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Abstract. We build the 5D cosmological model of the cosmos in the
f(R, T ) gravity when the cause of gravitation is a bulk viscous fluid.
We obtain model for f(R, T ) = f1(R) + f2(T ) where f1(R) = µR
and f2(T ) = µT . We find that viscous fluid is influenced by the pa-
rameter µ of f(R, T) gravity. By proper tuning of the parameter µ and a
proportionality constant k1, the model describes stiff fluid era, radiation
dominated era, matter-dominated era, transition era, dark energy (DE)
dominated era, phantom era, and quintessence era of the universe. Fur-
ther, we discuss the different physical and kinematical properties of the
models.

KEY WORDS: f(R, T ) theory; five-dimensions; bulk viscous fluid.

1 Introduction

Nordstron (1914) [1] proposed a five-dimensional (5D) scalar-tensor theory to
unify gravitation and electromagnetism. Based on the general relativity, [2] con-
structed a similar unified field theory. Klein (1926) [3] extended this theory and
urged that the fifth dimension is rotated up in a circle of very small radius. Ein-
stein and Bergmann (1938) [4] further developed this theory. In Kaluza-Klein’s
(KK) theories, nature is considered as pure geometry and the electromagnetic
and gravitational fields are completely confined in a metric and its derivatives.
There are no modifications to Einstein’s theory other than the equations run from
0 to 4 instead of 0 to 3. The KK theory is cylindrical i.e. the physics is de-
termined by only the first four coordinates. Overduin and Wesson (1997) [5]
explained three different directions of KK theories viz. the compactification,

338 1310–0157 c© 2005 Heron Press Ltd.

mailto:rakesh.s24@gmail.com
mailto:mahantakamal@gmail.com


Bulk Viscous Transient Universe in Five Dimensional f(R, T ) Theory of Gravity

projection, and non-compactification of the extra dimensions. Gogberashvili
(1999) [6] constructed a 5D model of the cosmos and showed that four dimen-
sionalities of our universe are the result of stability requirement. Randall and
Sundrum (1999) [7] explained the possibility of the presence of extra dimensions
links cosmic acceleration with the hierarchy problem in high energy physics and
gives rise to the Brane-world cosmology. Qiang et al. (2005) [8] proposed a 5D
Brans-Dicke theory to describe the accelerated expansion of the universe.

Harko et al. (2011) [9] proposed f(R, T ) theories of gravity where the gravita-
tional Lagrangian is considered as an arbitrary function of the Ricci scalar (R)
and the trace of the energy-momentum tensor (T). In the f(R, T) model, the co-
variant divergence of the stress-energy tensor is nonzero and the motion of mas-
sive test particles is nongeodesic. The present researchers are giving importance
to the coupling between matter and geometry, because coupling may be giving
an extra acceleration of the Universe at present. Reddy et al. (2012) [10] built
a 5D perfect fluid cosmological model in f(R, T ) theory. Ram and Priyanka
(2013) [11] extended this work and obtained some new classes of cosmological
models. Samanta and Dhal (2013) [12] obtained 5D cosmological models for
f(T ) = λT and discussed some astrophysical phenomena of these models. Sa-
hoo and Mishra (2014) [13] studied Kaluza-Klein DE model with wet dark fluid
in f(R, T ) theory. Moraes (2014) [14] obtained various cosmological results in
Kaluza-Klein f(R, T ) theory. Biswal et al. (2015) [15] explored the physical
behavior of the 5D KK cosmological model in the presence of domain walls
in f(R, T ) theory. Sahoo et al. [16] constructed a class of KK cosmological
models in f(R, T ) theory of gravity with cosmological constant Λ(t). Sahoo
(2017) [17] built a model of the cosmos filled with wet dark fluid in f(R, T )
gravity.

Samanta et al. (2017) [18] studied the validity of the second law of thermody-
namics when f(R, T ) = R + 2f(T ) in KK bulk viscous cosmological model.
It is believed that bulk viscosity in the cosmos arise due to inconsistency in the
local thermodynamics equilibrium. Many authors [19–25] pointed out that bulk
viscous matter account the late acceleration of the universe. Recently Debnath
(2019) [26] obtained cosmological solution in f(R, T) theory in the presence of
bulk viscosity permitted in Eckart theory, Truncated Israel Stewart theory, and
Full Israel Stewart theory. As per our knowledge bulk, viscous perfect fluid in
five-dimensional space-time for f(R, T ) = f1(R) + f2(T ) is not yet studied.

Therefore in this work, we intend to study this case. The paper is organized as
follows: in Section 2, we obtained the field equations of the f(R, T ) gravity and
found the exact solutions of the field equations. In Section 3, we discussed the
evolution of the scale factors, the behavior of the energy density, proper pressure,
total pressure, and bulk viscous coefficient and studied the stability of the theory.
The conclusion of this study is given in Section 4.
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2 Field Equations and Cosmological Model

Harko et al. (2011) [9] considered three explicit form of f(R, T ) as

f(R, T ) =


R+ 2f(T )

f1(R) + f2(T )

f1(R) + f2(R)f3(T )

(1)

We can obtain several theoretical models for each choice of f(R, T ). In this
work, we consider the second case i.e. f(R, T ) = f1(R) + f2(T ) for construct-
ing cosmological models through the five dimensional metric

ds2 = dt2 − eγ(dr2 + r2dθ2 + r2sin2θdφ2)− eηdψ2 , (2)

where γ and η are the functions of cosmic time t only. In this case the gravita-
tional field equation of f(R, T ) theory is

f
′

1(R)Rij −
1

2
f1(R)gij + (gij�−∇i∇j)f

′

1(R) = 8πTij + f
′

2(T )Tij

+

(
f

′

2(T )P +
1

2
f2(T )

)
gij , (3)

where the prime denotes differentiation with respect to the argument. Here we
consider the source of gravitation as the bulk viscous fluid. Therefore the energy
momentum tensor is taken as

Tij = (P + ρ)uiuj − Pgij (4)

together with comoving coordinates

giju
iuj = 1. (5)

The bulk viscous pressure can be expressed as

P = P − ξθ , (6)

where

θ = U i;i =
3γ′ + η′

2
. (7)

Here ρ is the energy density, ξ is the coefficient of bulk viscosity, θ is the scalar
of expansion, P is the total pressure and P is the proper pressure. We take
f1(R) = µR and f2(T ) = µT to construct various cosmological models of the
universe, where µ(6= 0) is an arbitrary parameter. Now (3) becomes

µRij−
1

2
µ(R+T )gij+(gij�−∇i∇j)µ = 8πTij−µTij+µ(2Tij+Pgij) . (8)
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Setting (gij�−∇i∇j)µ = 0, we obtain

µGij = (8π + µ)Tij + (µP +
1

2
µT )gij , (9)

where Gij = Rij − 1
2gijR is the Einstein tensor. Now (9) can be expressed as

Gij =
8π + µ

µ
Tij + (P +

1

2
T )gij , (10)

Gij =
8π + µ

µ
Tij + Λ(T )gij , (11)

where Λ(T ) = P + 1
2T is an effective cosmological constant that depends on

time.

Using (4) and (6), the explicit form of the field equations (10) for the line element
(2) can be obtained as

3

4
µ (γ′)

2
+

3

4
µγ′η′ = µP − 3

2
µρ− 8πρ , (12)

3

4
µ (γ′)

2
+

1

2
µγ′η′ +

1

4
µ (η′)

2
+ µγ′′ +

1

2
µη′′ = 2µP + 8πP − 1

2
µρ , (13)

and
3

2
µ (γ′)

2
+

3

2
µγ′′ = 2µP + 8πP − 1

2
µρ . (14)

Here there are four unknowns viz. γ, η, P and ρ involved in three equations. For
exact solutions of these equations following [14, 27, 28], we consider

η = aγ , (15)

where a(6= 0) is a parameter. Solving the equations (13) and (14), we get

eγ = [(3 + a)t]
2

3+a , (16)

eη = [(3 + a)t]
2a

3+a , (17)

where a 6= −3. Substituting (16) and (17) in equations (12) to (14), we get

ρ = − 6(1 + a)µ(3µ+ 8π)

(3 + a)2t2(µ+ 8π)(5µ+ 16π)
, (18)

P = − 12(1 + a)µ(µ+ 4π)

(3 + a)2t2(µ+ 8π)(5µ+ 16π)
, (19)

In order to determine the proper pressure and bulk viscous coefficient, here we
consider the product of bulk viscous coefficient and expansion scalar be propor-
tional to energy density [29–31], i.e.

ξθ = k1ρ , (20)
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where k1 is the proportionality constant. Hence from (6) and (20), we get

P = −6(1 + a)µ(2(µ+ 4π) + (3µ+ 8π)k1)

(3 + a)2t2(µ+ 8π)(5µ+ 16π)
(21)

and

ξ =
6(1 + a)µ(3µ+ 8π)k1

(3 + a)2t(µ+ 8π)(5µ+ 16π)
. (22)

Thus, the bulk viscous model corresponding to the above solution is

ds2 = dt2−[(3+a)t]
2

3+a (dr2+r2dθ2+r2sin2θdφ2)−[(3+a)t]
2a

3+a dψ2 . (23)

In the following section, we discuss various physical and geometrical properties
of the above model.

3 Discussion

From the solutions obtained in the preceding section, we observed that the met-
ric coefficient eγ and eη become zero at t = 0. As t → ∞, these coefficients
tends to infinity for a > 0. Hence, we obtained an expanding model of the uni-
verse. When a = −1, the model reduces to vacuum model which was obtained
earlier by Mohanty et al. (2006) [32]. For different values of the parameters a,
Figures 1–4 reveal the behavior of the scale factors eγ and eη . Figures 1 and 2
show the non-compactification but Figures 3 and 4 indicate the compactification
of the extra dimension.

The energy density, proper pressure, total pressure and bulk viscous coefficient
have infinity values at t = 0, but values of all the these parameters decrease with
increase of cosmic time t and lead to a vacuum model as t → ∞. In order to

Figure 1. Dimensions vs Time(t) at 1 < a.

342



Bulk Viscous Transient Universe in Five Dimensional f(R, T ) Theory of Gravity

Figure 2. Dimensions vs Time(t) at 0 < a < 1.

Figure 3. Dimensions vs Time(t) at −1 < a < 0.

Figure 4. Dimensions vs Time(t) at −3 < a < −1.
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investigate the stability of this theory, we consider the speed of sound in viscous
fluid [33, 34] which gives the condition

C2
s =

dP

dρ
≥ 0 .

This implies µ ≥ −4π. The behavior of the total pressure and density for differ-
ent values of the parameters µ and a are shown in Figures 5–8.

Figure 5. Total Pressure (P ) vs Time(t) vs µ at 1 < a and similar type of nature of the
graph at 0 < a < 1 and −1 < a < 0.

Figure 6. Total Pressure (P .) vs Time(t) vs µ at −3 < a < −1
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Figure 7. Density(ρ) vs Time(t) vs µ at 1 < a and similar type of nature of the graph at
0 < a < 1 and −1 < a < 0.

Figure 8. Density(ρ) vs Time(t) vs µ at −3 < a < −1.

For some particular values of the parameters, density becomes negative, which
represents exotic matter. Further we found that

• When µ > 0 and a > 1, we have P < 0 and ρ < 0.
• When µ ∈ (−8.38, 0) and a > 1, we have P > 0 and ρ > 0.
• When µ ∈ (−10.06,−8.37) and a > 1, we have P > 0 and ρ < 0.
• When µ ∈ (−12.56,−10.05) and a > 1, we have P < 0 and ρ > 0.
• When µ > 0 and 0 < a < 1, we have P < 0 and ρ < 0.
• When µ ∈ (−8.38, 0) and 0 < a < 1, we have P > 0 and ρ > 0.
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• When µ ∈ (−10.06,−8.37) and 0 < a < 1, we have P > 0 and ρ < 0.
• When µ ∈ (−12.56,−10.05) and 0 < a < 1, we have P < 0 and ρ > 0.
• When µ > 0 and −1 < a < 0, we have P < 0 and ρ < 0.
• When µ ∈ (−8.38, 0) and −1 < a < 0, we have P > 0 and ρ > 0.
• When µ ∈ (−10.06,−8.37) and −1 < a < 0, we have P > 0 and ρ < 0.
• When µ ∈ (−12.56,−10.05) and −1 < a < 0, we have P < 0 and
ρ > 0.
• When µ > 0 and −3 < a < −1, we have P > 0 and ρ > 0.
• When µ ∈ (−8.38, 0) and −3 < a < −1, we have P < 0 and ρ < 0.
• When µ ∈ (−10.06,−8.37) and −3 < a < −1, we have P < 0 and
ρ > 0.
• When µ ∈ (−12.56,−10.05) and −3 < a < −1, we have P > 0 and
ρ < 0.

The scalar of expansion (θ), shear scalar (σ2) and Hubble parameter (H) for the
model are

θ =
1

t
,

H =
1

4t
,

and

σ2 =
3(a− 1)2

8(a+ 3)2t2
.

We have q = 3, which means that the universe is decelerating. Here the scalar
expansion and shear scalar becomes infinity when t = 0 and tends to zero as
t→∞. Since

lim
t→∞

σ2

θ2
6= 0 ,

the model remains anisotropic throughout the evolution.

The equation of paraameter is

w = k1 −
µ

3µ+ 8π
+ 1 . (24)

The universe in its developing process passes transiently through the stiff fluid
era (w = 1), the radiation-dominated era (w = 1

3 ), matter dominated era (w =
0), transition era (w = − 1

3 ), DE dominated era (w = −1), phantom era (w <
−1) and the quintessence era (w > −1). For the model (23) we showed in
Figure 9 that the universe passes through all these era for different values of the
parameters k1 and µ.
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Figure 9. EoS vs k1 vs µ.

4 Conclusion

In this work, we studied five-dimensional f(R, T ) gravity theory with a bulk
viscous fluid. We observed compactification and non-compactification of the
extra dimension for different values of the parameters which is very much im-
portant to understand the higher-dimension. We are still unknown about that
energy which is the key to our expanding universe. We may say, that energy
is dark energy. Our study may help us to know about dark energy and the ex-
pansion of the universe due to dark energy. Moreover, we found different forms
of dark energy during the evolution of the expanding universe by restricting the
parameters involved in the solution of the field equations. With admitted values
of parameters, the density and pressure explaining the different energy condi-
tions gives an idea about the stability in a different phase of expanding universe,
and imposes the dark energy along with the equation of state parameter. We
showed that the obtained model is stable. Our model can also give some light to
understand about early Universe.
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