scat-
tering state wave functions for Mie-type potential as

f(z) =
N

Γ(1− 2A)
z−2Ae−z 1F1(−A+

1

2
+
ia2
ε

;−2A+ 1; z) . (17)

We are now in a position to study the asymptotic form of the above expression,
and find the normalization constant and phase shifts. The asymptotic form of
the confluent hypergeometric function for |z| → ∞ [9] is

1F1(ω1;ω2; z)→ Γ(ω2)

Γ(ω1)
ezzω1−ω2 +

Γ(ω2)

Γ(ω2 − ω1)
e±iπω1/2z−ω1 , (18)

where the upper sign in second term corresponds to −π/2 < argz < 3π/2,
while the other sign corresponds to −3π/2 < argz < π/2. The last equality is
written for z = −2iεr = |z|e−iπ/2 as

1F1(ω1;ω2; z)→ Γ(ω2)

Γ(ω1)
ez|z|ω1−ω2e−iπ(ω1−ω2)/2

+
Γ(ω2)

Γ(ω2 − ω1)
e−iπω1/2z−ω1 . (19)
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With the help of this equation, the confluent hypergeometric function in Eq. (17)
is given by

1F1(−A+ 1/2− ia2/ε; 1− 2A;−2iεr)

−−−→
r→∞

Γ(1− 2A)

Γ(−A+ 1/2− ia2/ε)
e−2iεr(2εr)A−1/2−ia2/εe−iπ(A−1/2−ia2/ε)/2

+
Γ(1− 2A)

Γ(−A+ 1/2 + ia2/ε)
(2εr)−(−A+1/2−ia2/ε)e−iπ(−A+1/2−ia2/ε)/2 . (20)

If writing

Γ(−A+ 1/2− ia2/ε) = |Γ(−A+ 1/2− ia2/ε)|eiδ
′
,

then we have

Γ(−A+ 1/2 + ia2/ε) = |Γ(−A+ 1/2− ia2/ε)|e−iδ
′

with a real number δ′ which will correspond to phase shift. By using these
equalities, we obtain from Eq. (20)

1F1(−A+ 1/2− ia2/ε; 1− 2A;−2iεr)

−−−→
r→∞

Γ(1− 2A)

|Γ(−A+ 1/2− ia2/ε)|
e−iεr(2εr)A−1/2e−πa2/2ε

×
[
ie−i[δ

′+εr+(a2/ε)ln(2εr)+
π
2 (A+1/2)]

− iei[δ
′+εr+(a2/ε)ln(2εr)+

π
2 (A+1/2)]

]
. (21)

Finally, by substituting Eq. (21) into Eq. (17), we get from Eq. (11)

R(r) −−−→
r→∞

N
(2ε)−1/2e−πa2/2ε

|Γ(−A+ 1/2− ia2/ε)|

× 2 sin(δ′ + εr +
a2
ε
ln(2εr) +

π

2
(A+ 1/2)) . (22)

Here we will compare the basic scattering state wave function with what we
have obtained till now. The basic Coulomb scattering state is characterized by a
useful dimensionless parameter which is called as Sommerfeld parameter. The

parameter is defined as η =
Z1Z2e

2

~v
= αZ1Z2

√
µc2

2E
, where by definition it

is the situation of the collision of two particles with respective masses m1 and
m2 and charges Z1e and Z2e at a positive energy E. v = ~k/µ is the relative
velocity of the particles in the centre of mass frame. The wave number is defined

as k =

√
2µE

~
, where µ =

m1m2

m1 +m2
is the reduced mass. α =

e2

4πε0~c
is the

226



Non-Relativistic Phase Shifts via Laplace Transform Approach

fine structure constant. Now selecting the unit µ = 1, ~ = 1, c = 1, e = 1 one
can easily find the Coulomb potential V (r) = ηk/r. Clearly neutral case of
scattering is recovered by η = 0.

For a central potential, a wave function can be factorized in spherical coordinates

~r = r(r,Ω) as ψ(~r) =
1

r
R(r)Y m` (Ω). The spherical harmonics Y m` (Ω) depend

on the orbital quantum number ` and magnetic quantum number m as well as
on the angles Ω = (θ, φ). The radial Schrödinger equation for the Coulomb
potential in partial wave ` reads( d2

dr2
− `(`+ 1)

r2
− 2kη

r
+ k2

)
R(r) = 0 .

The wave function for the scattering states is written

R(r) −−−→
r→∞

2 sin(kr + δ − π

2
`+ ηln(2kr)) , (23)

then the radial wave functions of scattering states for Coulomb potential in non-
relativistic case are normalized on the "k/2π" scale [10,11]. Here δ represents
phase shifts. Comparing Eq. (22) with Eq. (23) gives us the normalization
constant of scattering states

N =
√

2ε eπa2/2ε|Γ(−A+ 1/2− ia2/ε)| , (24)

and the phase shifts

δ = δ′ +
π

2

(
A+ `+

1

2

)
= argΓ(−A+ 1/2− ia2/ε) +

π

2

(
A+ `+

1

2

)
. (25)

Inserting Eq. (24) into Eq. (11), we obtain the normalized wave functions of
scattering states as

R(r) =
|Γ(−A+ 1/2− ia2/ε)|eπa2/2ε

(2ε)2A−(1/2)Γ(1− 2A)
r−A+ 1

2 eiεr

× 1F1(−A+ 1/2− ia2/ε; 1− 2A;−2iεr) . (26)

We study the analytical properties of the scattering amplitude to find the energy
levels of the potential in next section.

4 Scattering Amplitude and Analytical Properties

According to the partial-wave method, the scattering amplitude is given by [11]

F (θ) =

∞∑
`=0

(2`+ 1)

[
e2iδ

2ik

]
P`(cos θ) , (27)
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where ` is the angular quantum number. In order to discuss the analytical prop-
erties of the scattering amplitude, we have to study the analytical properties of
Γ(−A + 1/2 − ia2/ε) which can be done by using the definition of Gamma
function

Γ(z) =
Γ(z + 1)

z
=

Γ(z + 2)

z(z + 1)
=

Γ(z + 3)

z(z + 1)(z + 2)
= . . . , (28)

which means that the Gamma function has poles at z = 0,−1,−2, . . . in the
complex plane. Namely, the first-order poles of Γ(−A+1/2−ia2/ε) are situated
at −A + 1/2 − ia2/ε = 0,−1,−2, . . . = −n, n = 0, 1, 2, . . .. At the poles of
phase shifts, the energy levels are given by

E = a3 −
a22/2[

n+ 1
2 +

√
`(`+ 1) + 1

4 − 2a1

]2 , (29)

which is exactly the energy equation of the bound states [5]. The Mie-type
potential includes an “extra” term to the Coulomb potential, which modifies the
centrifugal barrier. This term breaks the degeneracy in the Coulomb problem
for the Schrödinger equation between levels of the same principal but different
orbital angular momentum quantum number. The similar situation appears in the
non-relativistic Coulomb problem because of the extra “accidental” degeneracy
in the energy spectrum, which is a result of the existence of an extra operator
called as Laplace-Runge-Lentz vector that commutes with the Hamiltonian.

By using the above equality −A+ 1/2− ia2/ε = −n, the radial wave function
given in Eq. (26) can be written as

R(r) = N ′r−A+ 1
2 e−a2r/(n+1/2−A)

1F1

(
− n; 1− 2A;

2a2

n+ 1
2 −A

r
)

(30)

which should be satisfied the normalization condition∫ ∞
0

|R(r)|2r2dr = 1 .

In order to find the normalization constant, we use the relation between the con-
fluent hypergeometric functions and the generalized Laguerre polynomials [9]

1F1(−n;κ+ 1; y) =
n!Γ(κ+ 1)

Γ(n+ κ+ 1)
Lκn(y) , (31)

and the following recurrence relation between the generalized Laguerre polyno-
mials [12]

yLκn(y) = (κ+ 2n+ 1)Lκn(y)− (n+ κ)Lκn−1(y)− (n+ 1)Lκn+1(y) , (32)
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We find the normalization constant for the bound state solutions as

N ′ =
(2a2)1−A

Γ(1− 2A)

√
Γ(n+ 1− 2A)

2n!

(
n+

1

2
−A

)2A−3

, (33)

where used the orthogonality relation of the generalized Laguerre polynomials
[9] ∫ ∞

0

yηe−y [Lηn(y)]
2
dy =

Γ(η + n+ 1)

n!
. (34)

Finally, we obtain the normalized radial wave functions for the Mie-type poten-
tial as

R(r) =

√
n!

Γ(n+ 1− 2A)

1

n+ 1
2 −A

r−A+ 1
2 e−

2a2
n+1/2−A r

× L−2An

(
2a2

n+ 1
2 −A

r

)
. (35)

which is consistent with the earlier results obtained in literature [5].

5 Conclusions

We have analyzed the exact scattering states of the Schrödinger equation for a
Mie-type potential which means that the normalized radial wave functions of
scattering states, and the phase shifts have been obtained. For this aim, we
have used the Laplace transform approach with the convolution theorem, and
observed that this approach could be an economical path to analyze the prob-
lem. By discussing the analytical properties of scattering amplitude, we have
found the energy levels of bound states, and the corresponding normalized ra-
dial wave functions. It is observed that the energy equation at the poles of the
scattering amplitude corresponds to energy equation of the bound states, and ra-
dial wave functions of scattering states correspond to the radial wave functions
of the bound states. It is found that the results obtained for the bound states are
consistent with the results given in literature. We have discussed the similar-
ity between our results obtained for the bounded part and the ones appearing in
the non-relativistic Coulomb problem because of the Laplace-Runge-Lenz vec-
tor. We have also compared the radial form of the Schrödinger equation for the
Mie-type potential with the Klein-Gordon equation for a charged particle in an
external Coulomb potential including the Sommerfeld parameter.

Acknowledgments

The authors would like to thank the editor and the anonymous reviewer for valu-
able comments. This research was supported by Hacettepe University Scientific
Research Coordination Unit, Project Code: FBB-2016-9394.

229



A. Arda, T. Das

References

[1] A. Mukherjee, R. Dutt, Y.P. Varshni (2005) Phys. Lett. A 339 206.
[2] R.E. Roberts, J. Ross (1970) J. Chem. Phys. 342 1464.
[3] N. Fröman, P.O. Fröman (1965) JWKB Approximation Contributions to the Theory,

North-Holland, Amsterdam.
[4] N. Fröman, S. Yngve (1980) Phys. Rev. D 22 1375.
[5] A. Arda, R. Sever (2012) J. Math. Chem. 41 971.
[6] M.R. Setare, E. Karimi (2007) Phys. Scr. 75 90.
[7] M.R. Spiegel (1965) Schaum’s Outline of Theory and Problems of Laplace Trans-

forms, McGraw-Hill, New York.
[8] J.L. Schiff (1999) The Laplace Transform: Theory and Applications, Springer, New

York.
[9] I.S. Gradshteyn, I.M. Ryzhik (2007) Table of Integrals, Series, and Products, Aca-

demic Press, New York.
[10] M. Abramowitz, I.A. Stegun (1965) Handbook of Mathematical Functions with

Formulas, Graphs, and Mathematical Tables, Dover Publications, New York.
[11] L.D. Landau, E.M. Lifshitz (1977) Quantum Mechanics: Non-Relativistic Theory,

Pergamon, New York.
[12] C.Y. Chen, F.L. Lu, D.S. Sun (2006) Commun. Theor. Phys. 45 889.

230


