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Abstract. Running Dark Energy and Dark Matter models are candidates to resolve the Hubble constant tension. However the model does
not consider a Lagrangian formulation directly. In this paper we formulate an action principle where the Running Vacuum Model (RVM)
is obtained from an action principle, with a scalar field model for the
whole dark components. The Dynamical Spacetime vector field χµ is
a Lagrange multiplier that forces the kinetic term of the scalar field to
behave as the modified dark matter. When we replace the vector field
by a derivative of a scalar the model predicts diffusion interactions between the dark components with a different correspondence to the RVM.
We test the models with the Cosmic Chronometers, Type Ia Supernova,
Quasars, Gamma ray Bursts and the Baryon Acoustic Oscillations data
sets. We find that ΛCDM is still the best model. However this formulation suggests an action principle for the RVM model and other extensions.
K EY WORDS : Dark Energy; Dark Matter; Modified Gravity.

1

Introduction

Almost twenty years after the observational evidence of cosmic acceleration,
the cause of this phenomenon, labeled as dark energy remains an open question which challenges the foundations of theoretical physics: The cosmological
1310–0157 © 2021 Heron Press Ltd.
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constant problem - why there is a large disagreement between the vacuum expectation value of the energy momentum tensor which comes from quantum
field theory and the observable value of dark energy density [1–3]. The simplest
model of dark energy and dark matter is the ΛCDM that contains non-relativistic
matter and a cosmological constant.
Modification for gravity or to the dark sector were considered in many cases,
such as [4–18]. Unification between dark energy and dark matter from an action
principle were obtained from scalar fields [19–24] including Galileon cosmology [25] or Teleparallel modified theories of gravity [26–29]. A diffusive interaction between dark energy and dark matter was introduced in [30–35]. Interacting scenarios prove to be efficient in alleviating the known tension of modern
cosmology, namely the H0 [36–48]. Despite the extended investigation of interacting scenarios the choice of the interaction function remains unknown. The
Running Vacuum Model [49–64] is a good modified model for the cosmological
background particularly because they can resolve some of the tensions existing in ΛCDM, mainly the σ8 tension. In particular, it was shown in [50], that
models that include dynamical components of Ḣ, H 2 are far more favoured
than Λ CDM. Such models predicts a value of σ8 between 0.74 − 0.77, and
that of H0 between local and Planck measurements, thus significantly relaxing both the tensions. The main point of the RVM comes from Quantum Field
Theory (QFT) in a curved spacetime, but here we formulate an action principle that approach the RVM at late times. In this paper we work with Running
Dark Energy and Dark Matter from Dynamical Spacetime. Because of the conformal invariance of the radiation it cannot deviate from 1/a4 , which cannot be
modified by going from one conformal frame to another. In fact, running dark
radiation is impossible in our Lagrangian framework (or any other Lagrangian
framework known so far). Hence, it is probably best to discard this aspect of
RVM models. Other Lagrangian frameworks dealing with RVM also leave out
the radiation (see Appendix in [65]).
For a homogeneous expanding universe, the RVM expects that the vacuum energy density and the gravitational coupling are functions of the cosmic time
through the Hubble rate, assuming the canonical equation of state pΛ =
−ρΛ (H) for the vacuum energy density. The corresponding Friedmann equation
(with the presence of radiation ρr and pressureless matter density ρm ) reads:
H 2 /H02 = G̃(H) (Ωm + Ωr + ΩΛ (H)) ,

(1)

where we set 8πG = 1. The parameters Ω0i = ρi0 /ρc0 are the current cosmological parameters for matter and radiation. For i = Λ, it represents the density parameter for vacuum energy. The normalized running Newtonian Constant
G(H) is defined as:
G̃(H) := G(H)/G .
(2)
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The RVM structure for the dynamical vacuum energy assumes the expansion:
ΩΛ (H; ν, α) = Ω0Λ + ν



H
H0

2

2 Ḣ
+ α 2 + ··· ,
3 H0

(3)

based on quantum corrections of QFT in curved spacetime [66]. The coefficients
ν and α are dimensionless. For ν = α = 0, we recover the cosmological
constant.
The RVM suggests two types of models: type G models where we have running
G and hence a running ρΛ (H) (matter remains conserved); type A models where
G is constant (with anomalous conservation law). Here we compare the Dynamical Space Time (DST) cosmology with the second type of RVM, that assumes
G =const. By making this choice we do not loose much generality since, as it
is well known by a conformal transformation we can come back to a constant G
(in the Einstein frame), and therefore in this proposal we study G =const. More
general cases will be the subject of our full investigation in the future. This will
be related to alternative theories that couple the Einstein term to some scalar
fields and give a running Newtonian constant.
The conservation of the total energy momentum tensor gives the extended Friedmann matter equation:
(0)

(0)

H 2 /H02 = ΩΛ +

(0)

Ωm −3ξ Ωr −4ξ0
a
+ 0 a
.
ξ
ξ

(4)

The new coupling constant read:
ξ=

1−ν
1−ν
0
≡ 1 − νef
≡ 1 − νef f , ξ 0 =
f .
1−α
1 − 43 α

(5)

The standard expressions for matter and radiation energy densities are recovered
for ξ, ξ 0 → 1. The lack of an action principle for the RVM may be solved with
DST formulation.
The plan of the work is as follows: In section 2 we introduce the DST with the
complete action and the equations of motion. Section 3 introduces the diffusive
extension to the DST action with the complete solution. Section 4 confront the
model with some data set. Finally, in section 6 we summarize our results.
2
2.1

Dynamical Space Time Theory
The dynamical time theory

The conservation of energy can be derived from the time translation invariance
principle. However using a Lagrange multiplier, one can derive the covariant
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local conservation of an energy momentum tensor T µν . Let’s consider a 4 dimensional case where a conservation of a symmetric energy momentum tensor
T µν is imposed by introducing the term S(χ) in the action [67–69]:
Z
√
1
d4 x −gR + S(χ) where
S=
2
Z
√
S(χ) = d4 x −g χµ;ν T µν ,
(6)
and χµ;ν = ∂ν χµ − Γλµν χλ . The vector field χµ called a dynamical space time
µν
is a canonically conjugated variable
vector, because the energy density of T(χ)
to χ0 , which is what we expected from a dynamical time:
π χ0 =

∂L
= T00 (χ) .
∂ χ̇0

(7)

In the metric formalism, the variation with respect to χµ gives a covariant conservation law:
∇µ T µν = 0 .
(8)
The covariant conservation of the T µν is satisfied because of the variation with
respect to the dynamical spacetime vector field. However, the covariant conservation of the metric energy momentum tensor is Gµν is fulfilled automatically
because of the Bianchi identity.
The reason we call this four vector the dynamical space time is because its
canonical momentum is an energy density, so as we normally associate time
as the conjugate of energy, this seems a natural identification. Furthermore in
many solutions the dynamical time coincides with the cosmic time and when
this does not happens exotic effects happen. Notice finally that in GR the time is
just a coordinate and can be set to anything we want, so it is meaningless to talk
about the dynamics of a coordinate, unlike the zero component of a four vector.
A particular case of the stress energy tensor with the form T µν = L1 g µν corresponds to a modified measure theory. By substituting this stress energy tensor
into the action itself, the determinant of the metric is cancelled:
√
√
−gχµ;µ L1 = ∂µ ( −gχµ )L1 = ΦL1 ,
(9)
√
where Φ = ∂µ ( −gχµ ) is like a “modified measure”. This situation corresponds to the “Non-Riemannian Volume-Forms” [70–72], where in addition to
√
the regular measure of integration −g, the Lagrangian includes a modified
measure of integration, which is also a scalar density and a total derivative. with
the modified measure being generalized by using the dynamical space time vector field χµ .
A variation with respect to the dynamical time vector field will give a constraint
on L1 to be a constant:
∂α L1 = 0
120

⇒

L1 = const .
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Some basic symmetries that holds for the dynamical space time theory are two
independent shift symmetries:
χµ → χµ + kµ ,

T µν → T µν + Λg µν ,

(11)

where Λ is some arbitrary constant and kµ is a Killing vector of the solution.
This transformation does not change the action (6), which means that the redefinition of the energy momentum tensor (11) does not change the equations of
motion. Of course such type of redefinition of the energy momentum tensor is
exactly what is done in the process of normal ordering in Quantum Field Theory
for instance.
2.2

Running vacuum with dynamical time

In this section we consider the following action:
L=

1
1
R + χ,µ;ν T µν − φ,µ φ,µ − V (φ) ,
2
2

(12)

which contains a scalar field with potential V (φ). The stress energy momentum
tensor T µν is chosen to be:
T µν = −

λ1 ,µ ,ν λ2 µν
φ φ − g (φ,α φ,α ) + g µν U (φ) ,
2
2

(13)

where λ1 and λ2 are arbitrary constants, U (φ) is another potential. In such a
case the density and pressure resulting from T µν are:
ρ̃ = (λ1 + λ2 )

φ̇2
+ U (φ),
2

p̃ = −λ2

φ̇2
− U (φ)
2

(14)

with the original energy momentum tensor is: Tνµ = (ρ̃, −p̃, −p̃, −p̃). For simplicity we take U (φ) = const. Because of the symmetry (11), the U (φ) does not
contribute to the action.
The action depends on three different variables: the scalar field φ, the dynamical
space time vector χµ and the metric gµν . Because we assume homogeneous
background, the scalar field is assumed to be depend only on time φ = φ(t).
The vector field is assumed to be in the form:
χµ = (χ0 (t), 0, 0, 0) .

(15)

The metric we use is the Friedmann Lemaitre Robertson Walker Metric (FLRW),
with a Lapse function:
ds2 = −N (t)dt2 + a(t)2 (dx2 + dy 2 + dz 2 ) ,

(16)
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where a is the scale factor and the N (t) is the Lapse function, which in the
equations of motion is gauged to be N (t) = 1. In Mini-Super-Space, the action
(6) reads:
3λ2 a2 χ0 ȧφ̇2
3aȧ2
3a2 ä 3a2 ȧṄ
λ1 a3 χ0 Ṅ φ̇2
−
+
−
+
N
N2
2N 3
N
2N 4
3
2
3
2
3
2
λ1 a χ̇0 φ̇
λ2 a χ̇0 φ̇
a3 φ̇2
λ2 a χ0 Ṅ φ̇
−
−
− a3 N V (φ) +
+
. (17)
4
3
3
2N
2N
2N
2N

LM.S.S =

The variation with respect the Dynamical Time vector field χ0 yields:
3
λ1 H φ̇ + λφ̈ = 0 ,
2

(18)

which is integrated to give:
p
(19)
φ̇ = H0 2Ω0m a−3λ1 /2λ ,
p
with an integration constant H0 2Ω0m and λ = λ1 + λ2 . The second variation
with respect to the scalar field φ gives:



2λ 3(λ − λ1 )χ0 Ḣ + λχ̈0 + 9H 2 λ2 − λ21 χ0
+ H (3λ(3λ − λ1 )χ̇0 − 3(λ + λ1 )) = 0 . (20)
The last variation, with respect to the metric, gives the “gravitational” stress
energy tensor, which, as we anticipated, differs from the energy momentum that
appears in the action. The energy density and the pressure of the scalar field
which are the source of the Einstein tensor are:
ρ=

1 2
φ̇ (H(9λ1 − 6λ)χ0 − 2λχ̇0 + 1) + λχ0 φ̇φ̈ + V (φ) ,
2

1
p = (λ − λ1 )χ0 φ̇φ̈ + φ̇2 (λ1 χ̇0 − 1) − V (φ) .
2
with the Friedmann equations:
ρ = 3H 2 ,

p = −3H 2 − 2Ḣ.

(21a)

(21b)

(22)

In order to track the evolution of the solution, we use the asymptotic solution:
with a power law and an exponential expansion. We assume V (φ) = const =
3H02 Ω0Λ for simplicity. By taking the first and the second Friedmann equations
together we get:
3λ1

3(3λ1 + 2λ2 ) H02 ΩΛ − H 2
H02 Ω0m (λ1 + 2λ2 )H − λ1 +λ2
Ḣ =
−
.
4(λ1 + λ2 )
4(λ1 + λ2 )
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This equation is independent of χ0 and it’s derivative. From integration we get
the extended Friedmann equation:

H(t)2 = H02 Ω0m a−3β + ΩΛ
(24)
with the density ρ = 3H 2 and the “matter components” have a modified power
in the Friedmann equations:
β = λ1 /λ ,
(25)
where b is the multiple modification for the power matter fields. Notice that
for the case λ = λ1 the solution should be different which has been solved
analytically and numerically in [68,73]. The RVM energy density (of the second
type) corresponds to the asymptotic solution of the DST cosmology for ξ = b =
λ1 /λ, ξ 0 = 1.
Now we have solved the effective matter density without any assumptions concerning a, as we consider more complicated situations, in particular, when we
will consider the situation where diffusion is present, then, in order to study
the evolution of the solution for an asymptotically constant solution, we use a
power law and exponential expansion forms for a. Then we can check that our
answers are correct in the limit where the problem has been resolved without
any assumptions for a.
If we assume power law solution for the scale factor for large times a ∼ tα with
an asymptotically constant potential V =const. Using power law scale factor in
Eq. (20), we get the solution for χ0 as:
χ0 (t) =

3α(λ+λ1 )
3α(λ−λ1 )
t
+ B1 t1− 2λ
+ B2 t − λ
,
λ + 3α(λ − λ1 )

(26)

where B1 and B2 are integration constants. For large time, considering 2λ <
3α(λ1 + λ), the second and third terms become sub dominating, hence can be
neglected. Therefore, the solution for χ0 simplifies to
χ0 (t) =

t
.
λ + 3α(λ − λ1 )

(27)

Substituting the solutions for the derivative of φ (19) and the solution of χ0 from
Eq. (27) into the density equation (21a) giving:
ρ = C12

(λ + 3α(λ1 + 3λ)) −3λ1 /λ
a
+V .
2(3α(λ1 − λ) + λ)

(28)

We can also obtain the same asymptotic behavior if we consider exponential
scale factor given by a ∼ eH0 t . Similarly, solution for χ0 is given by
χ0 (t) =

3tH0 (λ+λ1 )
3tH0 (λ−λ1 )
1
2λ
λ
+ C 1 e−
+ C2 e−
.
3H0 (λ − λ1 )

(29)
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Once again for large times, one can neglect the last two terms, hence
χ0 (t) =

1
.
3H0 (λ − λ1 )

(30)

Substituting the above solutions into the density equation (21a), we get the expression:
λ1 + 3λ −3λ1 /λ
a
+V ,
(31)
ρ = C12
2(λ1 − λ)
which is similar to the power law expansion, but with different coupling constants.
Notice that for the case λ = λ1 the solution should be different, but solved
analytically and numerically in Ref. [68, 73]. The RVM energy density (from
the second type) corresponds to the asymptotic solution of the DST cosmology
for:
ξ = λ1 /λ, ξ 0 = 1 .
(32)
In this paper we will ignore the radiation, although we have studied radiation
from gauge fields in cosmology in the context of the DST theory, considering
a non trivial coupling of the dynamical space time vector to a radiation energy
momentum tensor [69]. The analysis is a bit more complicated. In order to
modify the matter part and leave the radiation as an external field, or to say
that it does not couple to our dynamical space time vector field. Here in order
to obtain both the matter and vacuum energy densities we have used the DST
action principle, or as we will do in the next chapter, we will use the extension
of the DST that gives a Diffusive action.
3

Diffusive Extension

3.1

The diffusion theories

In order to break the conservation of T µν as in the diffusion equation, the vector
field χµ a mass like term could be added in the action:
Z
Z
√
σ
µν
4 √
d4 x −g(χµ + ∂µ A)2 ,
(33)
S(χ,A) = d x −gχµ;ν T +
2
where A is a scalar field different from φ. From a variation with respect to the
dynamical space time vector field χµ , we obtain:
∇ν T µν = σ(χµ + ∂ µ A) = f µ ,

(34)

where the current source reads: f µ = σ(χµ + ∂ µ A). From the variation with respect to the new scalar A, a covariant conservation of the current indeed emerges:
∇µ f µ = σ∇µ (χµ + ∂ µ A) = 0 .
124
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A particular case of diffusive energy theories is obtained when σ → ∞. In this
case, the contribution of the current fµ in the equations of motion goes to zero
and yields a constraint for the vector field being a gradient of the scalar:
fµ = σ(χµ + ∂µ A) = 0

⇒

χµ = −∂µ A .

The theory (33) is reduced to a theory with higher derivatives:
Z
√
S = − d4 x −g A,µ;ν T µν .

(36)

(37)

The variation with respect to the scalar A gives
∇µ ∇ν T µν = 0

(38)

which corresponds to the variations (34) - (35). In the following part of this paper
we use the reduced theory with higher derivative in the action. The covariant
conservation of the T µν can break because of the variation with respect to the
scalar A. In such a case, the doubled divergence of the T µν is zero. However, the
covariant conservation of the metric energy momentum tensor Gµν is fulfilled
automatically because of the Bianchi identity.
3.2

The diffusive extension

We consider the following action: [74–76]:
L=

1
1
R + A,µ;ν T µν − φ,µ φ,µ − V (φ) ,
2
2

(39)

which contains a scalar field with potential V (φ). There are three independent
sets of equations of motions: A, φ and the metric gµν .
In the Mini-Super-Space the action (39) reads:
3a2 ä 3a2 ȧṄ
3λ2 a2 ȧȦφ̇2
3aȧ2
λ1 a3 Ṅ Ȧφ̇2
−
−
+
+
N
N2
2N 3
N
2N 4
2
3
2
3
2
3
λ1 a Äφ̇
λ2 a Äφ̇
a3 φ̇2
λ2 a Ṅ Ȧφ̇
−
−
− a3 N V (φ) +
. (40)
+
4
3
3
2N
2N
2N
2N

LM.S.S =

Again here we assume U (φ) = Const. According to this ansatz the scalar fields
are solely functions of time. The variation with respect to the scalar A gives:
(λ1 + λ2 )φ̇φ̈ + 3Hλ1 φ̇2 =

σ1
,
a3

where σ1 is an integration constant. Then the solution for Eq. (41) is:
Z t
3λ1
3λ1
3λ2
σ1
φ̇2 = φ̇2(0) a− λ1 +λ2 +
a− λ1 +λ2
dsa− λ1 +λ2 .
λ1 + λ2
0

(41)

(42)
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In addition for the same theoretical reason we assume that V (φ) = Const. Then
variation with respect to the scalar field φ yields:
(λ1 − λ2 )Ä + (1 − 3Hλ2 Ȧ) =

σ2
,
φ̇a3

(43)

where σ2 is another integration constant. Now from the stress energy momentum
tensor, the total energy density term is:
ρ=


3
1 
H(λ1 − 2λ2 )Ȧφ̇2 + φ̇2 1 − 2(λ1 + λ2 )Ä
2
2



+ Ȧφ̇ (λ1 + λ2 )φ̈ + V , (44)

and the total pressure is:
p=

1 2 1
φ̇ − λ1 Äφ̇2 + λ2 Ȧφ̇φ̈ − V .
2
2

(45)

We aren’t able to find the exact solutions for the Einstein equation together with
the equations for the scalar fields. So we are looking for asymptotic solutions.
We assume a power law solution for a large time a ∼ tα . Then from Eq. (41)
the solution for the scalar field φ derivative is:
s
3α
1
2σ1
φ̇ =
(46)
t2− 2 .
3α(λ1 − λ2 ) + λ1 + λ2
The solution for the derivative of the scalar field A is:
Ȧ =

2λ2
t.
−6αλ2 + λ1 − 2λ2

(47)

By inserting the solutions (46) and (47) into Einstein equation we obtain:
ρ=

α2 t
α1
+ 3 +V ,
a3
a

(48)

where the constants are:
18α2 λ2 (2λ2 − λ1 )
,
2(λ1 − 2λ2 (3α + 1))
(6α + 2)λ1 λ2 + 2(3α + 1)(λ2 − 1)λ2 + λ1
α2 =
.
2(λ1 − 2λ2 (3α + 1))
α1 =

(49)
(50)

For exponential solution, the asymptotic limit reads different. For this we set
a ∼ eH0 t in Eq. (42). Then we get:
3λ1

φ̇2 = φ̇20 a− λ1 +λ2 − σ1 H0
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,
3λ2 a3

(51)
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if we impose

3λ1
λ1 +λ2

ρ=

> 0. Then from Eq. (43) we get the density as:
3λ1
H0 σ0 (λ1 + λ2 ) 1
1
+ V + φ̇20 a− λ1 +λ2 .
3
3λ2
a
2

(52)

The physical quantities corresponds to the parameters of the theory via:
Ω0m =

H0 σ0 (λ1 + λ2 )
,
3λ2

Ω0Λ = V ,

(53)

and with a new power:
Ω0γ =

1 2
φ̇ ,
2 0

γ = 3β .

(54)

With this solution, the corresponding energy density for the RVM is
ξ = 1,

ξ 0 = 3λ1 /(4λ).

(55)

In this case, we modify the radiation part and obtain the matter field from one
action. In both cases we can modify one part of the Friedmann matter equation.
However to obtain the full RVM energy density from those theories is not possible, but still implies for the direction how to use Lagrange multipliers as the
DST cosmology to obtain the RVM.
4

Cosmological Probes

In order to constraint our model, we employ the following data sets: Cosmic
Chronometers (CC) exploit the evolution of differential ages of passive galaxies
at different redshifts to directly constrain the Hubble parameter [77]. We use
uncorrelated 30 CC measurements of H(z) discussed in [78–81]. As Standard
Candles (SC) we use 40 uncorrelated measurements of the Pantheon Type Ia
supernova dataset [82] that were collected in [83] and also measurements from
Quasars [84] and Gamma Ray Bursts [85]. The parameters of the models are
adjusted to fit the theoretical µth
i value of the distance moduli,
µ = m − M = 5 log10 ((1 + z) · DM ) + µ0 ,

(56)

to the observed µobs
value. m and
i
 M are the apparent and absolute magnitudes and µ0 = 5 log H0−1 /Mpc + 25 is the nuisance parameter that has been
marginalized. The luminosity distance is defined by,
Z z
c
dz 0
DM =
,
(57)
H0 0 E(z 0 )
where Ωk = 0 and DL = (1 + z) · DM . In addition, we use the uncorrelated
data points from different Baryon Acoustic Oscillations (BAO) collected in [86]
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from [87–98]. Studies of the BAO feature in the transverse direction provide a
measurement of DH (z)/rd = c/H(z)rd , with the comoving angular diameter
distance [99, 100]. In our database we also use the angular diameter distance
DA = DM /(1 + z) and the DV (z)/rd , which is a combination of the BAO
peak coordinates above:
2
DV (z) ≡ [zDH (z)DM
(z)]1/3 .

(58)

rd is the sound horizon at the drag epoch and it is discussed in the corresponding
section. Finally for very precise “line-of-sight” (or “radial”) observations, BAO
can also measure directly the Hubble parameter [101].
All of the data set we use in this paper are uncorrelated (including the BAO collection). We use a nested sampler as it is implemented within the open-source
packaged P olychord [102] with the GetDist package [103] to present the results. The prior we choose is with a uniform distribution, where Ωr ∈ [0; 1],
Ωm ∈ [0.; 1.], ΩΛ ∈ [0.; 1.], H0 ∈ [50; 100] km/sec/Mpc, rd ∈ [130; 160] Mpc.
For the additional parameter we take β ∈ [0., 2.]. We also compare the Akaike
information criteria (AIC) of the two models applied to the data set [8,104,105].
5

Results

Table 1 summarizes the results for the RMV and the Diffusive model with a
comparison to ΛCDM model. The posterior distribution is presented in Figure 1,
and the corresponding relation between the Hubble parameter and the additional
parameter β is presented in Figure 2. The Ωm matter part in the DST model
0.2780 ± 0.0214 which is close for the Diffusive case. For the ΛCDM case the
matter part is 0.263 ± 0.208. The dark energy ΩΛ part for the DST case 0.703 ±
0.024, for the Diffusive case 0.704 ± 0.0203 and for the ΛCDM case 0.728 ±
0.009. The Hubble parameter for the DST case is lower then other cases: 69.63±
1.10 for DST, 69.33 ± 1.24 for Diffusive case of 70.40 ± 1.174 (km/Sec/Mpc)
for ΛCDM model.
Table 1. Observational constraints and the corresponding χ2min for the DST model, the
Diffusive extension and ΛCDM model. Here we set Ωk = 0.
Parameter

DST

Diffusive

ΛCDM

H0 (km/sec/Mpc)
Ωm
ΩΛ
β
rd (Mpc)
χ2min /Dof
AIC

69.63 ± 1.10
0.2780 ± 0.0214
0.703 ± 0.024
0.941 ± 0.0568
147.1 ± 2.45
0.960
267.0

69.33 ± 1.24
0.2785 ± 0.02
0.704 ± 0.0203
0.9120 ± 0.05498
146.7 ± 2.64
0.972
269.9

70.40 ± 1.174
0.263 ± 0.208
0.728 ± 0.0151
—
145.5 ± 2.66
0.957
264.7
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Diffusive
DST
CDM

0.35

m

0.30
0.25

0.75
0.70
0.65

rd(Mpc)

155
150
145
140
66

68

70

72

H0(kms 1Mpc 1)

0.22

0.26

0.30
m

0.34

0.65

0.70

0.75

140

145 150
rd(Mpc)

155

Figure 1. The posterior distribution with 1σ and 2σ for the DST, Diffusive and the ΛCDM
model. The data set includes CC + Type Ia Supernova + Quasars + GRB + BAO. The
Hubble function for the DST is from Eq. 24 and the Hubble function for the Diffusive
model is from Eq. 52.

The BAO scale is set by the redshift at the drag epoch zd ≈ 1020 when photons
and baryons decouple [106]. For a flat ΛCDM, the Planck measurements yield
147.09 ± 0.26M pc and the WMAP fit gives 152.99 ± 0.97M pc [107]. Final
measurements from the completed SDSS lineage of experiments in large-scale
structure provide rd = 149.3 ± 2.8 Mpc [108].
The ΛCDM model for the combined data set we use gives 145.5 ± 2.66. However, the DST model gives 147.1 ± 2.45, while for the Diffusive case we obtain
146.7 ± 2.64. The rd is in a moderate and reasonable range. From the AIC we
see that ΛCDM is still the better fit to the late universe, since the AIC for ΛCDM
model 264.7 is lower then the DST case 267.0 or for the Diffusive model case
269.9.
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Figure 2. The posterior distribution for different measurements with 1σ and 2σ for the
Hubble parameter.

6

Discussion

We know though ΛCDM could be the simplest phenomenological explanation
for the observed acceleration of the Universe, there still exist a disagreement between the predicted and observed value of Λ. In particular, we are still facing the
crucial question whether Λ is truly a fundamental constant or a mildly evolving
dynamical variable. It turns out that the Λ =const, despite being the simplest,
may well not be the most favored one when compared with specific dynamical
models of the vacuum energy. It also is unable to solve the tension related to
the Hubble constant. Recently it has been shown the RVM are good modified
models candidates to solve the Hubble tension. However, the model does not
consider a Lagrangian formulation directly.
We obtain a candidate for the RVM formulated by an action principle that approaches the RVM of the second type asymptotically, without the requirement
of dark components. We study this in dynamical space time vector model and
also its diffusive extension. The scalar field model takes care of the behavior of
the dark components. The kinetic term mimics the behavior of the dark matter
and the potential terms acts like dark energy. Because of conformal invariance,
the radiation cannot deviate from 1/a4 in this scenario. Analysing asymptotically, we have found that the DST and its diffusive counterpart have a different
correspondence to the RVM.
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We use CC + Type Ia Supernova + Quasars + GRB + BAO sets in order to
constraint the model. It seems from the AIC test that the ΛCDM model is a
better fit then DST and also the Diffusive case. However we can recover ΛCDM
model by setting λ2 = 0, and the ΛCDM in this case is formulated via an action
principle.
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